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PLAN OF THE TALK

·
Quick overview of the Euclidean Weyl calculus

, my moterations
,

and known resits in the graded 26 sett .

mg
⑧ Preliminaries en Lie groups and the Kohm-Nirenberg quantization by F.-R: and F

.

-FK

· e quantizations and e-calcules on graded Lie groups :

Admisable quantizing functions & Symmetry functions -

Quantizah aus

change of quantization
Asymptotic formules
· Candidate .Weyl quantization and comparison with the Enchidean case

· The Weyl quantization in Hu



s

Quantizations on IRM

given o - J'STRY = I'CIM) one wants to find a formule , usually called

Mantationsassociate s an operator from ICRY) I I'CeSe

e- quant abans
-

0p()f(x) : = (ei(
-7) -

3/(i - 2) x + ey , a) f(1)dyd5 2=fa)

2
· T = 0 Kohn-Nirenberg quantization
· 2 =

1 Weyl quantization 4

2



Feyhman quantization on IR"

OpF( = (x) = Spre
:-

43 (tw3, 5) f(4) dy :ds

Why is the Weye quantization so important ?

5
= Hamiltonian

1
.Weye quantizations of real Hal'etonians are selfadjoint operators

OpW(r)
*

= Op (r
*)



2. The weye quantization is symplectic invariant
,

that is

-st Splen,
ich) I ! Us nClYRY) s .

t -

OpW(roS) = Us'P() Us
-

2 .
Is the most important property of the Weyl mantizationArk I

- q
Indeed

, property 1
.

is enjoyed by the Feguman quantization
100

.

mark2 1
.
22

.
on 112" are setisfied onty by the Weyl quantization .



A finition . Global Hormander symbol classes an IR"

Lt me1R
, 0282929 .

The Hörmanter grube class of symbares of order m and

type (I ,
5)

, SYOCIRY ,
is the set of all -CPCIRXRY at G BANY -Ca

I-t 125D5(25)12a , (5)m
- 324] +5)

*25- IxIRY

SYCRY) is a Frechet spece and (4p depend onty on the servinorms of 5
.

Weye quantization of -SY0(RY

0pW(r)f(x) : = 0
,=(0)f(x) = (n))e" -

- 5
-( , 5) 7(7)tyd5E&T

RXRY-
enjoys properties 1

.
and 2

.



Th I -- wer celens en I.. Asymptotic formulas↑

I

the symbol of the adjoint
Let 5- S40CRY) and let of be the symbol of pi(r)*. Them

,

-
((x

, 3) = -
*(43)

.

-

the symbol of the composition
Let it SY (IR") and retSCIRY .

Let also westMe (IRD) be the symbet-

of Op(r) = OpN( rn) · OpYCr2) .

Then
,

MAN
.

2
, 62

i
1dz1

~I Da 3
·

I C 85r(x.5) (Da r(x
,5)) si .

e
.

-E (Degt) (D:5)- Se se
N I

i =
0

& -IN [0] at IN
161 = 122M



Motivations

Poisson bracket in IR" [re
,
web(X

,
5) : = [4ja) (25j (2) - (65j r)(Dj (2)](x ,

5) =H
,
-(x

,3)
Hence

, for M = 3
,

Work = - = =(
,
3) re(x

, 5) + Idr ,
r2](x5) + ~met me - 2

(3)
Feature 1 = easy to use .

Om
.

IR" the Weyl celulus is extremely powerful to atteck problems in PDES
.

given of S4
,

5CIRY poliyhomogeneous ,
i .

e . Wi
, 5) wUm(5) + rm-(45)+ ...

where s is homogeneous of degreej, then I ! Walesyrl") OpM
*

(5) = OpN(wWeyl)
5 s

s

well
I DEC -(, 5) = ~m (x

,
+ impembolL e

j= 0(x) =)

~S
m ,

is invariant on the doube characterithc set of 1-that is [(X
,BIR"(dg un (25)20

,
5m(X

,5) 20]
.1

-re = gives info on the invariants of the operators .Feal

I



Feature s
: Lencel avability of a- valudity of a povestimates .

PDES
IIPXII

, Mys' Fut C (V)
* PE4

M (2) e cl"
,
Rot I ? P is -

l .
S

.
at xo if 5 Uxo s . t .

I

I
↓ fe (P(r)

,
tu &c) with PrEf inv

garding, sharp-Garding,
Mehrs Hörmander

,
Rotschelt-Stein

Felterman - Phany

inequalties entisfred by P*

-

garding-type inequalities
On 112" garding - type inequalities are (usually) proved via the Weyewlls .

Amerk hac solvability problems on 2-slep-groups for double-characteristics operators were

considered by Müller-Ricci 961 Ann . of Math .



What about Weyl quantizations on graded groups ? And general e-quantizaleus ?
On Hu

Clynin' 76' : for We I'(0)

0pW(r)f(x) = c)) (p,)(4(p, 9)7)(a)dqdp ie In

Hu/2(Hm)

corresponding to the Euclideen version : we I'(IR")

OpN(tf(x) = 2 S) (pi))e"9(a+E)f(a+ p) dqdp .

In x112"

Good news
: Dynin's quantizate on satesties

1
. Op(r)

*

= OpY(r *)

2
. - SE Auto (un) = Us =UCl (H)) a t

OpW)roS) = Us"OpW (r) Us



Bad news :

The embolic calcules has limitations : woww has problems in the asymt.
otc

expe

On 2-step (ie groups
Dynin's . realt were generalized by Folland for general 2-slep hie groups .

Mantoin-Ruzhanky 2017
:

2- quantizations for measurable 2 : 6 -> 6

act
, including symmetric quantizations .6 = type I unimoduler locally comy

Limitations
: · few examples of symmetry funtion

· defined only for IS operators
· the calcolus was not developed

-



our contribution :

· We developed ae-clclos ; for a class of functions I
,

on

any graded group 6 .

·
We focised an ymmetric enquantizations on

any graded 6 to identify
the possible way) quantization

· We considered the case of Ha and established that ovr candidate is

the weye quantization in this setting .



Preliminaries

Fourier transform
/

Let 5 = dual of 6 = set of equivalent classes of strongly continuous

irriduable unitary representations of 6

& (4) = 767(+) :
= (f(x)π(x)* dx (*

=+(n)
6

operator - valed

&(i) : Hi Hi Hi = Representaten spece (ilbr

Placherel

f(x) = S Tr(i(x) (i)) dM() - SSTr (i(Ib)=(7)) dydrC)
6 5x 6

duct Plencherel measure
.



Expenential coordinales

6 = exp(g) expj expemento map expj 9 ETelR
*

-> 6

x
,
y 6 = (R%)·X .y=

= x067 = e)
(X+

- -

+ xnXn) exp(y1X1 + - -

+ ymXn)/0

=

....

+ + ( g

+ 1j+ Pj(x ,y, - -,j- -

,
yj -1))Xj. - .. )+--

x . Y = (2+1
,,, kj+ yj+ Pj(x ,

3)
,

- --)
(BCH

We will work in expemental coordinales



Invaraut derivaties

Ghomeg .
16 9- spanSX-

,
Xn3 xj3-m engener ofA

Xi left-invariant ·f Xaf (ly()) = (XA) (ly(x) ly(x) = 4 . 2

One con also define the right-invariant r . f similenty
r
, - ,

= eigenvales of A = weights
-

GENNUI0} X =
X... Xatr [2] ==Edjos homogeneous lought of d

X
"

is of homogeneous degree [4]
.

i
.

e . Xa -D)(x)
= r[ab (41) (Dr(a))

In general a hneer operator T : & (6) ->&') is of from
- degree r iff

F(f -Dr) = ur 45) -Dr

x are theEntrariantderivatives
,

** the right invariant ones
.



immark x X do not commule , however x***= * XU
[V] = [x] +[B]

Homogeneous solynomualsI
1 : 6- Dis a hom . polynomial of degree v if Foexp is a

a polyhomial on IRE9 and

IoDr = r I ↓ r>0
.

Special bass of P= spece of h
. polymomials * LENNYso3I90 hom .

polynomnice of degree [d] e .
t

. F BEN:"

x P 9 (0) = &<p 10) = ( O B
= <

otherwise



Difference operatus - Denvations wrt' representations
~

~27*4 I(i) = ~(i) In element of the special basis .9

qc() = (2(x
- )

Taylor expansion let 101 : 6 - IR be a quesi-norm on
6

.

leftthe CTaybr polynomial of order MEN of 7 : 6- & ot set Dis↳

↑I
,
(2) = - 92(y)(X41) (2)

R2m (1) = f(x7) - Pan (3)



Fisher-Ruzhansky/Fcher-Fermaniann-kammerer global Hörmander symbol desses

A symbot & is a family of operators
e

u = dw(x,/(, i) = 6 x5)

With ris
,
i) : HI -> Hi Axt6 and a .

e . -4

Sr(6)-classes v = SY
,
5 (6) i =x

, B - NNYvo]

sup 11 AXY wi ,it .
I (I )meresDe

(a)z6x6

Kohn-Nirenberg quantization an 6

kN

op(0f(x) = S
,

Tr(iya)r(mi)f()) dy dr()



2- quantization on Graded groups .

Mantore - Rozhensky on unimodular type I locally compact groups
-I

Op2(f(x) = /Tr(π(y) w(x2(ii) ii) f(9) dydr()
6x5

where 2 : 6- 6 is a measrable function
,

the quantining function .

- i

5 = [r(x
,i)/(x ,

i) - 4x53 With ra
,
i) :

Hi -> #I fat6 and a .
e . -5

.

However Ope(r) - HS(((6) (Abert-Schmidt op
. on (2) ,

and Mo alcelus was developed.

Note that

· G = 112" kN(2x=x) and Weyl (ecx) = 2)
· G unim . type I with els) = ec k-N quantization by F-R . /F- FK

:sto symmet fracton it alesse
e

Mantoin-Ruzhansky in an abstract seting



Our choiche of I-functions on graded groups .

Admissible 2 functions : (HP) condition
2 : 6- 6 netistes [H if in expenential coordinales
2(x)

= (ci(x)
,

(2"(x)
, -- , cm(x))

,
where each cy() is

either (j(x) = 0 x x = 6

or

cjx) = c,(,
-,) = ejaj + d,<

,-
j) , c 0 and dY a HP o degr;

These e functions allowed as to develop a 3-calcules for the

global S5(6) Hirmander classes
,

Ame1
,

F 5
,
5 -1R 1 .

5

-In if 2fes and 0281921 if 3 =

26



Remark
.

1
·

-- exponential
r

Mantoin-Ruzhansky provide an example of symmetry functions on

awy 6
,

i
.
e .

2MR(x) = /exp(sbg(x)ds
which

,
en Hu

, gives imp(i)=( ....,
am , a+h) .

On He we find a whole family of mymemetry functions ,
i

. e

2M

2(x) = ( E ---,
h

, att 2 cinzejen)
j ,

k =

1

For any choiche of Ci ,
-R

, j ,
b = 1 .... which one is the Weyl-quantizing function ?

Note that (X2(n) in general ,
this gives a lot of technical problems



erk
I I Needed for the Calculus

,
not for the quantizationI

· 6 = 12"
-> Un = 1 and me recover the Euclidean 2- quantizations .

· wher ecse) = 26 me do not have the restriction on (5, 5)
and we get back the K-N quantizetan by F-R and F-FK

Remark3
If 6= Hm

,
ecc. = 1

.

What about general 6 ? Open problem·-

-

-Rarki The [HP3 vendition is somehow matural and reflects the
I

homogeneous structure of 6.
.
Indeed.

2 (x) = HP of degree vj ,
that is

-

Xacj = (
of degree rjura if =us

17 Urj
-

S



2- quantization : first propertes and the 11,
0)-condition

Proposition (Centinuity propert)
-25(y42

, 0921 ,
&21 .

( + + + 54
,

(6)
,
then ft3(6) op(t -> I(6)

re
and op3(6) : 1 -> I is continuous

,
i

.
e

.

llop (riflg
,

Ne CIUlsr
,
e ,
71g

,
Ne

for some NNz , a be IN

I
· ↳

,

in practice <Imard
. inplavenu unmete te satis graded groups

... ver



Theorem (F .

- Rotensteiner - Ruzhansky) (Change of quantization)h

02 minitn] ,
a quantizing function eat-I

L I
· Stig(HP) ot e Fec

,

T : e (6) -> I(6) continuous linear operator.

-

If 5
,
02 are twe symbols e .t

T = Op (2) = 0p (r)
then 5 - Y , (6) -S =SY, (6)

,
wire is a Frechert sp . isemorphism

end
D

↑

i
--193jax) , (E =ji1Pre)Se ~ 21 ~

I

i .
e

. FM,N tINe ! =gi
- (y- x(n

+)(6)
M

1 jaxRiun = - I
,
0

N I
Te I

m -f- r) (N+)Rete Z

i =

0(3 =jp ! B1Pre) = Se, (a)



Kernels and change of coordineles

Op4N(+ f(x) = (Tr(i(yi)w(x ,
i) f(n)dydM() = (k-(x , ya)- (n) dy = Skew (x

,
4) -(1) dy

0p(r) = (a) = S Tr (4(b) ~(azcg)", i) /(4) dydl
⑤

-(kr(x2(y)!2)7 (4) dy=Serra 3)e re
kr(24) =

7
++ y(r(x,

i) associated Kernel

change of coordinates

(r2 : 6x6 -- 6x6 (ve(x,) = (x2(y
- b)

- ! yx)
,

(v2)" (,
4) = (n2(y)

,
x2(3)y

-

)

Cr2GVY" associated pollbacks (CV"20) (94) = kr(cri(x
,
4) = kr(azcy-)

-1

,
yx) -> e

([Cv2)
-

kr) (x, 4) = kr(Gv2)" (x , 4) =---

SRelation between symbols and the distributional kernel in the e-quentization
~(n) = ((11076)- kr)(x,) = 7y+ i)(xv2) kere) (x

, 2)



>

2 - Calcls
. Asymptotic formule for the adjant .

Theorem
.

(F.

- Rottensteiner - Rochansky)
I

MER ,
025 <min (3 En)

,

2 : 6 - 6 quante function satifying (HP)-sing
Let Ti f(6) -> IC6)'linear cent op .

At T = Opes for seme ot 54
,
016)

.

Let +* be the formal adjoint given by +* = 0p ( 5
**) for a uniquely determined ~I*-S,0)D

. Then

~ > w is a Fred't Space , somorphism from syrs) int itself d-all
2 2

(7 Ia5
1

~ Esi -25
C n I

*
Ya *)

I

with Caid EIR uniquely determined by the equations
qa(ece() -1) = I c* a) -

(1'3 = [x]

When e = es I
(x) 37) in the kN-celules by Fisher- Ruzhausky~E Es :

X

If moreover e is a symmetry function then Op"(r)= Op (r*)



Asymptotic formule for the composite symbol
theorem (F

.

- Rottensteiner - Ruzhausky)
M

,
Mc-1R

, o = 1
,

2 retisfying (HP)
·
5t Sr(6) ,

re-> Se (6) .

the there exists a uniquely determined o - Smitme (6) et

0 ) = Op(21) · Op(r2) ·
the

e-composition ote rymbs co -> S. e
m

, + M2

Cre
,
5) &- 0222 : = 5 is a bikneer

,

continuous

and map
un

=
(e:

= as

Ca,2 pripe (A*APX r) (AP2A4XPrl) >
[B] =jep+[2] = [P3



that is
,

F M
,
NE Ne

8-- I 2 Ca,2 prips (A*APX r) (APA4 XPr) t
.

Se M2-1-4.
(minsmin3+1)

↳

2x3IM [ri+Tel = [2] (4)
[B] <Nep13 [2] = [P]

and were Ca
,
2 <pe are uniquely determined by the equations

q((p1(Y , z) =

I canaB) Ya(2)
[1]+ [12] = [2]

9p(pa(y ,
z)) = 352) =2)

P2 p. (2)9pe/E) ·

Rark the prof is based on the use of kiraels



Kernel of the composition Let Op(r)Op(52) = opCr) ,
then

ku(qn) = (kr, (n2) zy)kr(z2(32) -2) dz
.

-

6 Pe(4 , z) Pr(y
, z)

mark For 2 = 26 we find the
composite kernel of the K-N quantization

Sketch of the proof of the asymptitic formula for the composite symbolne

Assume r
, 02E Sir = mein SyYr.

Step1 .
We expand Er

.
and kee using Taybr expansion

br. (xp(n ,
n

, z-3) = 53 =
m9a(p13 ,

z) Xa =
kre(

,
zi) + Ratej), pes,t)

kr( -, z)

kr(xp4 ,
4)

, z) =

53289p/4 .
2)X =ra(,z) + Ram (p2(4,z))



We use a crucial property of the py's ,
i

. e .

9a(prsy,
z) = I ca

,
Ge 9 , /z)YrzCzY) ,

9p(pe(y,
z)) = I

[2,3 +[22]= [2] <pis+[p2) = [p)
<Pra(z

-

y) Yaiz)

and get

kr(x
,
4) = k

=
(44) + k

+
(n) + kxz(x, 2) + k+3(m2)

who is 5 (ag) them ?

w(85) = To(x
,
5) + Te(x,) + T2(x

,
5) + Ts(n)

where
to (

, =
- I

↳

2x3IM sis+Tr] = [1]
(1

,
22 pripe (A*APXr)(APA4 XPr2) :

and

[B] <Nep13 [2] = [P]

r(x
,
5) -

To(n
,
I) = Ti(x

,
4) + TeCx

,4) + TuCx
,

5) = Reminder



Hence we need
m , +Me - (3- 5) (min[M,N3+) (6)

.

Tj (x,5)
, Fi =

1
,
2

,
3 to belong to S

5
,

5

where

T, (yπ) : =
I
SYes) peCE) x = se Kre(22 .

2) Res ,
e) da i

*(h) dy[B]EN

[B,
+ <P2)= [P]

Tact) simsler to To Creversing the roles of re and (2)

Kr
. ( ., z-y)Ts(x) := S Rx

,
M Spese,

z Ra*(2(
,
z)(dz+*(4) dy -

6x6



We need that do,e

, 2020 Init aso and asambybreN it
.

sup 11 A*PTj(R) +(I+ R)
- 2-SHECHCIrllgm 1521lgme(s)

(x,+) - 6x5 S 3,
5 , 9

,
b > S,

N
,

92
,

ba

# this is true me conclude the preef for n
, r2+59ir .

emms ! If 2 satisfies (AP) then

Ipe(a ,
E = 121 + E, Ex + 7) = vis,2

it izy,
G

, BEINM

"I izz1p2(y, z)) = (2'y) + I

j = 1 [x+ [p) = Vj,>

&
, BEN



nerties and estinates
,Comlining Lemmad

, Taybr's remainders pl
-

generalization of kermel eshmates we proved (Tj) Xi = 1
,

- -13
and thus the result .

i

Example 2 : ·graded and 2 = 16 = N quantization
q((p1(Y , z) =

I ca2BY, (2) pel,)
= es = Cande- dan 0 dar. atNo

[1]+ [12] = [2]

(9p(pa(3 ,
2) - 3 ) =2)

P2 p, (2)Tp() P2(72) = 31) . Pa = pao - Bele
D

=> =2 = Wokw I 2 (APri)(xPr)
j=0 [B3 = j

Example 26
=
1 e(x) = E = (E - - 1) = wealquantization



The homogeneous Posson bracket on graded hie groups
Art 6-homogeneous order

6 graded ,
~ smooth symbol .

We say that wis 6-homogeneous of degree EN.

and whte Ordp(r)=K if

Xi (Dr(),) = -
+ [4] x

= Dre)
WY,) Fr so and are(x) +6x5

.

Note that , XM
,

U2

Ord6((Xr())(xPrx,
it)

= (Re+ 55) +(kx+[])

-->
·

r

=
(e i

= as

C
,
22 prps (*) (A*"XPrl) ,Il

[B] =jep+[2] = [P3
We 2 WI

Ordy(I) = k1 + [] + k + [B]



- geneous Poissom bracketDet Home

6 graded -jeSYi(6) i = 1
,2052921

We define the
3

,
5

homogeneoss posson bracket as the symbol
Sa

, rebrom : = (- i) I ((x r) (Ar) - (A) (xra)) esitma - (-f(6)
[2] = 1

S ,
5

Re Ords [u , Jerom = bitRz + 1 & graded 6 Org(ri) = by
k 6 = IR" <re

,
3 hom = [F

,
reY

Proposition (F- Rotensteiner - Ruchansky)
S

Y
·es (6) , j = 1

,
2 ,

3 entisties [HP) and is a symmetry functions 0 =Oct
then The uniquely determined summand in the asymptotec expansion of Feoe ra

of order m , + M2- 15-0 and 6-homogeneous order htc is ↳ m
,
re Thom.

-



The Weye quantization .

A candidate for general graded Lie
groups .

- On any &grated exes : (1 .. -- (2) = exp(log(x)) canonical

is a symmetry quantizing function symee
e se

= On IR" and Al 2W has special properties

On IRM

= StSp(2n ,
IR) opN(wos) = Us 'Y(r)Us Us = Mp(zu,)(u(LIRY)

On general 6 graded
theorem (F

.

- Rottensteiner - Ruzhansky)
# 2(x)

= exp(Ibg(x)) ,
then + StArt(6) I a untery Us EUCLYS6) at

.

op(woS)1 = Us'op (r) Us7 ff= (6)

-r + si(a) 05
re



merk
proof works for any admisable e that commules with Se Aut(6)

, thes
also e = 26

.

On 124 it works for any
esse) = 2x

.

to sond the function 2 giving the Weye quantization we must ask for both
i

invariance property and the involution property .

3
= explI log(x) satisfies both on my graded 6 . Good candidate !

the Weye quantization on the Heisenberg group .

On te we know exactly Ant (Hul
.

So we could check that the outy symmetry
quantising function commuting with Aut stul is

2(x) = exp(=by(x))



theorem CF- Rottensteiner- Ruzhansky)
↑

6 = Hu
, 02 *, 2 : HutHn . Among all the symmetry quanticing functions

2(x) = exp)& log(a)) is the only one satisfying both the Following conditions

* re89, (6)
, 025 ,76)

- opr =
= 09(r preservation of involution

-
A At Ant (6) = Ustl(6)n Automorphic invariance

Op(woUs)f= Us'Op(r) Wsf

Conclusion 2(x)=(E- -- , x) gives
the Neyl mantization on Ha9

and is the condidate symmetry function giving the Neyl quantization
on any graded Lie group .
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