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Why optimal transport?
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Need for a « meaningful » measure of distance between probability measures
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                  and        ∈ 𝒫(ℝ)
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     Discrete distributions
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with      assigning a proba  
density to every point 
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weights, masses h = [1,1,1,1]/4 
g = [1,2,1]/4



Why optimal transport?

3

Need for a « meaningful » measure of distance between probability measures

source distribution function 
target distribution function   
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Probability measures are ubiquitous in data science

Images
@N. Papadakis (HDR)

Graphs @T. Vayer (PhD thesis)

Bag of features Generative models[Kusner 2015]
[Rout 2022]



Lots of applications!

Optimal Transport
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Wasserstein style transfer 
[Mroueh, 2020]

OT as a loss for classification 
[Frogner, 2015]

Shape interpolation 
[Solomon, 2015]

Wasserstein GAN 
[Arjovsky 2017]

Wasserstein AE 
[Tolstikhin 2018]



Outline
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1. History and basics of optimal transport 

2. Wasserstein distances 

3. Computational OT 

Practical session (with POT toolbox) 

4. Variants of OT : unbalanced OT and Gromov-Wasserstein 

5. Some applications of OT in machine learning



Optimal Transport in a nutshell
The origins of OT
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1781: How to move dirt from one place (déblais) to another (remblais) 
while minimizing the total effort? 

Assumption: there is an effort for moving dirt, function of the quantity of 
dirt and of the cost for transporting one shipment of dirt from x to y  

c(x, y)
<latexit sha1_base64="d7n8G0P/AhIF8TZrUctrsUjL98E="></latexit>
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Among all the possible 
solutions, there is one, called 
optimal transport, which is of 
minimal cost
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 is the transport map  
 is the push forward operator 

T
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Minimize the overall transportation cost

inf
T#µs=µt

Z
c(x, T (x))µs(x)dx
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x is transported to T(x)
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x is transported to T(x)
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+ same mass
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Same problem, different formulation

Two discrete measures                        and                    µX =
nX

i=1

hi�xi
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 is a probabilistic coupling (or OT plan), with marginal constraints T
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⇧(h, g) =
n
T 2 Rn⇥m

+ |T 1m = h,T>1n = g
o
.
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it is now a matrix, or OT plan
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Same problem, different formulation
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The Kantorovitch relaxation aims to solve  

with the constraint                 ⇧(h, g) =
n
T 2 Rn⇥m

+ |T 1m = h,T>1n = g
o
.
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X
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Ci,jTi,j
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The Kantorovitch relaxation aims to solve  

with the constraint                 ⇧(h, g) =
n
T 2 Rn⇥m

+ |T 1m = h,T>1n = g
o
.
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OT(h, g) = min
T2⇧(h,g)

hC,T i = min
T2⇧(h,g)

X

i,j

Ci,jTi,j
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The coupling matrix  
always exists as soon 
as  is not empty

T
<latexit sha1_base64="FNSrw3JC5etdpunDdCL+p/NDRog="></latexit>

⇧(h, g)
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Illustration from [Peyré and Cuturi, 2019]
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Wp(h, g) = min
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<latexit sha1_base64="1CT+1PsIYLaAKzw+941da4AQlfA="></latexit>

Discrete measures

Continuous measures

Wp(⇢0,⇢1) = min
{RR T (x,y)dy=⇢0(x),

R
R T (x,y)dx=⇢1(y)}

✓Z Z

R2

d(x, y)pdT (x, y)

◆1/p
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defined as the p-Wasserstein distance 

(sometimes to the power of p )Wp
p

must be a distance
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When  is a general cost, we recover the Kantorovitch formulationd(x, y)
<latexit sha1_base64="+XP7kDL+ZplY9THf64JJ2GRS4l0="></latexit>
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must be a distance
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Some properties 

Is a distance when  
Also known as the Earth Mover Distance when  
Admits a dual formulation 
Is a linear problem with linear constraints:  complexity 

p ≥ 1
p = 1

O(n3)

 [Rubner 2000]
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If  and , then there are exactly  non-null values for the coupling 

Otherwise, there are at most  non-null values 

n = m gi = hj =
1
n

n
n + m + 1

Sparsity of the transport plan

1/n  
or  

0 values
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If  and , then there are exactly  non-null values for the coupling 

Otherwise, there are at most  non-null values 

n = m gi = hj =
1
n

n
n + m + 1

Sparsity of the transport plan

Cost = 27.8

Cost = 25.8

Cost = 28.3 Cost = 26.8

OT cost = minimal cost of coupling
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If  and , then there are exactly  non-null values for the coupling 

Otherwise, there are at most  non-null values 

n = m gi = hj =
1
n

n
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Sparsity of the transport plan
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If  and , then there are exactly  non-null values for the coupling 

Otherwise, there are at most  non-null values 

n = m gi = hj =
1
n

n
n + m + 1

Sparsity of the transport plan

In this case, the Monge and Kantorovitch solutions are equivalent

T (xi) = yj

,

T ij =
1

n
<latexit sha1_base64="P1QZOgV0siTh2USCZ5MiIhweNKo="></latexit>
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If  and , then there are exactly  non-null values for the coupling 

Otherwise, there are at most  non-null values 

n = m gi = hj =
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n
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Sparsity of the transport plan
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If  and , then there are exactly  non-null values for the coupling 

Otherwise, there are at most  non-null values 

n = m gi = hj =
1
n

n
n + m + 1

Sparsity of the transport plan

In this case, the Monge problem may have no solution

mass splitting
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Wasserstein Geometry  

Geodesics 

Geodesics are shortest curves that link two distributions  

The space of probability distributions with a Wasserstein metric defines a geodesic space 

((1 − t)id + tT)#μ

 [Ambrosio 2005]
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Wasserstein Geometry  

Geodesics 

Geodesics are shortest curves that link two distributions  

The space of probability distributions with a Wasserstein metric defines a geodesic space 

((1 − t)id + tT)#μ

 [Ambrosio 2005]

constant speed geodesic 
that maps x to T(x)xi

T(xi) = yj
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Wasserstein Geometry  

Barycenters [Agueh 2011] 

(Empirical) Wasserstein Fréchet mean 

 

where  are the weights associated ( ) 

argmin
b

�iW
p
p (hi, b)
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λi ∑ λi = 1
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argmin
b

�iW
p
p (hi, b)
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λi ∑ λi = 1

Barycenters with free support (fixed weights) 

 

arg min
{xi}

�iW
p
p (µi, µ)

such that µ =
nX

i

hi�xi
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→  variables,  constraints,  n⇥m
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Computational OT
Outline

24

OT(h, g) = min
T2⇧(h,g)

hC,T i = min
T2⇧(h,g)

X

i,j

Ci,jTi,j
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Need for solvers that provide approximate solutions! See [Peyré et Cuturi 2019] 

1. Sliced Wasserstein 

2. Regularized OTT� = min
T2⇧(h,g)

hC,T i+ �⌦(T )
<latexit sha1_base64="MJBYQ4+QqIdVr3JUjnORqaZ4B98="></latexit>

Easier in some special cases (e.g. 1d or Gaussian distributions)
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Computational OT
OT is a linear problem
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OT(h, g) = min
T2⇧(h,g)

hC,T i = min
T2⇧(h,g)
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Ci,jTi,j
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We can rewrite the OT problem in a vectorial form 

    

min
t�0

F (t) = c
>
t|{z}

vectorized OT cost

such that

Ht = [h, g]>
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with                                
matrix that encodes the constraints

H a (n+m)⇥ nm
<latexit sha1_base64="c7J7pk7diKbOiNrD9A4tE/SuvmU="></latexit>



→  variables,  constraints,  n⇥m
<latexit sha1_base64="0XUeHPnPXlJQUdMRdhloTsvyyXs="></latexit>

n+m
<latexit sha1_base64="Gx6fe/zxMmzcXv2H/S/1vAkMgPU="></latexit>

Computational OT
OT is a linear problem

25

OT(h, g) = min
T2⇧(h,g)

hC,T i = min
T2⇧(h,g)

X

i,j

Ci,jTi,j

<latexit sha1_base64="+QhT31meHz+ee/Vcg4XKaM2sWKE="></latexit>

O(n3)
<latexit sha1_base64="a/OonUEyXibyDgSjMqpORy2L4ZE="></latexit>

We can rewrite the OT problem in a vectorial form 

    

min
t�0

F (t) = c
>
t|{z}

vectorized OT cost

such that

Ht = [h, g]>
<latexit sha1_base64="/VJcRCmHjDNZMmpWO8nJE6J34T8="></latexit>

with                                
matrix that encodes the constraints

H a (n+m)⇥ nm
<latexit sha1_base64="c7J7pk7diKbOiNrD9A4tE/SuvmU="></latexit>

Combination of identity matrices  
and matrices of ones 
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h[1:n]+h[n+1:m] ≤cij
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When            is a strictly convex function (e.g. quadratic cost), and when            , there 
exists a closed form  

c(x, y)
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|F�1(µx)� F�1(µy)|pdu
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When                         and                       , there also exists a closed form  
   

µx = N (mx,⌃x)
<latexit sha1_base64="HfXetOiS9I4cK891HVYzbbqDlm0="></latexit>

µy = N (my,⌃y)
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W 2
2 (µx, µy) = kmx �myk2 + B(⌃x,⌃y)

2

with

B(⌃x,⌃y)
2 = trace(⌃x + ⌃y � 2(⌃1/2

x ⌃y⌃
1/2
x )1/2)
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Assume that  and  (not compulsory) n = m fi = gj =
1
n

W2
2(μx, μy)?

We look for a (fast) approximation SW2
2(μx, μy)
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Assume that  and  (not compulsory) n = m fi = gj =
1
n

P�(x) = hx,�i, � ⇠ Unif(Sd�1)
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W p
p (P

�1#µx, P
�1#µy)
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has a closed form (O(n log n))
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has a closed form (O(n log n))

SW p
p (µx, µy) =

1

L

LX

`=1

W p
p (P

�`#µx, P
�`#µy)
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The sliced Wasserstein distance is defined as

the unit sphere



Computational OT
Sliced Wasserstein

33
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The sliced Wasserstein distance is defined as [Rabin 2012]

Properties 

1. It is a distance 

2. Similar topological properties than Wasserstein 

3. Computation in O(Ln log n)
Source: POT
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The sliced Wasserstein distance is defined as [Rabin 2012]

Properties 

1. It is a distance 

2. Similar topological properties than Wasserstein 

3. Computation in O(Ln log n)

But 

- Does not provide the transport plan 

- Can not be optimized 

- Issues when  is larged
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SW p
p (µx, µy) =

1

L

LX

`=1

W p
p (P

�`#µx, P
�`#µy)
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The sliced Wasserstein distance is defined as

Several variants exists 

1. In different geometric spaces (sphere, hyperbolic spaces) 

2. With projections onto curves, different samplings of the line

An example: sliced Wasserstein Generalized Geodesic (SWGG) [Mahey 2023]

min�SWGG2
2(µx, µy) = min

�2Sd�1

 
1

n

nX

i=1

kx��(i)
� y⌧�(i)

k22

!

<latexit sha1_base64="4dLzQb6c5xRDdENv2JmpDtE7iWM="></latexit>



Computational OT
Regularized OT

36

→  variables,  constraints,  n⇥m
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Regularization of OTT� = min
T2⇧(h,g)

hC,T i+ �⌦(T )
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Why? 

- define fast algorithms for solving the problem 

- better defined problem 

- encode prior knowledge on the data  
(e.g. group sparsity constraint)
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Entropic regularization  [Cuturi 2013]

⌦(T ) =
X

i,j

Tij(log Tij � 1)
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 controls the « smoothing » of the solution 
: we recover the unconstrained solution 
: 

λ
λ → 0
λ → ∞ T = hTCg
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Iterative algorithm with deterministic updates

T (k+1)
� = diag
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u(k)

⌘
exp
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diag
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Sinkhorn theorem:  and  exist and are uniqueu(k)
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Entropic regularization of OT

Pro 
- Complexity  
- Smoothes the coupling 
- Amenable to optimization, GPU friendly

O(n2)
<latexit sha1_base64="k9yFvR6BDYBuGehfEEjsn/g3euI="></latexit>

T� = min
T2⇧(h,g)

hC,T i+ �
X

i,j

Tij(log Tij � 1)
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Cons 
- Smoothes the coupling 
- Parameter to tune, lots of iterations for small   
- Is not a distance:                                        Sinkhorn divergence [Feydy 2019] 

λ
⇒OT�(h, h) = hC,T �i 6= 0
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S�(h, g) = OT�(h, g)�
1

2
OT�(h, h)�

1

2
OT�(g, g)
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Scalability of the algorithms 

Unstable, not robust to outliers 

Needs a common metric space

The Kantorovitch relaxation aims to solve  

with the constraint                 ⇧(h, g) =
n
T 2 Rn⇥m

+ |T 1m = h,T>1n = g
o
.
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Linear problem with  variables,  constraints  n⇥m
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Global optimization problem with 
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Practical session (with POT toolbox) 

4. Variants of OT : unbalanced OT and Gromov-Wasserstein 
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https://pythonot.github.io/   
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4. Variants of OT: unbalanced OT and Gromov-Wasserstein 

5. Some applications of OT in data science / machine learning
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Z
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T is an OT plan or coupling matrix (always exists)

Linear problem with linear constraints:  complexity 

Entropic-regularized OT,                                         with                                       ,  complexity

O(n3)

O(n2)T� = min
T2⇧(h,g)

hC,T i+ �⌦(T )
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⌦(T ) =
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Tij(log Tij � 1)
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⇧(h, g) =
n
T 2 Rn⇥m

+ |T 1m = h,T>1n = g
o
.
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Unbalanced optimal transport [Benamou 2003] 

 
with       a divergence  D'
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→ Regularize or relax the set of constraints 

UOT�(h, g) = min
T�0

hC,T i+ �
⇣
D'(T 1m,h) +D'(T

>
1n, g)
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Relaxing the set of constraints

UOT�(h, g) = min
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When , no mass is transported 
and , we recover the balanced OT problem (when                  )    

λ = 0
λ → ∞ khk1 = kgk1
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When , no mass is transported 
and , we recover the balanced OT problem (when                  )    
We will consider several cases: 
-  is L1: Partial OT problem 
-  is L2 
-  is KL
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Dφ
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Fix the amount of mass  to be transported s
⇧u(h, g) =

n
T 2 Rn⇥m

+ |T 1m  h,T>1n  g, 1>nT 1m = s
o
.
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→ add dummy points with mass                           and                           with null cost [Chapel 2020] hn+1 = kgk1 � s
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Solving an exact OT problem 

sparsity of the solution ⇒
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Unbalanced Optimal Transport
 is KL - MM algorithmDφ
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Smoothes the OT plan 
Amenable to GPU  

computation



We can also define an iterative algorithm for a L2 divergence 

Unbalanced Optimal Transport
 is L2 - MM algorithmDφ
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(another ) Iterative algorithm with deterministic updates [Chapel 2021] 
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Smoothes the OT plan (but 
less than KL!) 

Also amenable to GPU  
computation



We can rewrite the UOT problem in a vectorial form 

with    

Unbalanced Optimal Transport
 is L2 - regularization pathDφ
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y = [h, g]>
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Combination of identity matrices  
and matrices of ones 
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Combination of identity matrices  
and matrices of ones 

(least square problem) 
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→ Classical linear regression with positivity constraints, a sparse design matrix     and a  
weighted L1 (Lasso) regularization                               [Chapel 2021]1
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Combination of identity matrices  
and matrices of ones 

(least square problem) 

→ Borrow the tools from a large literature on solving those problems
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similarly to the LARS algorithm 
find the set of ALL solutions
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similarly to the LARS algorithm 
find the set of ALL solutions
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The problem has been formalized, and there exists some (efficient) algorithms 

Some open questions (among others!) 
- how choosing the right regularization parameter? 
- does it really deal with outliers? which guarantees on the solution?



Some challenges of OT

57

Scalability of the algorithms 

Unstable, not robust to outliers 

Needs a common metric space: Gromov-Wasserstein distance on stage [Memoli 2011]

GW (CX ,CY ,h, g) = min
T2⇧(h,g)

hL(CX ,CY )⌦ T ,T i = min
T2⇧(h,g)

X

i,j,k,l

L(dX(xi,xk), dY (yj ,yl))Ti,jTk,l
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Useful for comparing graphs (FGW [Vayer 2019]) or for shape registration [Peyré 2016]



Gromov-Wasserstein
Unregistered spaces

59

Cost                ?   c(x, y)
<latexit sha1_base64="d7n8G0P/AhIF8TZrUctrsUjL98E="></latexit>

Related but not registered objects 
e.g. same object observed by 
different modalities

µx 2 ⌦x, µy 2 ⌦y
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marginal constraints

coupling matrix
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quadratic problem
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Search for an OT plan that preserve the pairwise relationships between samples 
avoid couplings when                                      is large → |dX(xi,xk)� dY (yj ,yl)|p
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GW is a quadratic problem: complexity  
and is not a convex problem 

Invariant to isometries such that rotations and translations 

 

O(n4)

GW (CX ,CXR ,h,h) = 0
<latexit sha1_base64="Ln1wTcLesPfa/qBM9r6x9Azfx0Q="></latexit>



Gromov-Wasserstein
Solving the problem

62

GW (CX ,CY ,h, g) = min
T2⇧(h,g)

hL(CX ,CY )⌦ T ,T i = min
T2⇧(h,g)

X

i,j,k,l

L(dX(xi,xk), dY (yj ,yl))Ti,jTk,l

<latexit sha1_base64="hcQlbado5o/gSaFRedNJw5jjHjA="></latexit>

Optimization algorithms 

Local solutions can be obtained with a Frank-Wolfe algorithm [Vayer 2018] 
Iterative algorithm, which solves at each step an OT problem 

For the entropic version, local solutions can be obtained with a KL mirror descent 
[Peyré 2016] 
Iterative algorithm, which solves at each step a Sinkhorn problem 
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Solve several iterations of 

a  problem  O(n3)

Solve several iterations of 

a  problem  O(n2)



Gromov-Wasserstein
Solving the problem

62

GW (CX ,CY ,h, g) = min
T2⇧(h,g)

hL(CX ,CY )⌦ T ,T i = min
T2⇧(h,g)

X

i,j,k,l

L(dX(xi,xk), dY (yj ,yl))Ti,jTk,l

<latexit sha1_base64="hcQlbado5o/gSaFRedNJw5jjHjA="></latexit>

Optimization algorithms 

Local solutions can be obtained with a Frank-Wolfe algorithm [Vayer 2018] 
Iterative algorithm, which solves at each step an OT problem 

For the entropic version, local solutions can be obtained with a KL mirror descent 
[Peyré 2016] 
Iterative algorithm, which solves at each step a Sinkhorn problem 

 Difficult (non convex) and costly problem to solve 
Approximations exist, but still an open problem 

Solve several iterations of 

a  problem  O(n3)

Solve several iterations of 

a  problem  O(n2)
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Partial Gromov-Wasserstein (  is L1)Dφ
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Partial OT: fix the amount of mass  that has to be transporteds
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Exact partial-GW can be computed by solving Frank Wolfe iterations with partial-W [Chapel 2020]
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Solving a GW problem when the spaces are the same can be interesting as well (invariances) 

same penalization as for the UOT problem 
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Labeled Graphs as probability distributions

Nodes are weighted by their mass  

Features  can be compared through a  
common metric 

No common metric between the structure 
 of two graphs 

 

hi

ai

xi



FGW q
p,q,↵(CX ,CY ,h, g) = min

T2⇧(h,g)

X

ijkl

�
(1� ↵)|ai � bj |p + ↵|dX(xi,xk)� dY (yj ,yl)|p

�q
TikTjl
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Labeled Graphs as probability distributions

Two distributions µx =
X

i

hi�(xi,ai) and µy =
X

i

gi�(yi,bi)
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The fused Gromov-Wasserstein distance is defined as 

Compares features Compares structures 
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The fused Gromov-Wasserstein distance is defined as 

 α ∈ [0,1]

Same features OT(h,g)=0 
same structure GW(h,g)=0 

but different structure AND features 

FGW(h,g) 0≠



Fused Gromov-Wasserstein
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FGW properties and barycenters

Interpolates between W ( ) and GW ( ) 
It is a distance for  
Constant speed geodesics can be defined 

 

α = 0 α = 1
p = 1



Outline
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1. History and basics of optimal transport 

2. Wasserstein distances 

3. Computational OT 

Practical session (with POT toolbox) 

4. Variants of OT : unbalanced OT and Gromov-Wasserstein 

5. Some applications of OT in data analysis / machine learning
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2 different aspects: 

- transporting with OT (the plan is sought) 

- using the divergence between (empirical) distributions 
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Transporting with OT

OT for shape registration [Bonneel 2019] 
 
Iterative Closest Point (ICP) for aligning point clouds 

Defines a one-to-one correspondance, computes a 
rigid transformation (e.g rotation), moves the  
samples and iterates until convergence

arg min
(⌦,t)2O(d)⇥Rd

k⌦(X � t)� Y k22
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Transporting with OT

OT for domain adaptation [courty et al. 2016] 
 
Two different (yet related domains) 

Classification problem, labels available on the  
source domain but not on the target domain



Some applications of OT
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Transporting with OT

OT for domain adaptation [courty et al. 2016] 
 
step 1: compute the OT coupling between the 2 domains 
step 2: transport the source onto the target domain 
step 3: classify the transported source samples based on the classification rule 
computed on the target domain



Some applications of OT
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Transporting with OT

OT for domain adaptation for time 
series [Painblanc 2023] 

versatility of OT thanks to the 
definition of the cost function: 
example with time series, where the 
cost is DTW 



Color transfer 

We aim to transport the color of one source image onto a target image 
Input distributions: histograms of colors 
When one distribution is supported on a line, there exists a closed form [Mahey2023] 
The OT coupling is used to transfer the colors

Some applications of OT
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Transporting with OT



Template based Graph Neural Network with Optimal Transport Distances [Vincent-
Cuaz 2022] 

Compute the FGW distance of a graph to several graph templates 
New feature representation of the graph: vector of distances 
This vector is then feed into a MLP to predict the class of the graph

Some applications of OT

75

Use of the divergence between empirical distributions



Template based Graph Neural Network with Optimal Transport Distances [Vincent-
Cuaz 2022] 

Compute the FGW distance of a graph to several graph templates 
New feature representation of the graph: vector of distances 
This vector is then feed into a MLP to predict the class of the graph

Some applications of OT

75

Use of the divergence between empirical distributions

Gives better classification results than GNNs or kernel-based algorithms 



Wasserstein Generative Adversarial Networks [Arjovski 2017]

Some applications of OT

76

Use of the divergence between empirical distributions

Learn a Generator G that outputs realistic samples from data  
Learn a Discriminator D able to discriminate generated and true samples

μx

min
G

max
D

Ex⇠µd logD(x) + Ez⇠N(0,1) log(1�D(G(z)))
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Some applications of OT

76

Use of the divergence between empirical distributions

Learn a Generator G that outputs realistic samples from data  
Learn a Discriminator D able to discriminate generated and true samples

μx

Hard to train because of the vanishing gradients 

min
G

max
D

Ex⇠µd logD(x) + Ez⇠N(0,1) log(1�D(G(z)))
<latexit sha1_base64="nTHKc39H1Ga0IqaR/NvZp5YrcVQ="></latexit>



Wasserstein Generative Adversarial Networks

Some applications of OT

77

Use of the divergence between empirical distributions

Wasserstein GAN minimizes the Wasserstein distance 

 
with the target distribution being a Gaussian  

Gives better results in practice (and is easier to optimize) 

min
G

W 1
1 (G#µt, µs)
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N(0,1)



Missing data imputation [Muzellec 2020]

Some applications of OT

78

Use of the divergence between empirical distributions

Data imputation: fills missing entries with plausible values 

Assomption: two batches extracted randomly from the  
same dataset should share the same distribution 
Suppose that values on some of the features are  
missing for one distribution 

                       min
Ximp

X
SD(µmXK , µmXL)
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complete contains missing 
values 
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OT is a theoretically grounded way for comparing distributions 
Different formulations: Monge (defines a map) or Kantorovitch (defines a plan) 
Ground metric provides some geometry of the space (geodesics, barycenters) 
Several variants: Unbalanced OT and Gromov-Wasserstein for unregistered distributions 

OT is not robust to outliers: Unbalanced/partial OT relaxes the marginal constraints. 
Solving OT is a linear program, GW is a quadratic problem 
Reference for Computational OT [Peyre et Cuturi, 2019] or OT for applied 
mathematicians [Santambrogio 2015]  
Regularizing the problem helps in reducing the complexity 
There exist some tools for OT, for instance  
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