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The search for a non-perturbative understanding of 
(topological) string theory has been going on for many 

years. 

In 2006-2008 it was proposed in [M.M., M.M.-Schiappa-Weiss] to 
look at this problem by using the theory of resurgence, i.e. by 
using traditional tools which had been very successful in QM 

and QFT. 

An key aspect of this approach: 
 “make use as much as possible of the 

important pieces of information contained in 
the coupling constant expansion” 

(G. ‘t Hooft, 1979)



Resurgent structure

A precise mathematical formulation of non-perturbative 
sectors: resurgent structure. 
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Let us consider a (simple) resurgent function, given by a 
formal, factorially divergent series

and its Borel transform
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Given a singularity      of the Borel transform, one can 
associate a formal trans-series to it through the so-called 

pointed alien derivative
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Roughly, the alien derivative can be obtained from the local 
expansion of the Borel transform at the singularity

Stokes constant
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The exponentiation of the alien derivatives associated to 
the singularities along a ray gives the Stokes 

automorphism



The resurgent structure associated to a formal power 
series is the set of all its alien derivatives at all 

its singularities (i.e. trans-series plus Stokes constants)

From a physical point of view, the resurgence structure 
gives all the non-perturbative sectors which can 

be obtained from the knowledge of 
perturbation theory only

Warning: we know from explicit examples in quantum 
theory that there can be non-perturbative sectors not 

included in the resurgent structure



Resurgence and asymptotics

The “largest” exponentially small trans-series, associated to 
the closest Borel singularity to the origin

<latexit sha1_base64="A7ovtiX1VPeVhEKV4AhGiFD8x9U="></latexit>

an ⇠ A�n

2⇡
�(n)

✓
c0 +

c1A
n� 1

+ · · ·
◆

turns out to determine the asymptotic behavior of the 
perturbative series

The trans-series “resurges” in the perturbative series 
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This is the famous connection between perturbative and 
non-perturbative sectors predicted by resurgence, which 

goes back to the pioneering work by Bender and Wu
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The transition from the correlated pionization region to the uncorrelated pionization region occurs
when s,~s», =—~M' as s-,z is increased. This allows us to define the "correlation length": As ~ is
increased by increasing the longitudinal momenta with the transverse momenta fixed, the two particles
become uncorrelated when a value of the invariant mass s~ is reached such that (p, +p, )'«~. By
making use of the experimental average value of P for the pion distributions, i.e. , (P ) = 300-500 MeV,
we estimate then that the two particles are correlated as long as the invariant mass is not significantly
larger than 1 BeV.
For the case in which s~ is increased by increasing P, and P, along arbitrary directions in the

transverse plane with P, and P, fixed, we find that the two particles are always correlated and the dis-
tribution is a function of cosy =P, P, , which shows a cutoff in the form

f„"-exp(-4[P,'+P, "+2p, p, cos2&+p, p, (1-cosy)ln tangly]}. (16)

Vhe details of this paper and other related topics will be discussed elsewhere.
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SThis question was considered partially by several groups, i.e. , D. Gordon and G. Veneziano, private communi-
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Our result confirms the conjecture, Eq. (6), of D. Z. Freedman, C. E. Jones, F. E. Low, and J. E. Young, Phys.
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Large-Qrder Behavior of Perturbation Theory
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We ex~&re the large-order behavior of perturbation theory for the anharmonic oscil-
lator, a simple quantum-field-theory model. New analytical techniques are exhibited
and used to derive formulas giving the precise rate of divergence of perturbation theory
for all energy levels of the x2+ oscillator. We compute higher-order corrections to
these formulas for the x oscillator with and without Wick ordering.

A Rayleigh-SchrMinger perturbation series is a power series QA„A.", where x is the coupling con-
stant, n is the order of perturbation theory, and A„is a Rayleigh-SchrMinger coefficient. %e are
concerned here with the Rayleigh-Schrlinger coefficients in the perturbation expansions of the ener-
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This connection is very useful to obtain “experimental” 
tests of the results for non-perturbative sectors.



Topological string theory

Let M be a Calabi-Yau (CY) threefold.  For each genus g we 
can associate to it the topological string free energy          , 
which depends on the Kahler modulus t (for simplicity I will 

often write down things for one-modulus CYs)

Fg(t) =
X

d�1

Ng,d e
�dt
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Fg(t)

At large t this free energy has an expansion encoding 
Gromov-Witten invariants of M, which “count” holomorphic 

curves of genus g:



I will use mirror symmetry throughout. In the mirror 
manifold        one can calculate periods by integrating the 

holomorphic 3-form over a symplectic basis of 3-cycles

The       are projective coordinates of the CY moduli space, 
and the mirror map is 
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String perturbation theory tells us that the total free 
energy is a formal power series involving a small 

parameter, a.k.a. the string coupling constant, and we have to 
sum over all genera:

F (t, gs) =
X

g�0

Fg(t)g
2g�2
s

General arguments [Gross-Periwal, Shenker] indicate that this 
series grows doubly-factorially, at fixed t

Fg(t) ⇠ (2g)!, g � 1



What is the resurgent structure associated to this series?

This is a difficult problem. Note that in this case the 
resurgent structure depends on the moduli of the CY 

manifold, parametrized by z or t. 

I will present a conjecture on the possible location of Borel 
singularities, and an exact description of the trans-series 

associated to singularities. 



Borel plane and CY periods
Conjecture: the Borel singularities for the series of free 
energies are integral periods of the mirror CY (in the 

local case, this was conjectured in 2011 in [Drukker-M.M.-Putrov])

Determining which periods are actual singularities is much 
harder and only partial information is available (often based on 

numerical calculations)
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How do we determine the trans-series associated to the 
singularities? 

Trans-series for topological strings

In the case of ODEs, a simple way to obtain trans-series is 
to use an ansatz involving exponentially small terms [Ecalle, 

Costin, …]

Euler equation:
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x2y0(x)� y(x) = �x

trans-series solution:
<latexit sha1_base64="s49S+lBYfypVm+E5SjQBuCq/XI0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQEWsiRd0IxW5cVrAPaGOYTKft0MmDmYk0hHyBG3/FjQtF3Lp25984TbPQ1gMD555zL3fucQJGhTSMby23tLyyupZfL2xsbm3v6Lt7LeGHHJMm9pnPOw4ShFGPNCWVjHQCTpDrMNJ2xvWp334gXFDfu5NRQCwXDT06oBhJJdl6KSpPjq5gZMc97sIgURU8hnWYliS5j0/M00li60WjYqSAi8TMSBFkaNj6V6/v49AlnsQMCdE1jUBaMeKSYkaSQi8UJEB4jIakq6iHXCKsOD0ngSWl9OHA5+p5Eqbq74kYuUJErqM6XSRHYt6biv953VAOLq2YekEoiYdniwYhg9KH02xgn3KCJYsUQZhT9VeIR4gjLFWCBRWCOX/yImmdVczzSvW2WqxdZ3HkwQE4BGVgggtQAzegAZoAg0fwDF7Bm/akvWjv2sesNadlM/vgD7TPH72Mmgo=</latexit>

y(x) = yp(x) + Ce�1/x
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yp(x) =
X

n�0

n!xn+1
perturbative solution:



In the case of the topological string, and in contrast to 
e.g. non-critical strings, there is no ODE in the string 

coupling constant.

However, we have a PDE governing the total free energy: 
the famous holomorphic anomaly equations (HAE) 

of BCOV.

The holomorphic anomaly equations

I will present a simplified version of these equations which 
is valid for toric CYs with one modulus.



The total free energy of the topological string satisfies a 
partial differential equation involving a propagator S and 

the complex modulus z of the CY 
<latexit sha1_base64="v431e+GIkNXcPFnqn45rxy02xU0="></latexit>
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@S
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g2s
2
D2

zF +
1

2
(DzF )2

One can solve this equation perturbatively to obtain the 
genus g free energies as polynomials in the propagator, and 
involving known functions of z [BCOV, Yamaguchi-Yau, Grimm-Klemm-

M.M.-Weiss, Alim-Lange, Klemm et al., …] 
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F2(S, z) =
5Y (z)2S3

24
+ · · ·
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Y (z) : Yukawa coupling (third derivative of      )
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F0



In this formulation, S is essentially an arbitrary variable. The 
conventional topological string free energies are recovered 
in the so-called holomorphic limit, where S becomes a 

(known) function of z. 

By using this method, one can calculate the genus expansion 
efficiently, up to an integration constant independent of S, the 

holomorphic ambiguity, which is a function of z.      

Fixing this ambiguity is the main problem of the method. In 
some local examples it can be done to all genus, and for 

some compact CYs one can do it up to genus ~60 
[Klemm et al.].



In two remarkable papers in 2013-4, CESV [Couso-Edelstein-Schiappa-

Vonk] proposed to use the holomorphic anomaly equations of 
BCOV to calculate trans-series. 

The CESV ansatz

<latexit sha1_base64="v431e+GIkNXcPFnqn45rxy02xU0="></latexit>
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(DzF )2We then solve 

with a trans-series ansatz

<latexit sha1_base64="ePaBusDr8XO8FmbGGX4oJhNmVJY="></latexit>
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X
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Fg(S, z)g
2g�2
s + g�b

s e�A/gs
X

k�0

F (1)
k (S, z)gks

perturbative series “instanton” correction



Exact solutions

One consequence of our exact results is that these trans-
series, in the holomorphic limit, can be written in closed 
form in terms of perturbative topological string free 

energies and their derivatives. 

In recent work [Gu-M.M, Gu-Kashani-Poor-Klemm-M.M. ] we obtained 
all-orders, exact solutions for these trans-series, for 

arbitrary CY



Let us consider a Borel singularity located at
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A = cIFI + dIX
I

If all     vanish, the trans-series is of the Pasquetti-Schiappa form         
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If  at least one     is different from zero, the trans-series is 
non-trivial, and of the form

<latexit sha1_base64="/0aM1sD6Sv8w1nUxV3n0sEavxkQ="></latexit>
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There are also explicit formulae for “multi-instanton” trans-
series, associated to the singularities   
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`A, ` 2 Z>0
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These formulae suggests that the “big moduli space” 
coordinates of the CY       are quantized, as postulated in 

large N dualities! A surprising result in the compact case.

The resulting amplitudes are also similar to large N instanton 
effects in matrix models, which are obtained by “eigenvalue 

tunneling” 

N − !
!N
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Quantized moduli?



Resurgent structure

We conjecture (and have tested in many cases) that these 
trans-series give the alien derivatives of the total topological 

string free energy

<latexit sha1_base64="kFaL84geTVIpVNOEGnd4sJW86PE="></latexit>

�̇`AF (t, gs) = S`F (`)

The Stokes constants appearing here are known in some 
special cases, but not in general.

In some examples, Stokes constants turn out to be related 
to BPS invariants. This is the case in WKB theory and in 

complex Chern-Simons theory [Gaiotto-Moore-Neitzke, Garoufalidis-
Gu-M.M]



  We expect a similar picture in our CY case. 
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We can show e.g. that the genus zero Gopakumar-Vafa 
invariants                arise as Stokes constants associated to 

towers of Borel singularities at 

Let us note however that, in the case of topological strings, 
Stokes automorphisms seem to be more complicated than 
in the case of “quantum-periods” or in DT theory, where 
they are given by the Delabaere-Pham formula (see my 

companion paper with Jie Gu on resurgence of quantum 
periods).
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z = 5�5

large radius

conifold point

Experimental evidence: asymptotics in 
the quintic CY

We can test the explicit formulae for the trans-series against 
the large genus asymptotics of the free energies in e.g. the 

famous quintic CY
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vanishing period at the conifold
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prediction from one-instanton formula



Applications to large N matrix models

The 1/N expansion of Hermitian, multi-cut matrix models is 
also governed by the holomorphic anomaly equations [Huang-

Klemm, Eynard-M.M.-Orantin]

The resurgent structure for this expansion is conjecturally 
the same that we have described for the topological string, 
and the multi-instanton amplitudes we have presented give 

the large N instantons of the matrix model.  

Very explicit tests in the two-cut cubic matrix model [M.M.-

Miravitllas], clarifying previous puzzles in [Klemm-M.M.-Rauch]



Conclusions and outlook

We have obtained explicit and exact non-perturbative 
sectors in topological string theory, for arbitrary CY 

manifolds, by using a trans-series ansatz in the holomorphic 
anomaly equations.

We have conjectured that they provide the basic ingredients 
of the resurgent structure in topological string theory and 

matrix models, and checked this conjecture in many examples. 

The full structure requires determining the possible Borel 
singularities and their Stokes constants, and we expect very 

rich mathematics and physics associated to this.



Possibility: they are “renormalons” of the topological 
string, controlling the factorial growth of integrals over 
the moduli space of Riemann surface, but there are in 

addition “instanton” corrections associated to D-branes 
of the “right” type.

What is the physical interpretation of these trans-series? 
They seem to correspond to D-branes of the “wrong” 

type (since they are associated to periods)



Thank you for your attention!


