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MOTIVATION

GEOMETRY Of SPECTRAL PROPERTIES OE

RIEMANNIAN MANIFOLD
[Nx LAPLACE-BELTRAMI OPERATOR

Such aS

BowLYING SPECTRUM, LAN
,
&SSICALCORRESPONDENCE

How Much oF ThE CORRESPONDENCE IS RETAINED
,

AND IN WHICH FORM,
IF We ALLOW IMPORTANT

OBJECTS To VANISH O Blow Up?
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PROPERTY ZERO : SELF-ADJOINTNESS (A BRIEF DETOUR)

Tension between

· BOUNDARY AMED -> BOUNDARY CONDITIONS

· SINGULRITES
,
HON COMPACTNESS -> DECAY OF EIGENFUNCTIONS

No broiner for "nice operators"
· (M,g) complete Riemannion manifold -> Dy= divi My eventially S

.
A

.

· M closed menifold
, M smooth density ,

Psymmetric op on LCM
,
MI

.

Pelliptic-> Pessentially s .A
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PROPERTY ZERO : SELF-ADJOINTNESS

Tension between

· BOUNARY AMED -> BOUNDARY CONDITIONS

· SINGULARITES
,
HON COMPACTNESS -> DECAY

clonical confinement quantum
- confinement

~ of the geodesic flow

WNo broiner for "nice operators"
I

· im
,getelRiemannion manifold=> DedivpDaily

S
.
A

.

I

· M closed menifold
, M smooth density ,

Psymmetric op on LCM
,
MI

.

Pelliptic-> Pessentially s .A
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SELF-ADJOINTNESS & QUANtuM-CLASSICAL LORR
.

closed smooth monifoldSw . density

Conjecture (Y .

Coun de Verbiere & C
.

(eBin
,
2020)--

P formally self-adjoint differential operator an CPCM)
.

I Hamiltonian flow of penentially self-adjoint I~

symbol p of I complete SFD

Squantum confinement)
(classical confinement)

en
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SELF-ADJOINTNESS & QUANtuM-CLASSICAL LORR
.

th monifoldclosed smooSw . density

Conjecture (Y .

Coun de Verbiere & C
.

(eBin
,
2020)--

P formally self-adjoint differential operator an CPCM)
.

Hamiltonian flow of penentially self-adjoint
symbol p of I complete SFD

Squantum confinement)I (classical confinement)

~ I
en

EsFan complete Riemannion menifold M
,

not necessarily compact
· P of deg 1 Je .g .

P= i(x + diva (x))
,

x= P(+M))
· P Sturm-lieuville on $ [loin de Verdiere ,

Bihen 2020
,
Taire 2020

i examples in which NOT CORPET - NOT E
.

S
.

A
.

↳



SELF-ADJOINTNESS & QUANtuM-CLASSICAL LORR
.

closed smooth monifoldSw . density

Conjecture (Y .

Coun de Verbiere & C
.

(eBin
,
2020)--

P formally self-adjoint differential operator an CPCM)
.

Hamiltonian flow of penentially self-adjoint
symbol p of I complete SFD

Squantum confinement)I (classical confinement)

~ I
en

WHAT ABOUT

NOT GEODESICALLY COMPLET BUT
-

ESSENTIALLY SELF-ADJOINT ?
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PROPERTY ZERO : SELF-ADJOINTNESS

Tension between

· BOUNARY AMED -> BOUNDARY CONDITIONS

· SINGULARITES
,
HON COMPACTNESS -> DECAY

results in

on
(- 10 , 1) is -ESA

If V(x) > fix
,
1031

1

not ESA if V(x)< (1 - 5)
,
20

, 13)

I
11

-ArvxX
on -" is "es above w . r .

t .

dist(x
,
211)

F Menciw ,
Nencin 2009]
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MOTIVATING EXAMPLE SBAOUENDl-GrustIn Cyber)

M = Rxx
, g

= dx + do , My =de

singular set

S = Ex
=

= 0)

0=
=> A = divnegrodg=x+x - Ex on L(M

, My
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MOTIVATING EXAMPLE (BAOUENDl-GruStIN CYLINDER)

M = R xxo
, g

= dx + do , My
= e

↳

- BOSCAIN ,
LAURENT (2011)-

singular set
* exentially self-edint on each connected component

S = Ex
=

= 0) I of MIS ,
0

,
(H) = [0

,
%) with embedded eigenvaluesI
-0=

x <x2 = 13----

=> A = divnegrodg=x+x - Ex on L(M
, My
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MOTIVATING EXAMPLE (BAOUENDl-GruStIN CYLINDER)
Queuturm confinement,
what about classical-oM = R xxo

, g
= dx + do , My

= e I confinement ?
↳

- BOSCAIN ,
LAURENTC2

singular set

S = Ex
=

= 0)
of MIS ,

0
,
(H) = [0

,
%) with embedded eigenvaluesI

=interch
communal component

x <x2 = 13----

We have eigenvalues to count,
what about Weyl's law?

=> A = divnegrodg=x+x - Ex on L(M
, My
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MOTIVATING EXAMPLE (BAOUENIl-GruStIN CYLINDER)

M = R xxo
, g

= dx + do , My
= e

⑦
· symbol of A

p(x ,5)
= 32 + x258

· flow of p is not complete
on connected components
of MIS

Geodesic front of length (from (1
,0 => QUANTUM CONFINEMENT

WITHOUT CLASSICAL CONFINEM
.
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MOTIVATING EXAMPLE (BAOUENDl-GrUSMIN CYLINDER)

M = Rxx
, g

= dx + do , Mg
= e

②

- BOSCAIw
,

PRANDI
,
S

. (2015]-

singular set
* entrallyself-edit on each connected component

S = Ex
=

= 0) I of MIS ,
0

,
(H) = [0

,
%) with embedded eigenvaluesI

x <x2 = 13---- satisfying

0(+ (u - bg2 - )x +0x))

~

O(s) Since remainder is from aBirichlet counting problem ...
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MOTIVATING EXAMPLE (BAOUENDl-GruStIN CYLINDER)

M = Rxx
, g

= dx + do , Mg
= e

- BOSCAIw
,

PRANDI
,
S

. (2015]en

singular set
* entrallyself-edit on each connected component

S = Ex
=

= 0) I of MIS ,
0

,
(H) = [0

,
%) with embedded eigenvaluesIV

x <x2 = 13---- satisfying

Inx + (u - bg2 - 2)x + x(x))↓
picking up now ?
-

8



A SINGULAR SUB-LAPLACIAN

Almost-Riemanwien :

Riemennieu outsid

singular set : Dakanges
2

-D1-GRUSHINEXAMPLE is sub-Riemannien/ S
dimension at [x=03

-

I M = 1x
, m

=d , g
= dx2 and D=spenSEx / xE} I=> Dm = E

2

+x - Ex
-
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A SINGULAR SUB-LAPLACIAN

-D1-GRUSHINEXAMPLE is sub-Riemannien/-

M = 1x
, m

=d , g
= dx2 and D=spenSEx / xE}I

2x I=> Dm = E
2

+x - *

-

"Simple" but interesting example ,
e . g .

[Boscain ,
Grandi 2013] Hatevolution stochastic completeren

[Bosain
,
Prandi

,
S

.
2015] Weyl's low

,

Aharonor-Bohm effect & spectral degemnation

[allor , Michelangeli ,
Pozzoli 2019

,

202] Fully non-compet
are scattering

[Bener ,

Furntowi
,
Iwasaki 2013]

Spectral analysis of d-dimensional Grushin
spheres

[caserine
,

Gianti
,
Martini 2020]

I



OBJECTIVES

1) How general is the quantum confinement with chanical tunnelling
for singular sub-Riemannien menifolds ?

2) A brief panoramic of sub-Riemannian Weyl's
laws in the

regular singular setting
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SUB-RIEMANNIAN MANIFOLDS

SUB-RIEMANNIAN MANIFOLD (M
,
D

, g)
-x section of positive

smooth, definite quadratic formsC0
>manifold DaTM
-D

tangent
distribution

* Lie(D) =TM (we !y8z ,
y + 223D= span[6x -

2



SUB-RIEMANNIAN MANIFOLDS

SUB-RIEMANNIAN MANIFOLD (M
,
D

, g)
-x section of positive

smooth, definite quadratic formsC0
>manifold DaTM
-D

tangent
distribution

BRACKET GENERATING* twiMHarperlike r
in

eneene Tjoined by admissible
M = R3

in curves 2 :R->M S
.
t .

D=

Span30x -=z
,
2y + =223

dse subRiemannian j(t) ->Dr(t)
distance & geodesic flow g

= dx2 + dy2
-

11



SUB-LAPLACIANS

SUB-RIEMANNIAN MANIFOLD (M
,Dig) ⑰ BRACKET GENERATING D

(!)

⑦ Me-2" (M) smooin volume on M

=> . HORIZONTA GRADIENT <Ynf
, X7g = X(f) for XENCD)

,
fE(P (M)

· DIVERGENCE CXM - divp(X)M for X=P(TM)
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SUB-LAPLACIANS

SUB-RIEMANNIAN MANIFOLD (M
,Dig) ⑰ BRACKET GENERATING D

(!)

⑦ Me-2" (M) smooin volume on M

=> . HORIZONTA GRADIENT <Ynf
, X7g = X(f) for XENCD)

,
fE(P (M)

· DIVERGENCE CXM - divp(X)M for X=P(TM)

=> sub-laplacion (anociated to pl

Drf = divp (Yuf)

on e from T=z(X : (f) + dirm(X : ) XilH)

[xi3 ofD M =R x X2

e -

y8z
,
y + 223D= span[6x -

2

g
= dx2 + dy2 M

= dx dy dz

Am= X +Xa?-
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SUB-LAPLACIANS

SUB-RIEMANNIAN MANIFOLD (M
,Dig) ⑰ BRACKET GENERATING D

(!)

⑦ Me-2" (M) smooin volume on M

=> . HORIZONTA GRADIENT <Ynf
, X7g = X(f) for XENCD)

,
fE(P (M)

· DIVERGENCE CXM - divp(X)M for X=P(TM)

=> sub-laplacion (anociated to pl

Drf = divp (Yuf)
· DM SYMMERIC

,
NEGATIVE Operator

on (0(M)

[(X : (f) + dirm(Xi) XilH)
-

on from I I I · (M
,
dsal complete

[xi3 ofD
↑ independent

=> Dm excutially self-adjoint au

R(M ,
M) with domain ((M)

⑰ e -t Dm
has positive Co Kernel &

· efines contractive semigroup
13



QUANTUM COWFNEMENT WITH CLASSICAL TUNNELLING FOR SUB-LAPLCIANS

-THEOREM (PRANDi , Rizzi , S .
2019

;
FRANCESchi

,
PRANDI

,
Rizzi 2019]-

(MP ig) complete sk manifold, SCM smooth embedded compact hypersurface
with no characteristic points

,
M Smooth measure on MIS

.*

Denote 8 : = dCS,. ) , if SeC2 and for some Ex0 IRD0 such that

in the region 0825 it holds

(5 + (18)' Eg-
=> D with domain 6"(MIS) is essentially self-adjoint on LMIS

,
m) or

M

any of the connected components of MIS .1⑦ If M relatively compact-> A has compact resolventM



A SKETCH OF THE PROOF

-

a In the spirit of

· [lolin de Verdiere, Trac 2010]
W - [Nencin ,

Neucin 2009]
-

-

M -fil * ex ⑳

&--↑

P

(H =

- Dm +V on C (M)
, Veff + V > 5

- - - r2 en 8 14)

1
.

Localize around the boundaries

2 . Agmon-type extrmetes => JECO St HY4 = EN iff 4 =0
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A SKETCH OF THE PROOF

-

a In the spirit of

so I [lolin de Verdiere, Trac 2010]-IIIIIII⑲>--
W
S- - [Nencin ,

Neucin 2009]-
-

-

~

NI
# For-

-
--

↑

(H =
- Dm +V on C (M)

, Veff + V > 5
- - - r2 en 8 14)

1
.

Localize around the boundaries

2 . Agmon-type extrmetes => JECO St HY4 = EN iff 4 =0

via R Hardy inequality
and SR Rellich-Kondrakov

IFranceschi
,
Proudi

,
Rizzi 2019)

13



A SKETCH OF THE PROOF
· (M

,
de)- (i , Isi)

25 metric

/
I↳ completionso-IIIIIII> · 8 distance to LM = M-M#- ~---

W
S ~

↑↳
-

· S-C2(Ma)-

X- ex
# . => Ma has tubular ubd

-
↑

EM(ae
where

di =
e2(t ,x)dt dWCxS
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A SKETCH OF THE PROOF

-
· (M

,
de)- (i , Isi)

a metric

so I completion***> · 8 distance to LM = M-M
-
- /

- S- ↳
-
-

-fil
W

ex
=> Ma has tubular ubdW
Sacrimal

-
-

↑

Es (0,)x e

St = 23
where

Veff= (8t 0) +20 E dr =
e25(t ,x) dtdw(x)

does not depend on

the choice of du

Intrinsic quantity !
16



COROLLARY I

If M
= tedtdWIX on Ma = 10

,3]*=

=> Ap M . 1 .
e

. for a<-1 and as
-

-
& =

- 1 includes

Baouendi-Grushin

cylinder sphars

17



A REMARK ON Veff

Veff = I ((Am8)2+ 11 Hess (6) IIIs + Ricm (16 ,78))
a function of mean curvature Dys of levelsets of 6
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COROLLARY I

Let M
= voly-

If 7 < 0 and r = 1 S
.

t

- - Sec(0)=-E for all planes containing #S

↑
and Hess(8) /X

,

< h= (2 ,
1)

=>
A with domain ((M) is en... in LICM) .

Both sectional curvature and principal curvature ofS evelsets of I contribute to self-edjointness !
19



COROLLARY I (Riemanian Kalf-Walter-Schmincke-Simon Theorem)

(N
, g) m-dim complete Riemannion menifold

ZaN embedded compost submanifold ,
(() := dg(- ,

z)

If V = Loc (NZ) such that
For points, k=o,

-

weaker then previousV(g)> - In a - - - W(q) on 58-53<
(a conditions

S

and V(g) -W(P) on 35393
- submanifolds of

6-dimension n-k4

=> H= -D+V w .
domain C, (M) is ess

.
S

.

e
. on L(M) or

are "invisible" to solutions
any of its connected components free loplacious (V=0)

24



RECENT UPDATES

· -w en .
s .

a
. an Misa iff Flag &(a) * 4

[Colin de Verdiere ,
Hilloiret

,
Trilat 2023]

· Sharp en
.

S
.
e.

en regular -Grushin manifolds vie adapted -calculus

↳Baschastrig ,
Quan 1023]

· Ess .
S

.& .
vie Pseudodifferentiel calculus an Lie groupoid for generic

2 ARS
,

allows unique treatment of
some tangency points [Beschestry

: 2021)

· sharp ess .
S

.

e . on comic and auticonic manifolds
[Gallone, Michelangeli , Pozzoli 2019]

· confinement for curvature lophacien en LARS [Beschastigi ,
Boscain

,
Potzoli 2021]

~ point interections for 3D sub-laplacions [Aolami ,Bossein
,
Franceschi

,
Prandi 2019]

21



A LANDSCAPE OF OPEN PROBLEMS :
Two EXPLICIT OPEN QUESTIONS

(1) M = R2 D = Span S &x ,
x (x2 + yey3

=> S = Ex = 0 3
,
8(x

,4) = IX) and My
=

e
+ye,
dxdly

· e = 1 : Dm is ESA

· 12 : Dm is ESA (Conjecture)

(2) M = R2
,
D =

Span 32 x ,
d(X

,4) by 3 where &(x,4)
=

y -x2 -

BrA iS
=> S = SP(X ,4) = 03 ,

O is a taugency point (D . 11 T
.5) %2

ess .
S .

a
.

↓ dxoly [Beschastny: 2021]f(x , y) = 15-(XI) and My =

, 6(x ,4)1

Dm =6x + b22 + dry + 2x symmetric, very explicit

but its self-adjointness is unknown

22



SPECTRUM OF SUB-LAPLACIANS : THE REGULAR CASE

3D CONTAC E
. C .
(R ,
dx +dy)

,
D = Span52x

- z
,
by + 223

=> A is related to magnetic laplacion for
constant field 10

,
0

,
1)

MANY ADVANCES IN PAST FEW YEARS
,
E

.
G SSORRY FOR THE MANY PAPERS I COULD NOT FIT)

/

- I

· 3D contact :

S Colin de Verdiere
,

Hillert
,
Trelat 2017-2023

,
Gobin deverdiere 2021] Weyl's law ,

Semchenics
,

Quantum ergodicity
(Flynn 2020] X-Ray transform ,

Sankato formule

S Fermannien-kammerer ,
Fischer 2019-2021) Semiconical endysis

· ↳D quericontact : [Soude 2019] Microbocalization , Weyl's law wo contribution by abnormals

· Smooth compart sublaplocions , equiregular D :

↳Hassammished ,
kokarev 2014] upper

bounds an spectrum & Weyl's
law

-chen
,
Chen 2013) Lower bounds on spectrum

Illin de Verdie
,
Hilleiret

,
Trekt 2020to small time erymptotics of heat Kernel Wegl's lawI

I Sande ,Marinesar 2018] feattrac& way slow for subteplacious an meit circlbundles

&
IProudi

,Rizzi .
J

.

2018] Santalor formula ,
fanational issperimetric type inequalities

Futronit 2020-2021] Quentur limits
23



SPECTRUM OF SUB-LAPLACIANS : THE REGULAR CASE

FUNCTIONAL INEQUAUTES [Prendi ,
Rizzi

,
Seri 2018)

HARDY SPflYw Sp
,
renkDSw r harmonic mean distance

from boundary

see also rendi
,
Franceschi 2020] for sharp versions

Barr Or X
,
(m) a is ↳2 longest red

THE SPECTRU geodesic in B
(DIRICHT)

M compact n-dine sub-Riemannion mfld w . boundary
,

w smooth volume firm

24



SPECTRUM OF SUB-LAPLACIANS : THE REGULAR CASE

WEYL'S LAW

Popp(M) + o(X) (compet 3D contact
-

32 IGlin deVerdiere ,
Hilleiret

,
Treat 2018]

- d

NID
= e

R
, Haus ofdimensio

rece

-
Se 11,

0
,0 djela-x4

+

x(x42)

Depends on g ja
+ 1)

*

but not on ! The complete expension with
a geometric

=> new condcal measure: interpretation of all
terms is in

LocelWeyMosure IGlin deVerdiere ,
Hilleiret

,
Treat 2023]

25



SPECTRUM Of SiNGUAR SUB-LAPLACLANS

WEYL'S An (IS

· (Boscein ,

Prandi ,
S2015] Crushin sphere a ylinder ,

first two terms

of Weyl's law but no geometric description

· [Chitour ,
Prandi ,

Rizzi 2019] Under rather general conditions on the

growth and oscillation of Volume lubol
of Set distance from s) = V(X) :

Envir
For Grushin-type 2-ARS N(X) ~ RVoICS) & lag

8π

26



SPECTRUM Of SiNGUAR SUB-LAPLACLANS

WEYL'S Aw (1) [Colin de Verdiere ,
Hilleiret

,

Trlot 2023]

· Full erymptotic expansion of theat kernel for a very large dan of milpotentizable

singular sub-toplocious with Whitney stratifieble singular
set

· Detailed 2 terms erymptotics forBaouendi-Grushin and Martinet
· Quantum Ergodicity for Bookendi-Grushin with singular set containing
et most one tangency point

In these cases the Weyl's low is led by

NCDsx x92 Hax)ms-1

27



SPECTRUM Of SiNGUAR SUB-LAPLACLANS

WEYL'S Aw (1) [Colin de Verdiere ,
Hilleiret

,

Trlot 2023]

· Weyl's law for some
examples with

non-stratifiable

singenlor sets

NCX) -

) fab
r(5+ 1)

R=52 & depends only end
2

kEN

28



SPECTRUM Of SiNGUAR SUB-LAPLACLANS

IS THERE ANYTHING LEFT to Do ?
[Savale 2019]

· Role of abnormal minimizers in
the Weyl's law blind Verdiere ,

Letruit 202)

· Self-edintness and Weyl's low in presence of tangency pts

· Inverse problems :

- given & retiend and KENN is there e singular R with

those values es its leading Weyl order

- reconstruction of singularities from asymptotic date
· Structure of rodal domains

· Localization of weyt's measure [Eswarathasen,
Letruit 2023]

· Magnetic R laplocious · Bonds on low lying

· still Sew methods :

more techiques &
eigenvales

alternative proofs are needed !
· Routum ergodicity

29
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Abnormal extremals (EXAMPLE)

nee example .

M =R
,

D = ber(dz - =dx) =

span , Y,
2x = 223

↑

= singulars t 2 = Sy = 03 - Get(X
,
Xe

,
5X ,
XI) = - enerMARTNET SURFACE

=> J(t) = (It
,
0

,
0) ABNORMAL EXTREMAL

H = 4 + t(px + 4z)2

z
31



Flags and dimensions
Canonical flag of a distributionD of step is filtration

903 = Da CDC
... D C ... DS = Ta

9
↑

- T
-

+ [De
,
C

spon of applications
=> Growth vector RP 19) = (dimD dim Dae) of j lie brackets

9. -.
-

/

If AP (9) = kP constant => D is called EQUIREGUAR

DID0
:
D = [03

,

D = Spon[2x
, 6y +4223 ,

D = TM

kP(q) = (2
,
3) ANT-> EQUIREGULAR

32



Hausdorff dimension
(X

,
03 metric space Bacte

=> Hausoorff dimension

Q) F line teal
e

In the cose of a equiregular [Wikimedia Fundation]S subRiemannian structure (M"
,
D

, g)
I

=

E ; HimD-dimDan
in sub-Riemannian case

i -

1)
j = 1 W

= n in Riemannion case

33



Examples
① Contact structures ② Quasi-contact structures

M dim 2n + 1 M dim 2n +2

D =ker(dz -ydx) D = span[2yi , 2xi + yiz ,
zw3

-span ? by: ,
Wxi + Yi2z} STEP 2 ERUIREGULAR

STEP 2 EQUIREGULAR

③ Grushin plane ⑰ Engel structure

M Sim 2)
M dim 4

D = spen[2x , x2y3 D =

Spen [8x , 2y + x6z + z8w3
SEP 2 NOT EQUIREGUAR SEP 3 EQUIREGULAR

5O Martinet structure ⑥ I???

M dim 3 M dim 3

D = ker(dz -y2dx) D = SpanS 1 x
,
23 + x z6z]

-

Spen [ 2y ,
2x +y222312 z = 0 =) NOT BRACKET GENERAMNG

STEP 3 EQUIREGULAR
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