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Background

1 Problems in mathematical physics (arbitrary number of particles)
2 Pseudodifferential Weyl calculus in an infinite dimensional frame

Starting point :
a real, separable, infinite dimensional Hilbert space (h, · , | |) and its
complexified space hC.
Two spaces built “on” h :

Fock space
Wiener space
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The Fock space

Fs(h) is the symmetric Fock space built on the complexified space of
h :

C⊕ hC ⊕ · · · ⊕ h⊗n,s ⊕ . . .

Usual creation and annihilation operators :

f ∈ h , u = Sn(u1 ⊗ · · · ⊗ un)

a∗(f )u =
√

n + 1Sn+1(f ⊗ u)

a(f )u =
1√
n

n∑
j=1

< f ,uj > Sn−1(u1 ⊗ · · · ⊗ ǔj ⊗ · · · ⊗ un),

Φ(f ) =
1√
2
(a(f ) + a∗(f ))
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The Wiener space

Construction (abridged)

B′︸︷︷︸
3

⊂ h = (h, | |)︸ ︷︷ ︸
1

⊂ B = (B, || ||)︸ ︷︷ ︸
2

−→ (B,B(B), µB,h/2)︸ ︷︷ ︸
4
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Bricks

Monomials
a ∈ B′ is

a linear continuous function on B
a random variable (denoted by ℓa) on (B, µB,h/2), with the normal
distribution

ℓa ∼ N (0, σ2 =
h
2
|a|2).
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The Wiener space : cylindrical functions

E finite dimensional subspace of B′, orthonormal basis (e1, . . .ed).
f̃ : B → C is cylindrical and based on E if it is written

f̃ = f ◦ π̃E .

with the “projection” π̃E(u) =
∑d

1 ℓej (u)ej and f defined on E .

Integrals of cylindrical functions∫
B

f̃ (u) µB,h/2(u) =
∫

E
f (y)

e−|y |2/h

(πh)d/2 dy︸ ︷︷ ︸
dµE,h/2(y)

=

∫
E

f (y) dµE ,h/2(y).
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Test functions

E finite dim. subspace of B′.

The space D

SE = SE ,h/2 : space of functions φ : E → C s.t. x 7→ φ(x)e− |x|2
2h is

rapidly decreasing.
DE : space of functions f̃ : B → C s.t. f̃ = φ ◦ π̃E with φ ∈ SE .
(π̃E is the “projection”).
We set :

D = DB′ =
⋃

E∈F(H)

DE .
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An example of symbol classes

Defined by a quadratic form

A : linear, selfadjoint, nonnegative, trace class application on h2. For all
U = (u, v) ∈ h2, set

QA(u, v) = ⟨A(u, v), (u, v)⟩,

where ⟨ , ⟩ denotes the scalar product in h2.
S(QA) = S(QA, h

2) is defined as the class of all functions F ∈ C∞(h2)
s.t. there exists C(F ) > 0 satisfying :

∀(x , ξ) ∈ h2, |F (x , ξ)| ≤ C(F ),

∀m ∈ N∗,∀(x , ξ) ∈ h2, ∀(U1, . . . ,Um) ∈ (h2)m,

|(dmF )(x , ξ)(U1, ...,Um)| ≤ C(F )
m∏

j=1

QA(Uj)
1
2 .
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From Fock to Wiener

The Segal isomorphism

Fs(h) −→ L2(B, µB,h/2)

Sn(a1 ⊗ · · · ⊗ an) 7→ 1√
n!

(
2
h

)n/2

: ℓa1 . . . ℓan :

This isomorphism is an isometry of the Fock space on
L2
R(B,B(B), µB,h/2).

: ℓa1 . . . ℓan : is a “Wick product”.
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Coherent states

For X = (x , ξ) ∈ h2 , corresponding to z = x + iξ ∈ hC,

On the Wiener side

ΨX ,h(u) = Ψx+iξ,h(u) = e
1
h (ℓx+iℓξ)(u)− 1

2h |x |
2− i

2h x ·ξ,

On the Fock side

ΨX ,h = Ψx+iξ,h = e− |X |2
4h

∑
n≥0

(x + iξ)⊗ · · · ⊗ (x + iξ)
(2h)n/2

√
n!

, Ψ0,h = Ω,

They satisfy :

< ΨX ,h,ΨY ,h >= e− 1
4h |X−Y |2+ i

2h (ξ·y−x ·η).
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Coherent states, Wick symbol

On a finite dim. space E ⊂ h,

Decomposition of the identity

∀f ,g ∈ L2(E , µE ,h/2), ⟨f ,g⟩L2(E ,µE,h/2)
=

=

∫
E2
⟨f ,Ψ(x ,ξ),h⟩L2(E ,µE,h/2)

⟨Ψ(x ,ξ),h,g⟩L2(E ,µE,h/2)

1
(2πh)d dλ(x , ξ),

with the Lebesgue measure.

Wick symbol of an operator : definition

A : bounded operator on L2(B, µB,h/2) or on Fs(h).

σWick
h (A)(X ) = ⟨AΨX ,h,ΨX ,h⟩.
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The test functions : first condition

If a function f̃ is based on E ⊂ B′, then it is in DE if and only if

Decay

E2 → C
X 7→ ⟨f̃ ,ΨX ,h⟩

belongs to the Schwartz space S(E2).
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Measurability criterion

Proposition

f̃ ∈ L2(B, µB,h/2). E is a finite dim. subspace of B′

Then f̃ is cylindrical on E if and only if

||̃f ||2L2(B,µB,h/2)
=

∫
E2

∣∣∣⟨f̃ ,ΨX ,h⟩
∣∣∣2 1

(2πh)d dλ(X ).

( dλ(X ) is the Lebesgue measure on E2).
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Elements of the proof
(ℓe1 , . . . , ℓed ) : orthonormal basis of E (scalar product of h)
The conditional expectation of f̃ with respect to σ(ℓe1 , . . . , ℓed ) is given
by

E(f̃ |σ(ℓe1 , . . . , ℓed ))(u) =
∫

E⊥
f̃ (π̃E(u) + uE⊥) dµE⊥,h/2(uE⊥).

It can be rewritten as

E(f̃ |σ(ℓe1 , . . . , ℓed )) =

∫
E2
⟨f̃ ,Ψ(x ,ξ),h⟩L2(B,µB,h/2)

Ψ(x ,ξ),h
1

(2πh)d dλ(x , ξ) .

The L2(B, µB,h/2) norms satisfy

||E(f̃ |σ(ℓe1 , . . . , ℓed ))|| =

∫
E2

∣∣∣⟨f̃ ,Ψ(x ,ξ),h⟩L2(B,µB,h/2)

∣∣∣2 1
(2πh)d dλ(x , ξ)

≤ ||̃f ||2.

LJ (URCA) Wick symbols 16 / 29



Plan

1 Frame

2 Conditional expectation and coherent states

3 Examples of Wick symbols

4 Perspectives

LJ (URCA) Wick symbols 17 / 29



Operators and spaces

Spaces

Basic space : h = L2(R3), the Fock space : Fs(h).

ω ∈ L2
loc(R

3), nonnegative.
f ∈ h = L2(R3) s.t. ω−1/2f ∈ h.

Operators and domains
On h : Mω, multiplication by ω,
On Fs(h) : dΓ(Mω),
On Fs(h) : Φ(f ) = 1√

2
(a(f ) + a∗(f )).

One checks that

D(dΓ(Mω)) ⊂ D(a♯(f )) ⊂ D(Φ(f )) ⊂ Fs(h).
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Self adjunction

Then :
dΓ(Mω) is self-adjoint on D(dΓ(Mω)) ;
Φ(f ) is self-adjoint on D(Φ(f )) ;
for g ∈ R, dΓ(Mω) + gΦ(f ) is self-adjoint on

D(dΓ(Mω)) ∩ D(Φ(f )) = D(dΓ(Mω))

The unitary operators are well defined :

eitdΓ(Mω), eitΦ(f )), eit(dΓ(Mω)+gΦ(f )).

Reduced operator

e−itdΓ(Mω)eit(dΓ(Mω)+gΦ(f ))
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Action on the coherent states

ω, f as before.
g, t ,h ∈ R and h > 0.
z = x + iξ ∈ hC. Then

eit(dΓ(Mω)+gΦ(f ))Ψz,h =

ei gt
2
√

h
Re

(
f ·zeit ω2 sinc(t ω2 )

)
ei g2t2

2 f ·f
(

sinc (tω)−1
tω

)
Ψ

eitωz+igt
√

h feit ω2 sinc(t ω2 ),h
,

where sinc(u) =
sin(u)

u .

The product · is in the sense of h = L2(R3).
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Ingredients of the proof

eitdΓ(Mω)Ψz,h = Ψeitωz,h

eisΦ(f )Ψz,h = e
is

2
√

h
Re(f ·z)

Ψz+is
√

hf ,h
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Trotter’s Formula

Trotter’s Formula
∀Ψ ∈ Fs(h), ∀t ∈ R,

lim
n→0

(
ei t

n dΓ(Mω)ei t
n gΦ(f )

)n
Ψ = eit(dΓ(Mω)+gΦ(f ))Ψ.
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Wick symbols

The classical operators

σWick
h (eitdΓ(Mω))(x , ξ) = e− 1

2h (|x |
2+|ξ|2)+ 1

2h

∫
R3 (x2+ξ2)(k)eitω(k)dk

σWick
h (eisΦ(f ))(x , ξ) = e− s2

4 (|α|2+|β|2)+i s√
h
(α·x+β·ξ)

As before, |x |2 = |x |2h =
∫
R3 . . . .

Reduced operator

σWick
h (e−itdΓ(Mω)eit[dΓ(Mω)+gΦ(f )])(x , ξ) =

ei gt
2
√

h

(
f zeit ω2 +f ze−it ω2

)
sinc(

tω
2 ) ei g2t2

2 f ·f sinc (tω)−1
tω e− g2t2

4 |f sinc(
tω
2 )|2h
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Relationship with the symbol classes

Corollary
The Wick symbol of the operator

e−itdΓ(Mω)eit[dΓ(Mω)+gΦ(f )]

belongs to the classes S(QA) for a convenient A.
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Proof

This symbol is of the form

F : (x , ξ) 7→ Cei(x ·y+ξ·η),

dm(F )(x , ξ) · (U1, . . .Um) = imCei(x ·y+ξ·η)
m∏

j=1

(uj · y + vj · η).

(Uj = (uj , vj))
The “convenient “ A is the rank one (and hence trace-class) operator
defined on h2 by

A((u, v)) = 2((u · y)y , (v · η)η).
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What remains to do?

Are the test functions in D preserved by the reduced operator
(measurability) ?
Wick symbol of a real evolution operator

e−itHAeitH

Treat Pauli Fierz type operators on C2 ⊗Fs(h) like

H = H0 +Hint = I ⊗ dΓ(ω) + σ3 ⊗ I︸ ︷︷ ︸
H0

+gσ1 ⊗ Φ(f )︸ ︷︷ ︸
Hint

.

. . .
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Thank you for your attention.
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