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Qubit
 any quantum mechanical system that has two 
distinct quantum states can be a qubit

|0i =
✓

1
0

◆
, |1i =

✓
0
1

◆

<latexit sha1_base64="sbndSIcQpjkCURVekBND73LvygA="></latexit><latexit sha1_base64="0E7PFBwIUEf0tyRpZSuLADjuR5M="></latexit><latexit sha1_base64="JzzYDZ6emifqNSNf89qS0JCfwBM="></latexit><latexit sha1_base64="JzzYDZ6emifqNSNf89qS0JCfwBM="></latexit><latexit sha1_base64="JzzYDZ6emifqNSNf89qS0JCfwBM="></latexit><latexit sha1_base64="UXuoRIFcJQn3P5fQd6tiY4YC+Do="></latexit>

| i = ↵|0i+ �|1i
<latexit sha1_base64="r6DZTGzbYHE5Id+ZLKN0z27GwKo="></latexit><latexit sha1_base64="zS2vdwzdG8BM09008MJULPCnkyo="></latexit><latexit sha1_base64="L4cWzWZAJc5ozZY4LJHq/QrE9O4="></latexit><latexit sha1_base64="L4cWzWZAJc5ozZY4LJHq/QrE9O4="></latexit><latexit sha1_base64="L4cWzWZAJc5ozZY4LJHq/QrE9O4="></latexit><latexit sha1_base64="map/nPgIGQLDzwo9KpoFbECOrrs="></latexit>

•spin-1/2 |0i = | "i, |1i = | #i
<latexit sha1_base64="IY07Ng7OB2eRknNNaBesn+OICeU="></latexit><latexit sha1_base64="0aTyBDzn4bTcAJPSsoyZNC55Nho="></latexit><latexit sha1_base64="4HdteEPnSnZhjVfH+3XrEiIINMw="></latexit><latexit sha1_base64="4HdteEPnSnZhjVfH+3XrEiIINMw="></latexit><latexit sha1_base64="4HdteEPnSnZhjVfH+3XrEiIINMw="></latexit><latexit sha1_base64="VuIj0yphR2psIOGxeAoq5W3ykto="></latexit>

|↵|2 + |�|2 = 1
<latexit sha1_base64="l5ESQw+orRnY9Mwfd+zURd72tMQ="></latexit><latexit sha1_base64="G8q1BTAlD3tNE9j94BvHOw8Rm7U="></latexit><latexit sha1_base64="LosxdO524H7q+6aK514ftiTtH10="></latexit><latexit sha1_base64="LosxdO524H7q+6aK514ftiTtH10="></latexit><latexit sha1_base64="LosxdO524H7q+6aK514ftiTtH10="></latexit><latexit sha1_base64="k2oEHsi+srvXZCFei8lafgFizKE="></latexit>

↵, � 2 C
<latexit sha1_base64="xeGN8EiSMC2CLpE1wg5OcaPJDzc="></latexit><latexit sha1_base64="IkBYmme5dIJ4LfFOT/x48L5SoRw="></latexit><latexit sha1_base64="klPgi6YnUx2cqv1pdTbPDtUaEsA="></latexit><latexit sha1_base64="klPgi6YnUx2cqv1pdTbPDtUaEsA="></latexit><latexit sha1_base64="klPgi6YnUx2cqv1pdTbPDtUaEsA="></latexit><latexit sha1_base64="3WlUs5UwuZNwRFneMrJVYJTmwnQ="></latexit>

•atom ,  |0⟩ = |ground state⟩ |1⟩ = |excited state⟩ …

 qubit can be in superposition of  and |0⟩ |1⟩
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 (0 ≤ θ ≤ π, 0 ≤ φ ≤ π)

Exercise1 |ψ⟩ = Rz(φ)Ry(θ) |0⟩

this means that  corresponds to the ”up” state in the direction of |ψ⟩ ⃗n
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⃗n

⃗n = (sin θ cos φ, sin θ sin φ, cos θ)

•single qubit state can be visualized as a single vector 
on a unit sphere

Show

 general form of a single qubit state



(X = �x, Y = �y, Z = �z)
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Exercise 2
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 (0 ≤ θ ≤ π, 0 ≤ φ ≤ π)

 general form of a single qubit state

⟨ψ | ⃗σ |ψ⟩ = ⃗n
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Single-qubit unitary
  : single qubit operationU

| 0i = U | i
<latexit sha1_base64="luAes2JGy70goSGmdRjNUcX58dw="></latexit><latexit sha1_base64="42v+MeIgKjKyM7aMkE6Jp7SPyXk="></latexit><latexit sha1_base64="OmefSOwKvptWAsrPLn8QlNzOKcY="></latexit><latexit sha1_base64="OmefSOwKvptWAsrPLn8QlNzOKcY="></latexit><latexit sha1_base64="OmefSOwKvptWAsrPLn8QlNzOKcY="></latexit><latexit sha1_base64="ieCuwEH5L6CsZODw6ruWmnmUEa8="></latexit>

h 0| 0i = h |U†U | i
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 a general  transforms  to U |0⟩ cos(θ/2) |0⟩ + eiφ sin(θ/2) |1⟩

U |0⟩ = cos
θ
2

|0⟩ + eiφ sin
θ
2

|1⟩
U = ( cos(θ/2) − eiλ sin(θ/2)

eiφ sin(θ/2) ei(λ+φ) cos(θ/2))U†U = I



Euler decomposition

U = ei↵Rz(�)Ry(�)Rz(�)
<latexit sha1_base64="FMhOVsDyV9N/N+kcVJNURWOJueQ="></latexit><latexit sha1_base64="pxy37Vg4Lt582ImOvolM565t0DU="></latexit><latexit sha1_base64="mCj8S1O+9GJ91iR4jx1VaMiy8kU="></latexit><latexit sha1_base64="mCj8S1O+9GJ91iR4jx1VaMiy8kU="></latexit><latexit sha1_base64="mCj8S1O+9GJ91iR4jx1VaMiy8kU="></latexit><latexit sha1_base64="gVvC9CRJeVSnt4FJ4T5Wv3Ji7wE="></latexit>

Ry(�) = cos(�/2)I � i sin(�/2)Y =

✓
cos(�/2) � sin(�/2)
sin(�/2) cos(�/2)

◆

<latexit sha1_base64="j8pS014zODOolQ55y3FgYvShtmg="></latexit><latexit sha1_base64="FI2YRnSfS0vYiHETE1aF2mC5SlI="></latexit><latexit sha1_base64="mYmY62v+SfO5m8SBWHqZw3gUhII="></latexit><latexit sha1_base64="mYmY62v+SfO5m8SBWHqZw3gUhII="></latexit><latexit sha1_base64="mYmY62v+SfO5m8SBWHqZw3gUhII="></latexit><latexit sha1_base64="HAb12OgyWEIrlpjBZXRLNbXeW0g="></latexit>

Rz(�) = cos(�/2)I � i sin(�/2)Z =

✓
e�i�/2 0

0 ei�/2

◆

<latexit sha1_base64="8l/IV/HkHPfYuIcUKnwO2k9my2s="></latexit><latexit sha1_base64="U2eagLsxBZnRNa/vS38SXa4a6dU="></latexit><latexit sha1_base64="UsZ3+/n2nOUyVbe/0olwPwS8qsg="></latexit><latexit sha1_base64="UsZ3+/n2nOUyVbe/0olwPwS8qsg="></latexit><latexit sha1_base64="UsZ3+/n2nOUyVbe/0olwPwS8qsg="></latexit><latexit sha1_base64="UsJTdOgNCoEfKoxKwp7ZPlstyHM="></latexit>

•any single-qubit operation can be decomposed into 
rotations about two orthogonal axes 
•any single-qubit operation can be realized if rotations 
about two orthogonal axes can be implemented

 any single-qubit unitary  can be witten asU



Pauli gates
X

<latexit sha1_base64="PvFdBbSQ/MAniOnWyY7aiRu+fxA="></latexit><latexit sha1_base64="AU6YwTljKcgZsRhwAi/mO4T8aaY="></latexit><latexit sha1_base64="PRBxO1T+94F6pOlpyq0Icefj96c="></latexit><latexit sha1_base64="PRBxO1T+94F6pOlpyq0Icefj96c="></latexit><latexit sha1_base64="PRBxO1T+94F6pOlpyq0Icefj96c="></latexit><latexit sha1_base64="qhMoS2GQq/ehuKlospDJSq/t4eU="></latexit>

•X-gate

↵|0i+ �|1i
<latexit sha1_base64="lA4sZPpehIkCLj2WyIZHByy1pq4="></latexit><latexit sha1_base64="El/rncfXo4wjP83YscovhvYPFVg="></latexit><latexit sha1_base64="Omhvbxr713W2O4c7GLy/yA8S4KE="></latexit><latexit sha1_base64="Omhvbxr713W2O4c7GLy/yA8S4KE="></latexit><latexit sha1_base64="Omhvbxr713W2O4c7GLy/yA8S4KE="></latexit><latexit sha1_base64="icXHk26jFE5irIrBzDftXr+CRQg="></latexit>

Z
<latexit sha1_base64="2wsodrnVzxxDXZOxgjePSdU6L6E="></latexit><latexit sha1_base64="SAqVrNE8AYBaEFlF+cVxhjTRekg="></latexit><latexit sha1_base64="usYXF9lbN7bANkeHWwI7lHy0ODE="></latexit><latexit sha1_base64="usYXF9lbN7bANkeHWwI7lHy0ODE="></latexit><latexit sha1_base64="usYXF9lbN7bANkeHWwI7lHy0ODE="></latexit><latexit sha1_base64="cCjujgt/YYBCIMIQPpDcvz2GoSI="></latexit>

↵|0i � �|1i
<latexit sha1_base64="A/Y5sBEogvbVjq4x25Jm0vlND/4="></latexit><latexit sha1_base64="jqIS+tHbRJ6Pvzd+opH3jkJ8KOk="></latexit><latexit sha1_base64="+XmgWjZm8ULicq7C2pWTCql+/cM="></latexit><latexit sha1_base64="+XmgWjZm8ULicq7C2pWTCql+/cM="></latexit><latexit sha1_base64="+XmgWjZm8ULicq7C2pWTCql+/cM="></latexit><latexit sha1_base64="e+2p7uNOMpen84yBCwsruWv2nZs="></latexit>

•Z-gate

: bit flip gateX = |1⟩⟨0 | + |0⟩⟨1 |

Z = |0⟩⟨0 | − |1⟩⟨1 |

α |0⟩ + β |1⟩ α |1⟩ + β |0⟩

: phase flip gate



Pauli gates
X

<latexit sha1_base64="PvFdBbSQ/MAniOnWyY7aiRu+fxA="></latexit><latexit sha1_base64="AU6YwTljKcgZsRhwAi/mO4T8aaY="></latexit><latexit sha1_base64="PRBxO1T+94F6pOlpyq0Icefj96c="></latexit><latexit sha1_base64="PRBxO1T+94F6pOlpyq0Icefj96c="></latexit><latexit sha1_base64="PRBxO1T+94F6pOlpyq0Icefj96c="></latexit><latexit sha1_base64="qhMoS2GQq/ehuKlospDJSq/t4eU="></latexit>

•X-gate

•Y-gate

: bit flip gateX = |1⟩⟨0 | + |0⟩⟨1 |

Y = i |1⟩⟨0 | − i |0⟩⟨1 |

α |0⟩ + β |1⟩ α |1⟩ + β |0⟩

: bit-phase flip gate

Y i(α |1⟩ − β |0⟩)α |0⟩ + β |1⟩



Hadamard gate
H =

1p
2

✓
1 1
1 �1

◆

<latexit sha1_base64="e4sP+D7NoYcUVvz3oUHQ35PFeNE="></latexit><latexit sha1_base64="IJ/JKxO52atifbjx74ZtjIDuiUc="></latexit><latexit sha1_base64="wdNosLsooBlX4VNnncEHwg0wDtA="></latexit><latexit sha1_base64="wdNosLsooBlX4VNnncEHwg0wDtA="></latexit><latexit sha1_base64="wdNosLsooBlX4VNnncEHwg0wDtA="></latexit><latexit sha1_base64="C4l4uCrx/XPBkgRVQ0siji/5UqQ="></latexit>

H
<latexit sha1_base64="0o+3nX2bIleq1Li/Zykv7OyhJZg="></latexit><latexit sha1_base64="fCh6HLPwPidJRV+YX+Y9ohm+5qs="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="mtnLaV7QOYNBDPMY/991lS7ZYLQ="></latexit>

α |0⟩ + β |1⟩

Exercise 3

H(α |0⟩ + β |1⟩) = ?

?



H =
1p
2

✓
1 1
1 �1

◆

<latexit sha1_base64="e4sP+D7NoYcUVvz3oUHQ35PFeNE="></latexit><latexit sha1_base64="IJ/JKxO52atifbjx74ZtjIDuiUc="></latexit><latexit sha1_base64="wdNosLsooBlX4VNnncEHwg0wDtA="></latexit><latexit sha1_base64="wdNosLsooBlX4VNnncEHwg0wDtA="></latexit><latexit sha1_base64="wdNosLsooBlX4VNnncEHwg0wDtA="></latexit><latexit sha1_base64="C4l4uCrx/XPBkgRVQ0siji/5UqQ="></latexit>

H
<latexit sha1_base64="0o+3nX2bIleq1Li/Zykv7OyhJZg="></latexit><latexit sha1_base64="fCh6HLPwPidJRV+YX+Y9ohm+5qs="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="mtnLaV7QOYNBDPMY/991lS7ZYLQ="></latexit>

H : |0i ! |+i, |1i ! |�i
<latexit sha1_base64="xo7Mu/UumuJUbTIHEMmuGGZ8AR0="></latexit><latexit sha1_base64="BDEphNY8cS1ksE0jIRcUAOirkvo="></latexit><latexit sha1_base64="xjGZM2qa0sD2Rz0MJx29WoWeARI="></latexit><latexit sha1_base64="xjGZM2qa0sD2Rz0MJx29WoWeARI="></latexit><latexit sha1_base64="xjGZM2qa0sD2Rz0MJx29WoWeARI="></latexit><latexit sha1_base64="lA1X49pdaevliqQlJAZZBvZmWOA="></latexit>

  exchanges x and z axes of the Bloch sphereH

α | + ⟩ + β | − ⟩

an important gate for making superposition of  and |0⟩ |1⟩

α |0⟩ + β |1⟩

| + ⟩ =
|0⟩ + |1⟩

2

| − ⟩ =
|0⟩ − |1⟩

2

H = | + ⟩⟨0 | + | − ⟩⟨1 |

Hadamard gate



Phase gate

 rotation about z-axisπ/2

S = (1 0
0 i)

S

S = eiπ/4 (e−iπ/4 0
0 eiπ/4 ) = eiπ/4Rz(π/2)

S : | + ⟩ → | + i⟩, | − ⟩ → | − i⟩

x
<latexit sha1_base64="PsOSLtLDsmJZStthyuPl8l2+HHs="></latexit><latexit sha1_base64="K4RHoVZkeWqvlQdgVlFyr5BdX2c="></latexit><latexit sha1_base64="ZtlRzkfsM9ylnwExU5ascwggEoI="></latexit><latexit sha1_base64="ZtlRzkfsM9ylnwExU5ascwggEoI="></latexit><latexit sha1_base64="ZtlRzkfsM9ylnwExU5ascwggEoI="></latexit><latexit sha1_base64="rl2t+RTwotte+0IyjBHcfbZzuPU="></latexit>

y
<latexit sha1_base64="pdCDnAaLr/ggbNCpI5OBy/x8o1Y="></latexit><latexit sha1_base64="sBy352A6oLBgLU8qI+XOf8Jl4Pw="></latexit><latexit sha1_base64="fCv81OAjm0vki888oOpCBBvEO70="></latexit><latexit sha1_base64="fCv81OAjm0vki888oOpCBBvEO70="></latexit><latexit sha1_base64="fCv81OAjm0vki888oOpCBBvEO70="></latexit><latexit sha1_base64="MdDcKtk4OheHDDqrv8LhBhCsQ9Y="></latexit>

z
<latexit sha1_base64="bTbiVav4/RJn4QTL2hH60W6+cbw="></latexit><latexit sha1_base64="iDIbpR/LK/XM1WC1ZZzQs63IdXo="></latexit><latexit sha1_base64="KRUvNw9zvVpAA4qjZxIpOmVWr0U="></latexit><latexit sha1_base64="KRUvNw9zvVpAA4qjZxIpOmVWr0U="></latexit><latexit sha1_base64="KRUvNw9zvVpAA4qjZxIpOmVWr0U="></latexit><latexit sha1_base64="uzKV3+BRxJOyfJtjHw9ZB+wI9LE="></latexit>

π/2

| + ⟩
| + i⟩

| − ⟩

| − i⟩



Two-qubit gates
 CNOT(controlled-NOT) gate

|Ai
<latexit sha1_base64="ZkKX6TQDD7WfgETh9BUcxBjGfxM="></latexit><latexit sha1_base64="5ZaoT+H0woRo97dXtPg1nhwZDIM="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="IX3veT3IofGSQNNHvz4pXy5Z6pg="></latexit>

|Bi
<latexit sha1_base64="9r5At5wS2AqhVvNAeuyri81OItk="></latexit><latexit sha1_base64="oW2YKzabZ7JuH+jUAYY0D/xJNMc="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="vZGGVQqGb2Jd5sPZo3suemMXg6A="></latexit>

|Ai
<latexit sha1_base64="ZkKX6TQDD7WfgETh9BUcxBjGfxM="></latexit><latexit sha1_base64="5ZaoT+H0woRo97dXtPg1nhwZDIM="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="IX3veT3IofGSQNNHvz4pXy5Z6pg="></latexit>

|B �Ai
<latexit sha1_base64="CykCicZK5XUpEUIWfelDEZu083A="></latexit><latexit sha1_base64="MVdiMx2wzK6No2HX6Pp87rA73N0="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="IsveX1sStW5v7ferOU3BUrVx9Qg="></latexit>

control qubit

target qubit

|00i ! |00i
<latexit sha1_base64="ofAs+HPV28L2/kKcNzCsFQWLGvo="></latexit><latexit sha1_base64="XIY16NPunLv3W9CXW3VgYgo1GKo="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="Gi5JWtQtDNKTAy2F2f3xgle1MLM="></latexit>

|01i ! |01i
<latexit sha1_base64="7QzPHmTVOJIwVNclUAaez9cuI5Y="></latexit><latexit sha1_base64="3kajXETtuFSZRUKKJw5qncjuDlY="></latexit><latexit sha1_base64="5B8TxkuWJRe0VMiqNMnt26eIVPI="></latexit><latexit sha1_base64="5B8TxkuWJRe0VMiqNMnt26eIVPI="></latexit><latexit sha1_base64="5B8TxkuWJRe0VMiqNMnt26eIVPI="></latexit><latexit sha1_base64="r2s91hXUaG6YHbS+Mev8lPKmwRk="></latexit>

|10i ! |11i
<latexit sha1_base64="MofbFbwUDg87tHZ6bLZy9yu1sC0="></latexit><latexit sha1_base64="vSPlLY4iy58DEFTslYVUQixUhAU="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="bqrVzmDL1gtYPLZUV5K/lDSETeg="></latexit>

|11i ! |10i
<latexit sha1_base64="4rjLPxB9w0woN8+RTmclGd/elsU="></latexit><latexit sha1_base64="DExBdV8joSxo5W4VoRzSTQz3EP4="></latexit><latexit sha1_base64="IhiH62QOnMhSOeim1EyG7O/wx+c="></latexit><latexit sha1_base64="IhiH62QOnMhSOeim1EyG7O/wx+c="></latexit><latexit sha1_base64="IhiH62QOnMhSOeim1EyG7O/wx+c="></latexit><latexit sha1_base64="hbSA62YWXGX09O0V0X/1WIgZrX0="></latexit>

�
<latexit sha1_base64="bFzPK2qGsp9cg9Osykvwm6cVQOc="></latexit><latexit sha1_base64="vfjP0sYZUuDFUd/FLv+kjX0sgmQ="></latexit><latexit sha1_base64="bhnVYaHDakVOk45WgAVgCPkmz8E="></latexit><latexit sha1_base64="bhnVYaHDakVOk45WgAVgCPkmz8E="></latexit><latexit sha1_base64="bhnVYaHDakVOk45WgAVgCPkmz8E="></latexit><latexit sha1_base64="SpYjgJ1RRkEP0ziJPrqEAW8ysN4="></latexit>

: sum in mod 2

Exercise 4

Express the CNOT gate in a matrix form



UCN =

2

664

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

3

775

<latexit sha1_base64="57xUgQV3FlIgfxk3F7DR6wc2GZI="></latexit><latexit sha1_base64="WTCrdxK5rkanMxOvugGqz+atbgs="></latexit><latexit sha1_base64="Xv6M9s1QAlK9J3wD9XNzVP+aU4k="></latexit><latexit sha1_base64="Xv6M9s1QAlK9J3wD9XNzVP+aU4k="></latexit><latexit sha1_base64="Xv6M9s1QAlK9J3wD9XNzVP+aU4k="></latexit><latexit sha1_base64="jYdBHFjNkuRE7hzkujFPcwo+bhg="></latexit>

|Ai
<latexit sha1_base64="ZkKX6TQDD7WfgETh9BUcxBjGfxM="></latexit><latexit sha1_base64="5ZaoT+H0woRo97dXtPg1nhwZDIM="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="IX3veT3IofGSQNNHvz4pXy5Z6pg="></latexit>

|Bi
<latexit sha1_base64="9r5At5wS2AqhVvNAeuyri81OItk="></latexit><latexit sha1_base64="oW2YKzabZ7JuH+jUAYY0D/xJNMc="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="vZGGVQqGb2Jd5sPZo3suemMXg6A="></latexit>

|Ai
<latexit sha1_base64="ZkKX6TQDD7WfgETh9BUcxBjGfxM="></latexit><latexit sha1_base64="5ZaoT+H0woRo97dXtPg1nhwZDIM="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="IX3veT3IofGSQNNHvz4pXy5Z6pg="></latexit>

|B �Ai
<latexit sha1_base64="CykCicZK5XUpEUIWfelDEZu083A="></latexit><latexit sha1_base64="MVdiMx2wzK6No2HX6Pp87rA73N0="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="IsveX1sStW5v7ferOU3BUrVx9Qg="></latexit>

control qubit

target qubit

|00i ! |00i
<latexit sha1_base64="ofAs+HPV28L2/kKcNzCsFQWLGvo="></latexit><latexit sha1_base64="XIY16NPunLv3W9CXW3VgYgo1GKo="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="Gi5JWtQtDNKTAy2F2f3xgle1MLM="></latexit>

|01i ! |01i
<latexit sha1_base64="7QzPHmTVOJIwVNclUAaez9cuI5Y="></latexit><latexit sha1_base64="3kajXETtuFSZRUKKJw5qncjuDlY="></latexit><latexit sha1_base64="5B8TxkuWJRe0VMiqNMnt26eIVPI="></latexit><latexit sha1_base64="5B8TxkuWJRe0VMiqNMnt26eIVPI="></latexit><latexit sha1_base64="5B8TxkuWJRe0VMiqNMnt26eIVPI="></latexit><latexit sha1_base64="r2s91hXUaG6YHbS+Mev8lPKmwRk="></latexit>

|10i ! |11i
<latexit sha1_base64="MofbFbwUDg87tHZ6bLZy9yu1sC0="></latexit><latexit sha1_base64="vSPlLY4iy58DEFTslYVUQixUhAU="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="bqrVzmDL1gtYPLZUV5K/lDSETeg="></latexit>

|11i ! |10i
<latexit sha1_base64="4rjLPxB9w0woN8+RTmclGd/elsU="></latexit><latexit sha1_base64="DExBdV8joSxo5W4VoRzSTQz3EP4="></latexit><latexit sha1_base64="IhiH62QOnMhSOeim1EyG7O/wx+c="></latexit><latexit sha1_base64="IhiH62QOnMhSOeim1EyG7O/wx+c="></latexit><latexit sha1_base64="IhiH62QOnMhSOeim1EyG7O/wx+c="></latexit><latexit sha1_base64="hbSA62YWXGX09O0V0X/1WIgZrX0="></latexit>

U †
CNUCN = I

<latexit sha1_base64="R17pBudDfkXlFLu8hpQoITXwOXM="></latexit><latexit sha1_base64="8QMs5jbAMGp8BUaioE4ejyoh0Eo="></latexit><latexit sha1_base64="w+LiP+tGqXwwTSPtKzCX8Ios2lI="></latexit><latexit sha1_base64="w+LiP+tGqXwwTSPtKzCX8Ios2lI="></latexit><latexit sha1_base64="w+LiP+tGqXwwTSPtKzCX8Ios2lI="></latexit><latexit sha1_base64="pwR7w6XJm9G+depxvxIdZTD1l10="></latexit>

Two-qubit gate

�
<latexit sha1_base64="bFzPK2qGsp9cg9Osykvwm6cVQOc="></latexit><latexit sha1_base64="vfjP0sYZUuDFUd/FLv+kjX0sgmQ="></latexit><latexit sha1_base64="bhnVYaHDakVOk45WgAVgCPkmz8E="></latexit><latexit sha1_base64="bhnVYaHDakVOk45WgAVgCPkmz8E="></latexit><latexit sha1_base64="bhnVYaHDakVOk45WgAVgCPkmz8E="></latexit><latexit sha1_base64="SpYjgJ1RRkEP0ziJPrqEAW8ysN4="></latexit>

: sum in mod 2

 CNOT(controlled-NOT) gate



|Ai
<latexit sha1_base64="ZkKX6TQDD7WfgETh9BUcxBjGfxM="></latexit><latexit sha1_base64="5ZaoT+H0woRo97dXtPg1nhwZDIM="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="IX3veT3IofGSQNNHvz4pXy5Z6pg="></latexit>

|Bi
<latexit sha1_base64="9r5At5wS2AqhVvNAeuyri81OItk="></latexit><latexit sha1_base64="oW2YKzabZ7JuH+jUAYY0D/xJNMc="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="HjuOmhwoslXjuqfcHXcXeikpQSw="></latexit><latexit sha1_base64="vZGGVQqGb2Jd5sPZo3suemMXg6A="></latexit>

|Ai
<latexit sha1_base64="ZkKX6TQDD7WfgETh9BUcxBjGfxM="></latexit><latexit sha1_base64="5ZaoT+H0woRo97dXtPg1nhwZDIM="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="UrQMABdu+Pyqhc0ziWR2fRXp1e8="></latexit><latexit sha1_base64="IX3veT3IofGSQNNHvz4pXy5Z6pg="></latexit>

|B �Ai
<latexit sha1_base64="CykCicZK5XUpEUIWfelDEZu083A="></latexit><latexit sha1_base64="MVdiMx2wzK6No2HX6Pp87rA73N0="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="F4CDV0KU1AFyVDARLBvgZAtL0KA="></latexit><latexit sha1_base64="IsveX1sStW5v7ferOU3BUrVx9Qg="></latexit>

control qubit

target qubit

CNOT = |0⟩⟨0 | ⊗ I + |1⟩⟨1 | ⊗ X

Two-qubit gate
 CNOT(controlled-NOT) gate



CNOT gate

|0i
<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>

•CNOT gate can copy the state of a classical bit

{
<latexit sha1_base64="85rWkGOiDDdJF8PgzKnRFLrJndk="></latexit> <latexit sha1_base64="85rWkGOiDDdJF8PgzKnRFLrJndk="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit>

| i
<latexit sha1_base64="yqBYNgy6wbxatOMJEhQfhmUqczQ="></latexit><latexit sha1_base64="BxSwSdMNvUy2JcWIia3II9t/nBw="></latexit><latexit sha1_base64="7y8B6/diC4pczVFIyRc+3mnrLKA="></latexit><latexit sha1_base64="7y8B6/diC4pczVFIyRc+3mnrLKA="></latexit><latexit sha1_base64="7y8B6/diC4pczVFIyRc+3mnrLKA="></latexit><latexit sha1_base64="q40RQVDZNoLbmSAtchNNJLXGQaM="></latexit>

| i| i
<latexit sha1_base64="tjykjBh9jxfSBE+7Krfalx9xdgI="></latexit><latexit sha1_base64="/XPes8YRegGUxMl0Cqng6O3X0pQ="></latexit><latexit sha1_base64="s+Q/eD1Vg8YVjuMnqnFd0pbCLkI="></latexit><latexit sha1_base64="s+Q/eD1Vg8YVjuMnqnFd0pbCLkI="></latexit><latexit sha1_base64="s+Q/eD1Vg8YVjuMnqnFd0pbCLkI="></latexit><latexit sha1_base64="TLxUbkbTXIjo8vU1oU2x+N8b4Y4="></latexit>

| i = |0i
<latexit sha1_base64="optifAdWV6deuIWAGpqhRtEC4+g="></latexit><latexit sha1_base64="OEOmQAciQ0faQ/VqMF9X7pXSA9M="></latexit><latexit sha1_base64="YjpW0Q0EmzP+0SADoFF43kCy2Bk="></latexit><latexit sha1_base64="YjpW0Q0EmzP+0SADoFF43kCy2Bk="></latexit><latexit sha1_base64="YjpW0Q0EmzP+0SADoFF43kCy2Bk="></latexit><latexit sha1_base64="OVYGbeSkGRIWF3bvHqwuAMsYTT8="></latexit>

| i = |1i
<latexit sha1_base64="EPZj/el6rXARa+uBJ11f/v8k4oQ="></latexit><latexit sha1_base64="rDfF50j7laiOEwtuij+yMLWoHTQ="></latexit><latexit sha1_base64="MwYcJPy7nDQnTzis8oFCfH9OUNw="></latexit><latexit sha1_base64="MwYcJPy7nDQnTzis8oFCfH9OUNw="></latexit><latexit sha1_base64="MwYcJPy7nDQnTzis8oFCfH9OUNw="></latexit><latexit sha1_base64="lS+7KdyQiApzzNIVi6+8qKWWNhs="></latexit>

or

|00i ! |00i
<latexit sha1_base64="ofAs+HPV28L2/kKcNzCsFQWLGvo="></latexit><latexit sha1_base64="XIY16NPunLv3W9CXW3VgYgo1GKo="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="C8K95IS/HFBOVdr3N+FylKx0SVc="></latexit><latexit sha1_base64="Gi5JWtQtDNKTAy2F2f3xgle1MLM="></latexit>

|10i ! |11i
<latexit sha1_base64="MofbFbwUDg87tHZ6bLZy9yu1sC0="></latexit><latexit sha1_base64="vSPlLY4iy58DEFTslYVUQixUhAU="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="Gfmo+7RgxgmZVLJpN66DDMs2sMY="></latexit><latexit sha1_base64="bqrVzmDL1gtYPLZUV5K/lDSETeg="></latexit>



CNOT gate
| i = a|0i+ b|1i

<latexit sha1_base64="Lqtbp3sU62u/XlrZr0e/YrcFW6Y="></latexit><latexit sha1_base64="b+0AVNUZ6icoVnmwviIm5t6df2E="></latexit><latexit sha1_base64="i6tDY37OEowFJIV6vzVzy0vC/IA="></latexit><latexit sha1_base64="i6tDY37OEowFJIV6vzVzy0vC/IA="></latexit><latexit sha1_base64="i6tDY37OEowFJIV6vzVzy0vC/IA="></latexit><latexit sha1_base64="B3t9k94oexuKZN5xDf9VA5OJcAk="></latexit>

|0i
<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>

a|00i+ b|11i
<latexit sha1_base64="PqoHcAbpG2XzJsdRmK1Y96g+qf0="></latexit><latexit sha1_base64="weTq4g9YDI54rhg2TJ8p0nLEETI="></latexit><latexit sha1_base64="2UhChnNrLacoUJf17+isCHQLhbI="></latexit><latexit sha1_base64="2UhChnNrLacoUJf17+isCHQLhbI="></latexit><latexit sha1_base64="2UhChnNrLacoUJf17+isCHQLhbI="></latexit><latexit sha1_base64="g1dLgb4BwDJNXpKs/irz1sg+xNw="></latexit>

•CNOT gate cannot copy the state of a qubit in superposition
a|00i+ b|11i

<latexit sha1_base64="PqoHcAbpG2XzJsdRmK1Y96g+qf0="></latexit><latexit sha1_base64="weTq4g9YDI54rhg2TJ8p0nLEETI="></latexit><latexit sha1_base64="2UhChnNrLacoUJf17+isCHQLhbI="></latexit><latexit sha1_base64="2UhChnNrLacoUJf17+isCHQLhbI="></latexit><latexit sha1_base64="2UhChnNrLacoUJf17+isCHQLhbI="></latexit><latexit sha1_base64="g1dLgb4BwDJNXpKs/irz1sg+xNw="></latexit>

6= | i| i
<latexit sha1_base64="VLfqTIZxWmwCnDKFmbsxNN7sapk="></latexit><latexit sha1_base64="3tk8UmV159kV5+MLVPfcUOd9hiQ="></latexit><latexit sha1_base64="Rf0nPBXUbJ3uWSSQSPu5rGuWl+o="></latexit><latexit sha1_base64="Rf0nPBXUbJ3uWSSQSPu5rGuWl+o="></latexit><latexit sha1_base64="Rf0nPBXUbJ3uWSSQSPu5rGuWl+o="></latexit><latexit sha1_base64="3chw7TAETS8VyivV47mNIfVAi3w="></latexit>

ab = 0
<latexit sha1_base64="mwwxZHD6LCTQaAmL9i6l0kGOJRE="></latexit><latexit sha1_base64="AVAB8K/iavP0vRP4jxJLe4CxIUs="></latexit><latexit sha1_base64="PAYVXS/k7vn93Wk3wo4pxuk2srE="></latexit><latexit sha1_base64="PAYVXS/k7vn93Wk3wo4pxuk2srE="></latexit><latexit sha1_base64="PAYVXS/k7vn93Wk3wo4pxuk2srE="></latexit><latexit sha1_base64="0S19T+SzQuWeSau+pHXzx8brICc="></latexit>unless

{
<latexit sha1_base64="85rWkGOiDDdJF8PgzKnRFLrJndk="></latexit> <latexit sha1_base64="85rWkGOiDDdJF8PgzKnRFLrJndk="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit> <latexit sha1_base64="1UgKypeyK0MNBnzQ2H+7v1eMytg="></latexit>

no-cloning theorem
It is impossible to create an independent and identical 
copy of an arbitrary unknown quantum state



U

|0⟩

|ψ⟩

|0⟩

|ψ⟩

Controlled-U gate



U

Λ(U) = |0⟩⟨0 | ⊗ I + |1⟩⟨1 | ⊗ U

|1⟩

|ψ⟩

|1⟩

U |ψ⟩

U = XCNOT gate : U = ZCZ gate :

Controlled-U gate



Z

CZ = |0⟩⟨0 | ⊗ I + |1⟩⟨1 | ⊗ Z

Controlled-Z gate



Z
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Controlled-Z gate



Quantum circuits
H

<latexit sha1_base64="0o+3nX2bIleq1Li/Zykv7OyhJZg="></latexit><latexit sha1_base64="fCh6HLPwPidJRV+YX+Y9ohm+5qs="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="mtnLaV7QOYNBDPMY/991lS7ZYLQ="></latexit>

example 
|0i

<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>

|0i
<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>



�! 1p
2
(|00i+ |11i)

<latexit sha1_base64="mQiXM0aOnEsohv6YTAOaBMXlrWc="></latexit><latexit sha1_base64="mQiXM0aOnEsohv6YTAOaBMXlrWc="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit>

|00i �! H|00i = 1p
2
(|00i+ |10i)

<latexit sha1_base64="E8xGayii2gqOZWQ7YXAQ0FhUfZU="></latexit><latexit sha1_base64="E8xGayii2gqOZWQ7YXAQ0FhUfZU="></latexit><latexit sha1_base64="leE52MjUUk39vugaqwkv0EJdjo0="></latexit><latexit sha1_base64="leE52MjUUk39vugaqwkv0EJdjo0="></latexit><latexit sha1_base64="leE52MjUUk39vugaqwkv0EJdjo0="></latexit><latexit sha1_base64="leE52MjUUk39vugaqwkv0EJdjo0="></latexit>

•the circuit outputs an entangled state 
from the input of a product state

H
<latexit sha1_base64="0o+3nX2bIleq1Li/Zykv7OyhJZg="></latexit><latexit sha1_base64="fCh6HLPwPidJRV+YX+Y9ohm+5qs="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="mtnLaV7QOYNBDPMY/991lS7ZYLQ="></latexit>

|0i
<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>

|0i
<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>

Quantum circuits
example 

≠ |ψ⟩ |ϕ⟩

Bell state



Quantum circuits
H

<latexit sha1_base64="0o+3nX2bIleq1Li/Zykv7OyhJZg="></latexit><latexit sha1_base64="fCh6HLPwPidJRV+YX+Y9ohm+5qs="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="vg+SNvR6We/JmdPyJZJS+XClbAg="></latexit><latexit sha1_base64="mtnLaV7QOYNBDPMY/991lS7ZYLQ="></latexit>

|0i
<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>

|0i
<latexit sha1_base64="w8YoqYLOyX04HUajbtOYYcQgspk="></latexit><latexit sha1_base64="vdNj4WBt/ndg6XqQKZI11RY2Upo="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="XFJGYdGwdYFf3SYYPQAmEsxcwoI="></latexit><latexit sha1_base64="2oVY9Os1u2DaD7nnm4rwzF61ZSQ="></latexit>

Bell basis

�! 1p
2
(|00i+ |11i)

<latexit sha1_base64="mQiXM0aOnEsohv6YTAOaBMXlrWc="></latexit><latexit sha1_base64="mQiXM0aOnEsohv6YTAOaBMXlrWc="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit><latexit sha1_base64="UAMrctOxJ0Tc16fZ1nKz03pvsuU="></latexit>

|01i �! 1p
2
(|01i+ |10i)

<latexit sha1_base64="W/OsH6ZGaMEBCsQfdZcmaupg9CY="></latexit><latexit sha1_base64="u+cFTisiotD1jnrKovc15A/cw/k="></latexit><latexit sha1_base64="CQZoivn8qYVUOTAUWfa6tgOoims="></latexit><latexit sha1_base64="CQZoivn8qYVUOTAUWfa6tgOoims="></latexit><latexit sha1_base64="CQZoivn8qYVUOTAUWfa6tgOoims="></latexit><latexit sha1_base64="oggOhGpF0vHhlfIEGm0Tc5NdACU="></latexit>

|10i �! 1p
2
(|00i � |11i)

<latexit sha1_base64="q9rc9sRafK11hvNuI1S9eVRIkMs="></latexit><latexit sha1_base64="OpPVkiK2XjIkrHl+I7nmPZNvNFI="></latexit><latexit sha1_base64="lJavUwg7T/32AgHonvCOPmvkFOA="></latexit><latexit sha1_base64="lJavUwg7T/32AgHonvCOPmvkFOA="></latexit><latexit sha1_base64="lJavUwg7T/32AgHonvCOPmvkFOA="></latexit><latexit sha1_base64="/J8+DMe1zOdyL4gvHr25ZbZmvYo="></latexit>

|11i �! 1p
2
(|01i � |10i)
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<latexit sha1_base64="yi172Be04QimSc1OmMO8ItpVIIk="></latexit>
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Exercise 6

Show

Confirm that this set of states 
form a orthonormal basis.
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Exercise 7

SWAP gate

Show that operation of three CNOT gates 
is equivalent to a SWAP gate



|1⟩

|1⟩

|ψ⟩

|1⟩

|1⟩

X |ψ⟩

T = (I⊗2 − |11⟩⟨11 | ) ⊗ I + |11⟩⟨11 | ⊗ X

Toffoli gate

•a universal logic gate for reversible logic circuits: any classical 
reversible logic circuit can be constructed from Toffoli gates 



|1⟩

|1⟩

|ψ⟩

|1⟩

|1⟩

X |ψ⟩

T = (I⊗2 − |11⟩⟨11 | ) ⊗ I + |11⟩⟨11 | ⊗ X

Toffoli gate

•any classical reversible logic circuit can be implemented on 
a quantum computer



CCZ gate
|1⟩

|1⟩

|ψ⟩

|1⟩

|1⟩

Z |ψ⟩

CCZ = (I⊗2 − |11⟩⟨11 | ) ⊗ I + |11⟩⟨11 | ⊗ Z

Z



U V V† V

=

Exercise 8

Show that any CCU gate can be decomposed into the 
two-qubit gates as below, where  and V2 = U V†V = I

CCU gate



Universal quantum gates

V1

=U
… …

V2

V3
V4

…

…

single qubit and CNOT (CZ) gates can be used to 
implement an arbitrary unitary operation on  qubits, 
therefore they are universal for quantum computation

n



Universal quantum gates
T-gate T = ( 1 0

0 eiπ/4) = e−i(π/8)Rz(π/4)

any single qubit operation can be approximated to 
arbitrary accuracy by {H, T}

  = rotation of an angle irrational multiple of ∵ THTH π

 is a universal set of gates {H, T, CNOT}

 rotation about the z-axisπ/4

any -qubit unitary operation can be approximated 
to arbitrary accuracy using 

n

{H, T, CNOT}

S = T2



Universal quantum gates

Implementation of the Toffoli gate using {H, T, CNOT}


