Matrix Models as Scalar Field

Tkeori.e.s on Noncommutaﬁve SPACeS

A
=

kitumi Soko

Tokyo waemrl'y of Science

SI ( vaavs\,tg o‘f V;enna.)

with Haveld Grose y Rd\mw Wulkenhoay

Naoyuki Kanomato

O\YXRV 1610. 00526 , 16120788%, 2205./578% , 2304. 10967

(They, were published Frow Nucl Phys. )

Srd :ruly 2023. Did‘on ,_1L_/m'1/er$[2‘é de 80&(?903?78



Talk P[am

1 History and Overview
2 Qrig'm Seom N.C. Sield ‘HﬂEOlfy

3 Set Up & NCP wmede|

4 Word-Takshashi Tds 2 S chwinger- R&DM Eas.
b, Lo.v‘gq N,L [{mit

6. AFE T (toy medel)

7. Finie N 3 medel

8. Finite N BB mixed modrix mﬂdel.



His’l‘wy
VQOS’ Moty model
e 2D growity & nudom matrix
'B\ﬁ:?_iv\ “l(GmZa.l%\/, G\Nss‘ “Mmdaﬂ, efe .
Keuwtsevich model ( Wittew COMjQCT‘*"Q)

Z[J_'] =f$§ JZ/XP("T"'( ND + @ég)\
P : Hernite | mectrix, A= diog (A, )
Makeeuke - Semens  golve this in N0
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B 90660’s

N.C. fied Theory 3 Matrix medel .
G{mrrg"gl'ej nadcev
‘9—23 mode{ (Ko vft?::lcﬁt madel) Revormal; yoble
Gvask ~ W b\l ke n‘f\ac\v'
§4 models in 2 4 &m ave Renormalizable

@ﬁrf\cclel s SOIuaJ:'e
(SD"ei 'S Yecws‘.vly determined. )



> Overview,
eWewill see B model closely.

Geal
T—We will see Svery wmult? p'l's ’f'unc"l'(ow con
be obtoined Wl\c-‘ﬂ}'

(Net euly N =200, but alse Finite N)_l

e I s still Aficdt.
?_54’ W(Xe“ mgdgl w\(l be tvf‘\'v\oc[uce':‘ .

Naw we aye 'h)fm%_ to <owme Prob[Q.\mS.

-5-



’\:D‘QO"QQ‘\ n ?rom N\C, 'F“Qld Tkeovy"/
Re: Moyl plane  [A,B]:= AB-RA

[.DC',?C"J = [-wé\r<=-> [21 2] =28
N.C. parameter
¢ (wnihilation  Creotion . op.

& =
(Q’Z@ ::\E;:
> [a,at]=1, [adl=[atd=0
o 2 =-gt0d 1, Fssa ]



o Fock sp. [a,at1=1 [a,al= [d,dJ=0
10> : aloy=0 , Iny=m@)" 1o
Number op. N:= 0. N In)> = nin)

nl = duad of I
<nlmy = Snm

o S'oo,‘aw- ‘P?e\cl $D = 2 ?mn lM><V\|

Sa!"x — & T



Actiom
S Sd“-" - (az a.z
= - B LA, L4, ¢:ﬂ N =a"a
T 9 T (ING — 8a'go s )
Eemov}‘ng this +e£ b)/ K Coun'lElr- Lagmngian
ﬁnarmliga.[;/e, model is obfauned .
Sm = 6T "OIL @ *
m: Const. (mmass)
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Twtevoction
Stv»t = 6 %Tp ¢3 N ConsTt
Coup/ina const
~

stl"'Sm’\' S?u‘t "';(-;“P‘Le
[ gEd AF+ 2D°)

wheve E wnm— (_zl'_/{f-_‘,cn) Slﬂm
A: Const



Sét UP O'\‘\ NC QQ (2"d|m Caose For S\mpltcy)
Homition Matriy  P= C_IQ € Mu(€)

(Actton S: LFI; E@’Aé) t V(§>
V@)= L2 TP
E = (Endm) = (552)

0~ B :MQ(E’L-'.Q(/%”T-)) )
AANLM ¢ consT . (\E(o)=o, C fun



T—é ‘ —2,~ m@ = Ag ;‘;mm
J_\é’%—g- J ?mfmﬁ) ’

Hmn:=Em + E, = a*(I+ EL. )"'eL‘L

pas

| K-@‘P VF 3-)> Z.?p (3]
Zpe= =T (EmATom) Hom' (S10f#Tm)



Remark) Coprespendence with Graphs .
Ribbou

alov-. A —
pProred stov Yﬂ\ e Hl\mv\ N

< edge

Black vertex: >\ ~ 7‘-Tr-§3 >>~?\\
white verteyx :
B Np-valence
,{\“'Pz external ~ -:U;'.

i P“ 'Pl‘Q\d




09" =Toqg —
P 52

Bl 1<NS-<Ng YR’=0

L Gemem’\'mg ‘Fuw\ O‘P Conne CT?CI
(Gu'ed-\f\ 'P

S -Npg) = 'l_ U / sttistical factor
for (N‘/ /N3) (Nl /Nl, Ng;, N;)
J/.g

LZ'B . WQ choose TMS' ﬁd’or To obtaion all
Npt undtion as Rnite o Lange (L, N) lim



feyumon Groph
G 1P PR PP+ PR+ 1PT PR PRl

&R
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AN= S. N; - oxternal vibboy case ~—

Let us count The power of L in
connected Feynmm d(a.g.m.w

@hm Qﬂ“&' Pei-Bhy Bk %Bu'fz

= —l.2 ... 2 ol
L 3 Oeak, bog ZI7 |

(For simglicity , @5 (22158, d= 13N:) pairwise difevent )

By: 4 of %lsz’fg witevoetion Sy
qreph [_ﬁ3 -SRINT [ propagetev (7) 2 J

Vertex L&3
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# Euler X 2- 23 B (3 Feurs , B : bouncla.m‘es)

_/(£3+1V) [2E2Y 4 ) 4 (/V‘*Z)
Vertex Foce ’P”P

T B &

< A~ L A?‘/\" 7’”’5 —23.-3.-4/..

2—//—~
{2 = G 10/ M"---a‘%l

Tws Gy | is 3\\Ieu by the Sum over
all Feynmon graph with fixed B, TNu: /NB)-




(See &r ax " Laplactan To compute Lutersection
Numbers on M: g.n and Corvrelation Functions

in NCQFT" Hock ~ Grosse - Wulkenhaar )
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~ Ward LIC«“&AS‘I'I[ like Id. ~—
@ — @/: é + EMI§] < ZX[JT] s inV.

V\IT—Ia(,NIVL
S22 _s L
"'QJ'm'bJ,,,b m Ea Eb

(JmaJ "J;m%) ZET]

gt fumctious ave reduced to
Tpt functions by the WT-Id .



™ gdﬂw?wger"DyS‘om Ezs. T

D 1p‘t Function

Q\a 1 3!032?@3
V- L dJdaa :,']"~

as (A-
oy a,;m N Gm G!l“h\ Claldl)

Qb= 1 9",0 Zﬁj] e oty
JabdJpa. |[T=0 QP{- _-91‘*

_ B (1+AIG‘“' —G1b)
—Eb )
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P Penormligolti’om Conditian \Y
|Q'o|= 0 & AF %ﬁ:ﬁm"‘ 'LA:.' Giolof
ij, Remove A in @ by using this ondton

Gua= He frga, - 2 3 (Hah—Hon ) 56t G
__"/-\__?'%(H"'(GNA\“GMI) — H-u Gimi ) } J

om Ea— Ewm

W Haa. Ba
\U using 5 =Q@ 'ty =Ga tyx

O’ ® ave s{g(;\_p'f'P:'eo(.



Sckw?v\geh “[lpow Egs. fior 1pt,(2p't fun.

Wlm 1 EA b (6 lola| "‘Glo[ol)
3&2 “Z’ (qu-Wlm! _ Win ~Wiy )

L onzo\ Ei- ~ B B — Es

Wlm — Wip)

Gl 7 "
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~Large (N, L)- Bim & Soliions &

motriy size 8 N.C.porameter N 2
N, L —> 00 with 'Pm'ng Z—:/”}A

{
[im —l'._qngo‘f(fm) ::/Az/lsz folA=) dx
3 MzJ;A Fu’c ) dxc
”'zl/‘/(x) = [im WIL/A"%I }

G ko = ,Q?mGlL,u‘xl ete .
X:= (26 + _722_)2

Uang #25’6
W@S’c‘on



&gc.\awmjey- -I%'S'on e 'f‘ov' 1P‘t ﬁm. ‘——r

Cons+.
Wa)-W(Y) O T

=X 1) "JY/’MM" wlly

ch) +fAY POV

where (AY)z ————— J_e &) /,_, > (112e(?)
.7 ——t

[ d
-

T
Makeeuke ~Sewencf solved similov- type

S‘clo(hol\n _T
/O
! W) := dxec + if R G R
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ex) N.C. scalaw 37 £iedd 'H\eovy
()=, X= (1), PCY) =

WXy~ Jre +2 Q%(M))

Xt X tAXt<

Gty = doxaec —Qt)

2N

¥ A & gax+z§(«l(uﬂ)ﬁc + 2+t )
256+ 1 03’((2#-')4—1-\-7.' (2402t c

. —
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™ (Nl""""‘ NB)“Pt 'Fuv‘c"l'\on ~

N,
6 10:-- oy 108--0f, | =12 nga ; a_% &J? 3me
N "
&wkere Ton, nm‘ ’34.& E et greph

N, L— o 2
(US\ns W T Id ') %&a'gs‘ ‘SS 9 0
G X - \x., B W 3‘,. _‘fue
_ aNg-+NgB N B ﬁ
N " ZPG(Xn.l DQB) il X -X
"l kgl BB ‘93 | h,c
A" Btk

I# we obtatwn ‘ﬂus then ev (Nt +NB)-pt
0 Puia df’ﬁ s selved 77 —




. 22 .. L)
Qiat-afy = 1 9Taa 33213&3909 Zlod [T=o

l SD-eg. for this) Guilaw process

L./ =00 linm as previouws discusstons

NN
"y O - Garie
l\-/\/0(1) GOoAM| X {2/-,B} ) + ,2L j;fl_ y. (T)G\(x s G(r

(X —T)
= -AZ G L™ . 3 5 Goeix) Gl N Z
J__‘el___§ I<io 8

1£ IT1S6-2 J =

where G(AYS) = GO(IYj‘l\’j‘\”l\’:@ for L3y, i
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606

DSO\\'J\"\OM "Pov' (1+1)-pt ﬁm %S.D
cz.

W) Gixiy) = -~ Q7Y - R 02 )
?olw'\'uom

GGC\Y) = XtC [Ytc { %
Xte Yt
DSOIW‘TTQV) ‘P'cw BZB e )

& ()~ xB
[So® b et

384 &3 (——'———,_5_
- 2%) (d) (( (Ji-ec-zt. T WP ezt
{— o . e S P S
| J: AT T Ec—q'z 1t (e tAT -ze))ﬁ/.z
t=0

Buvery N-pt fmction is sdved exactly 1




Commerits
o For 4—-ch\m, 6—Chm cases

9~dim octiem T
S=LTET-AZ) + L2 T8

4 6 - d‘m actiow

é._
S_V'[;,.(gE@ +(K+IJE1‘SE) %"SP)
N 7 7

Tov revwv-ml@a't'fa W




~24, 6-dim ~
l:ve. (Ne+-~+Np)-pt fi. G\(X. K] = Ix XNB
,3 Q\Ve_p. €)¢\lCI 'l'/ b;/ S‘o\\an? g’D Qg )

I 2 [3] 1 \//V'——>°°
09°=Tog — G J;e
v % N 2"B I“@l PBB‘
Bzﬂw%ﬁt\ls'rg SN, N T

Tl'l}g id @‘:.T. LS Qomple.‘l'-Q I}’
Ad=24¢§ So ,\leG‘ 4
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~ Whih kind of
Quantum F;'elc/ T/teayy ~—
©@ 2"4‘\\»« Case r
0. 11
[7: planar greph on S° O-—O

O : white vertey ~Jlp o = Jeg a?,"'JP.na
R

puncture , & ternal vertex,

@\ b\ack Vev“l'QX ?n’t’ev— v\al ver‘l'ex

Face : A vwumbev of "O" touc \n?nj
O\‘PQCQ 1.530- ]_ ovr O ‘



® . Face with “0Y ;" external <X

@ Fac.& withoul ) "3 fh'l'e\r‘nOL, 0 '3
@é lobe| For 0" (I~ B)

er):: @é‘ J"'Hn ‘Face W) Nb ‘PQQS

u . @ “l‘oac\nw\g i-th'o” (1NN")
2: Xt

w 6 Dual greph of
Pg‘ o—4 x?

&

o Triengulation ot
S* with B-punctue
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Feynmon rules
® ;3--pc>‘wnL interoction ¢ (“7\)
O :external vertex <— 1

\2-72 . bovdev |ine be‘tw:e.v; Zq"ﬁ(.e omd Zz’ ’Fuce
2

)
R+&>t1

Y :nferna| Tace variables



O— (x> (A dY,

G X2+ 1)) i3+ )00 4+9H)

15 Gr@!|%)
o) P

o A)
~ e+ D@XEH) (1)




Futke D= model.

S= Vir| E§2+1'1fg§_+’3§53)) Vt T2
diag (E,Es,*; En) const  Rifernal P:e[Cl

E V\! Ei>o ;
Whew we. pud K=0&8Jd=0

this mode|l becomes Kewfrevich medel .
=>
Z(E) cowesPOM&S to T ?mv«c"\‘?ou

1 of KdV V\Eqramly.

-34 -



> Bytition Tunction

for ‘g\‘mifé N

= an'@' -Q@(—-i V tr (E§2+Ki+%§3)) OKPUV‘b;\')@)

) @=x-E

= P LVt (BB AE FATE)) ]
[O% 24p(=iZY 1 X®) o AV 15 TAM-TK)UXD )

<

44—

v ,where M= %2, K= 572

TZ (HC) m’tegml.

met‘l'tam

). o ttrAUBU 4 =
V()

J

Etgeu value of A3 Bg

det
ek o L—nmA (B)\
T A(NA) AO\(B))
\Andermoncle det ou NA) 2 Ai(B)
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det (9:(s5)

Z[T]-‘: C .W("( -}%_'tv- (';_.Eg")\KE f"\ TE)} 'n' (Su"s-b) Y
ISt<us N
where S; s kan et‘g,eﬂVa./ue o'f‘ g-z,%
g | R-
%(g): m(m,}) (2‘%-)14{ [%] }5-:‘ Vk 2

-~ —

awv)#
or  usng Aiey Y. 1)
At = T (Bg B) Al Actym) ~ det (A 142))

= VK o

% = (4( (,\V)il SL

1 HE) |
ZE] = ¢ er TNE Al ¥n)
% ISEuﬁglsu — >t ) %




M ,[-.b\lgor NP’t 'Fuv\C't'tOV\ (< —r
G001~ (08--08]  described by Quetbl-1el Brpe.

& Nt \\‘2."' "‘NB

2 gé‘w la,(;(::/ﬁ Nf/%e' B

!

‘N

)\ Vgl
We S)\ouu dO o) df Qad\-|el "'YPE ‘DP‘Z "'F‘*V‘ﬁ‘l‘:m.

Craai-+lonl = (V) =2 ?
U el aJD«Q( o “ ’Qoa. mj) J=o
d.{Dﬁ_V“’-Q J e evxoﬁb\ .

etg,e«tvo./ue of E o ~ I+ %ﬂ= E It 'Q;': c=/ N
Ak K 7
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2 = VE2
Q\V)eA (M/ja
StMt[aJllgl

ﬁr
Gldrlazl Qu| = GV) C ( j?m ) ,:&7 AN(&, ,2N>
<)— = (n=3)

WQ Cown OB"t'OiV\ eV QY‘)’ V—Po\m'b J\}!A\AC\"EOM
Trowm aboye .
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B> DB mived matrix model (Fmite M)

B (Grose Wilbntuar) model s still not emosh
\ to be caleslatedl, twdl (T properfies are st ustveclec/

Lifegrable mode] -8 mized model %z’gﬁf ﬁelp
to reveal properties of FT model.

conpling censt.

STe1-V 4 (F# ~3HM2ME M A T)

cone-. (gEzo) M*=sE y M= (JEC;JE,_D )

= |
constawt valrix

ZTa] = JDT e—S evn:\'é
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D> Fé'ymma.m Qw\es
Sae= Vtr (EE + T MM )

B ~S+VEt TR
z, Ji1= [oz€

v X |
= ? el (.5 V:,LMIJ:"" En*fm*]EnEmJ;m)
const. 2‘&[?2]

’ P\r‘opaxaa_\'or
A — | Sod Sbe
lo;—f—- g. 1= (éw?d¢> =V Ea 'I-,Eb‘I'A'EAEb
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Zral = (pg £5%m &> 7%

Sint = Vt-( sMS 2 D)
e 4pt Iutevaction

3\% = %A (Wiﬂloux statstical '&c’l’év:B
’ BtSt Tuteroctiou

a
a>><_>_ = VB, (withoit shtistical Sctve )
e Loop >

n=1
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£x) N
&**@D =V350. ( VKE:) n::-.'lv(Ea."'En“'J—En)
\ - VaAE
i@\ —Vv3Ea XV\%{! V(Ea+Eut+ AEsEw, )

on +he Reop

D). _.x ‘
—>——— T 4Y* (EprE,HRE >
5

').-

b

a
{

Eb'l'E n 'r'\lEbEu
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p .
= T 9RE, (EtF, + [EaE )

/I Ey AEwW - 2
t 5% TEE (et )
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D Exact colewldation
Using TZ britearol F

Z[JJ-= C éﬁé’\'«(ﬂ'b’\) Pﬂ(gl/s3,"'/sd)

T (S«-St)
1<t<uUsN

where RGi-Sd:= det (P¥isa)= 1T (95593.\’)(3.)"'? (Sw),
AV Py £‘<j.<~ ?

> ‘rt: 2 X'+VA8 | .
(2):= .wx c (l«/o.e Bw‘t'ey mfegmy)

LSt: eiyenm]ues of 'I'_;L{-M3 +J [
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-
ex). &Gialb] = 33‘%90}[,"0‘92133 I:r---o

We can chose U-:_ al«'a.g (J;\,'-', NH)

4— ' T
Bralp) = 2B E %) _ aRifer:%) % R

A @1, 2v) ﬁ((&; %) W2y Z)

w\  (£alBs - Bl ) _J)

L 19 we use soddle powt appretimodtcon
thew we get the previous resul/t .
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S UMNIILA 7’%

o Scalar ficld theories o %?‘“’7 /J/cme

= 4 -Modri de? K/ T
r‘% onocde /Gh rovich 'fﬂ’&/
)’E‘ﬂDr‘Wa-7 { JQO/ ¢3 —> Lrosse —~ Steinacker owodel

” P? s Grosre - Widbew hoos onodad

Every &1ai-oly)-100-aly| Br fomte N ,
or  Glat-xhlleb38) for N0 (W fixed)
is alcnlated Macz‘/cd:.

/\G?"f'e-: The re/a_‘llé'ou b:'['we.en 6‘/4;"'4&/"‘/&?'" dﬂ,l
& G(z:--a;:,l---/z',’---.%"u,) (s wonfboocin
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o @3-? "yb/rc/ moa/e 7 Mere dicult
B Grosse ~Wid bewhoor aodel T thoan BB edd

F-3t hyblid model s more cosy B

L-’ Tudeed T 1S 0 lu’tqg_raue. model
Q[-yksw“&[ky?z, 3enecfal: jecl l@vd'ﬁew‘ck , Ws -a%_ ’ hc'ﬁker Kp )

Fr fuite N,
.+ Dertubation 'HI\E.D\\;’
. wd‘\' solutions
Nete. : Reworma; 3a.'tEOV\ , N-> 60 , efc have Vw'l"
bessa 3’&\0.(\&\ ec\ ye’\‘



