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D D�

D ⌃D�
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q ⇤ N⌅ q D D�

dq(D,D�) := inf {cq(C) | C ⇤ C(D,D�)}.

q +⇥
q

db

D D�

D D�

db(D,D�) := inf {c⇤(C) | C ⇤ C(D,D�)},

c⇤(C) := sup {⇧p � p�⇧⇤ | (p, p�) ⇤ C} ⌃ {⇧p � ��(p)⇧⇤ | p ⇤ D \
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f, g : X ⌅ R

X D(f) D(g)
f g

db(D(f), D(g)) ⌥ ⇧f � g⇧⇤,

⇧f � g⇧⇤ := max {|f(x)� g(x)| |x ⇤ X}
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P = {x1, . . . , xn} � Rd

Rd P
{�P,Cech

n (r) | r  0} �P
n n = |P |

P
⇥ ⇤ �P

n

⇥ = {xi1 , . . . , xik} ⇤ �P,Cech
n (r)⌦↵
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B(xij , r) �= �,

B(x, r) := {y ⇤ Rd | ⇧x� y⇧ ⌥ r}
r DCech(P )



P P �

db(DCech(P ), DCech(P
�)) = db(D(fP ), D(fP �)) ⌥ ⇧fP � fP �⇧⇤.

X, Y Rd

X Y

dH(X,Y ) := max {max {fY (x) |x ⇤ X},max {fX(y) | y ⇤ Y }},
fX , fY

X,Y Rd

dH(X,Y ) = ⇧fX � fY ⇧⇤.

dH(X,Y ) ⌥ ⇧fX � fY ⇧⇤
dH(X,Y ) x⌅ ⇤ X

dH(X,Y ) = fY (x
⌅)

= fY (x
⌅)� fX(x⌅)

⌥ |fY (x⌅)� fX(x⌅)|
⌥ ⇧fY � fX⇧⇤.

dH(X,Y )
y⌅ ⇤ Y X Y

dH(X,Y )  ⇧fX � fY ⇧⇤ z ⇤ Rd

fX(z)� fY (z) = ⇧z � �X(z)⇧2 � ⇧z � �Y (z)⇧2
⌥ ⇧z � �X(�Y (z))⇧2 � ⇧z � �Y (z)⇧2
⌥ ⇧�X(�Y (z))� �Y (z)⇧2
= fX(�Y (z))

⌥ sup {fX(y) | y ⇤ Y }
⌥ dH(X,Y ).

fY (z) � fX(z) X Y
|fX(z) � fY (z)| ⌥ dH(X,Y ) z ⇤ Rd

⇧fX � fY ⇧⇤ ⌥ dH(X,Y )
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db(D(fX), DCech(X̂n)) ⌥ dH(X, X̂n).
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(a, b) x ⇤ X r > 0

µ(B(x, r)) ⌥ min {1, arb}.
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nco(X, 2r) ⌥ nst(X, r).
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M M �

dI(M,M �) := inf {⇧ > 0 |M,M � ⇧ }.

M,M �

D(M), D(M �)

db(D(M), D(M �)) = dI(M,M �).

db(D(M), D(M �)) ⌥ 8dI(M,M �).
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⇧ > 0 M̃ ⇤,t0 t0 < ⇧
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M
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M �� M̃2⇤,0 = M̃ ��
2⇤,0 M̃ �

2⇤,⇤ = M̃ ��
2⇤,⇤

db(D(M), D(M �))

⌥ db(D(M), D(M̃2⇤,0)) + db(D(M̃ ��
2⇤,0), D(M ��))

+ db(D(M ��), D(M̃ ��
2⇤,⇤)) + db(D(M̃ �

2⇤,⇤), D(M �)) ⌥ 8⇧.

f, g : X ⌅ R
⇧ > 0 ⇧ > ⇧f � g⇧⇤

f⇧1((�⇥, t]) � g⇧1((�⇥, t+ ⇧])

g⇧1((�⇥, t]) � f⇧1((�⇥, t+ ⇧]),

t ⇤ R

⇧
M(f) M(g) f g

db(D(f), D(g)) = dI(M(f),M(g)) ⌥ ⇧f � g⇧⇤
db(D(f), D(g)) ⌥ 8dI(M(f),M(g)) ⌥ 8⇧f�g⇧⇤
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�P,Rips
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n (r) � �P,Rips
n (2r).
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B(xij , r) ⇣ B(xij� , r) �= � z ⇤ B(xij , r) ⇣ B(xij� , r)

⇧xij � xij�⇧2 ⌥ ⇧xij � z⇧2 + ⇧z � xij�⇧2 ⌥ 2r,

⇥ ⇤ �P,Rips
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P = {x1, . . . , xn} � Rd

Rd Dlog
Cech(P ) Dlog

Rips(P ) (6)

Dlog
Cech(P ) := {(log(px), log(py)) ⇤ R2 | (px, py) ⇤ DCech(P )},

Dlog
Rips(P ) := {(log(px), log(py)) ⇤ R2 | (px, py) ⇤ DRips(P )}.

db(D
log
Cech(P ), Dlog

Rips(P )) ⌥ log(2).


