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The Combinatorial Nullstellensatz

Theorem (Alon, 1999)
K a field and P a polynomial K[X1, .
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K a field and P a polynomial K[X1, .
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If deg(P) = >_%_, k; and P has a non zero coefficient for [ [%_, X,-k",
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The Combinatorial Nullstellensatz

Theorem (Alon, 1999)

K a field and P a polynomial K[X1, ..., X4].
If deg(P) = >_%_, k; and P has a non zero coefficient for [ [%_, X,-k",
then whatever A1, ..., Aq, subsets of K such that |A;| > k;, there
exists (a1, ...,aq) € A1 X --+ X Aq so that:

P(al,...,ad) 750
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Another formulation

Theorem (Alon, 1999)

K a field and P a polynomial K[X1,...,Xy]. Let A1, ..., Aq
subsets of K. Setting gi(X;) = [1,.ca,(Xi — ai). If P vanishes on
A1 X -+ X Ag, there exist h; € K[Xq, ..., Xy4], with

deg(h;i) < deg(P) — deg(gi) such that:

d
P= Z h,-g,-.
i=1
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The polynomial method

Problem

Combinatorial

(P.(A1,...,Ad))

N

Calculus
Problem
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The polynomial method

Combinatorial
Problem (P,(Aq,...
Solution or
o -
Contradiction

Calculus
$ Problem

| Non zero Coefficient |
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Cauchy-Davenport

Theorem (Cauchy-Davenport - 1813, 1935)

p a prime number, A and B two subsets of IFy,, then

|A+ B| = min{p,|A[ +[B| -1} .
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Cauchy-Davenport

Theorem (Cauchy-Davenport - 1813, 1935)
p a prime number, A and B two subsets of IFy,, then
|A+ B| = min {p, |A| + |B| —1}.

AXx B,

(p>(JAl=1)+|B—1])
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LCauchy-Davenport
:

Cauchy-Davenport

Theorem (Cauchy-Davenport - 1813, 1935)
p a prime number, A and B two subsets of IFy,, then
|A+ B[ > min{p, |A| + |B| — 1}

AXx B,

(p>(JAl=1)+|B—1])

II xX+Yy-9

ceA+B
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LCauchy-Davenport
:

Cauchy-Davenport

Theorem (Cauchy-Davenport - 1813, 1935)
p a prime number, A and B two subsets of IFy,, then
|A+ B| = min{p,|Al + |B] — 1}.

AXx B,

(p>(JAl=1)+[B—-1])

II xX+Yy-9

ceA+B

The coefficient of XAI=1YyIBI-1 js ((|A‘—1)+_(|15|—1)) £0

[m]

=
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Dias da Silva-Hamidoune

Conjecture (Erdés-Heilbronn - 1964)
p a prime number, A C IFp,, then:

{a1+ a2 | ai € A, a1 # ax}| = min{p,2|A| — 3}
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Dias da Silva-Hamidoune

Conjecture (Erdés-Heilbronn - 1964)
p a prime number, A C IFp,, then:

{a1+ a2 | ai € A, a1 # ax}| = min{p,2|A| — 3}
Define:

WA={a1+--+aplai€A a#a}
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Dias da Silva-Hamidoune

Conjecture (Erdés-Heilbronn - 1964)
p a prime number, A C IFp,, then:

{a1+ a2 | ai € A, a1 # ax}| = min{p,2|A| — 3}
Define:

WA={a1+ - +ap|la €A a+#aj}

Theorem (Dias da Silva, Hamidoune - 1994)
Let p be a prime number and A C Fp,. Let h € [1,|A]] , one has,

[h"A| = min{p, 1+ h(|A| — h)}.
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(p > h(|A| = h))

A ={a,
A1 = {a,
Ay, ={a,

<+ d|Al—h> a|A|—h+1}

,3|A|71}

»y A|A|—159A| S »
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(p > h(|A| = h))

Al ::{alp..
A1 = {a,
Ap

= {ala

y 9|A|—h> a|A|—h+1}

a1}
y d|A|—=15 9|A|
II ()ﬁ-+"‘+mXﬁ——C)
cehNA

I x5-x)

1<i<j<h
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Set of Subsums

Let A be a subset of IF,,, define

Y(A) =

ZX\@CICA

xel
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Set of Subsums

Let A be a subset of IF,,, define

THA)=4> x[BCICA

x€el
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Set of Subsums

Let A be a subset of F,, define

YHA) = {ZXW)C/cA}

xel
Theorem (B. - 2012)

p a odd prime number, A C Fp,, such that AN (

A) = 0. One has
|Z(A)| > min {p, 1+ |A|(JA] + 1)
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Set of Subsums
Let A be a subset of IF,,, define

YHA) = {ZXWJC/cA}

x€el

Theorem (B. - 2012)
p a odd prime number, A C Fp,, such that AN (—A) = (. One has

|Z(A)| > min {p,l+W},

5(A)] > min {p, W}
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(p> 99 1), A= {2a,

,2ad}:
Y(A) =

Za, + Z{ aj, aj}
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L Set of Subsums

(p>2 1), A= {24,

,2a4}:

Y(A) = Za, +Z{ ai,a;}
A ={a1,...,a4,—a1}
Ad ={a1,...,a4,—31,...,—ad},

N
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(p>2 1), A= {24,

,2a4}:
Y(A) = Za, +Z{ ai,a;}
A ={a1,...,a4,—a1}
Ad ={a1,...,a4,—31,...,—ad},
IT a+-+Xa—0)
cex(A)

II &

2
o Xi )
1<i<j<d
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Binomial Determinants

&) - G
Dn’h:(nah, n—h+1,

e, N
1,

-1
(h—1))—17é°’
C(d d+1 .
Dd_(07

;o 2d—=1 "\ _ Jdd-1)2
2 . 2(d—1))_2 #0
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Additive results on sequences

v

Erdos-Ginzburg-Ziv

Snevily's conjecture (Arsovsky)

v

v

Kemnitz' conjecture (Reiher)

v

Problem “a la Vinatier”

v

Nullstellensatz for sequences

u]
o)
I
i
it
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The permanent Lemma

Theorem (Alon - 1999)

K a field, A an n X n matrix with non zero permanent, b € K",
and S; C K, i =1..n, |S;| = 2. There exists

s=(s1,...,8n) € S1 X -+- X Sy, such that As and b are
coordinatewise distincts.
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The permanent Lemma

Theorem (Alon - 1999)

K a field, A an n X n matrix with non zero permanent, b € K",
and S; C K, i =1..n, |S;| = 2. There exists

s=(s1,...,8n) € S1 X -+- X Sy, such that As and b are
coordinatewise distincts.

H?:l Ai = H?:l Si,
H Z aijX;i—bj |,

i=1 \ j=1

coefficient of []_; X; is Per(A) # 0.
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Erdds-Ginzburg-Ziv

Theorem (Erdés, Ginzburg, Ziv - 1961)

G abelian finite group, |G| = n. Whathever (g1, g2,

- &n-1)
elements of G. There exists a zerosum subsequence of length n
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Erdds-Ginzburg-Ziv

Theorem (Erdés, Ginzburg, Ziv - 1961)

G abelian finite group, |G| = n. Whathever (g1, g2, ...,8n-1)
elements of G. There exists a zerosum subsequence of length n.

15 A =TT g g1}

1 ... 1
A=| P
1 .01
——r

b=(—gp-1+1,....,—gp-1+(p—1)).
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Snevily's Conjecture

G a finite abelian group of odd order
ai,...,ak, distinct elements
bi,..., by, distinct elements

N
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LSnevily's conjecture

Snevily's Conjecture

G a finite abelian group of odd order.

ai,...,ak, distinct elements
bi,..., by, distinct elements

There is 7, such that

a1+ b7r(1)7 - bﬂ'(k)
are pairwise distincts.
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LSnevily's conjecture

Snevily's Conjecture

G a finite abelian group of odd order.
ai,...,ak, distinct elements | There is 7, such that

by,..., bk, distinct elements | a; + b7r(1)> s,k T bﬂ.(k)

are pairwise distincts.

G = Z/nZ (Dasgupta, Karolyi, Serra, Szegedy - 2001),
[Ty A = {g” | i = L.k}  CFY,,

P(Xe,.. . X)) = [ Xi—X)(ciXi = esX;),

1<j<i<k

with o = gb.
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Kemnitz conjecture

Theorem (Rényai - 2000)

In a sequence of 4p — 2 elements ((a;, b)) of]F,%, there is a 0-sum
subsequence of length p:

N
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Kemnitz conjecture
Theorem (Rényai - 2000)

In a sequence of 4p — 2 elements ((a;, b)) of]F,%, there is a 0-sum
subsequence of length p:

[0, A = {0,142

4p—2 P—
1-— (2{:‘m)ﬁ)

i=1

1

4p—2 p-1
1— (Z b,-X,->
i=1
—1

x [ 1-— ( - X;) Z HXi —2 | +(2Lo(X))-
i=1

1€[1,4p—2] i€l
lll=p
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Problem “a la Vinatier”

Theorem (Gacs, Héger, Nagy, Pélvogyi - 2010)

InTg, n< q, Hij = {X|Xi = X;}, whenever H C Ul-# Hi ;.
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Problem “a la Vinatier”

Theorem (Gacs, Héger, Nagy, Pélvogyi - 2010)
InFg, n<q, Hij ={X|X; = X;}, whenever H C |, ; Hi,
» H=Hj,

> n=q, H={X]a(X; = Xj) + > Xi = 0},
» n=q—1, H={X|X;+> Xk =0}.
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Theorem
(a1,...,aq) € Fg
There is no pairwise distinct (b1, ..., bq) € Fg such that
27:1 a,-b,- =0.
<= There are (a,b) € Fy, b # 0 such that
ai=a+b, aj=a—b, and k #1i,j, a, = a.

u]

o)
I
i

it
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LProblem “a la Vinatier”

Theorem
(a1,...,aq) € Fg
There is no pairwise distinct (by, . ..
27:1 a,-b,- =0.
<= There are (a,b) € Fy, b # 0 such that
ai=a+b, aj=a—b, and k #1i,j, a, = a.

,bg) € F§ such that

?:1 A; =Fj,
a'l‘ 1 a’l‘_1 Y1 yk-1
K g-1 ag—l 35—1 Y, yzk—l
c=1{>d V] -1 . .
=t k=1 k-1 k—1
a, a, Y Y,



Applications of the Combinatorial Nullstellensatz in Additive Combinatorics
|—Additive results on sequences

L Nullstellensatz for sequences

A question of Erdos

A= (a1,...,ar) a sequence of ;.
Sa: set of (0 — 1)-solutions of

aixy + -+ apxe = 0.

Sa=Atn{0,1}*

N
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:

L Nullstellensatz for sequences

A question of Erdos

A= (a1,...,ar) a sequence of ;.
Sa: set of (0 — 1)-solutions of
aixy + -+ axpg =0

Sa=Atn{0,1}*
Set

dim(A) = dim(< Sa >).

N
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Theorem (B.-Girard, 2014)

A= (a1,...,ar) a sequence of { > p elements of F;

dim(A) = £ — 1.
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L Nullstellensatz for sequences

Theorem (B.-Girard, 2014)
A= (a1,...,ar) a sequence of { > p elements of F

dim(A) = £ — 1.

Theorem (B.-Girard, - 2014)
A= (a1,...,ap) a sequence of p elements of F;:
» dim(A) =1,
(a,...,ap) = (r,...,r).
» dim(A)=p—2,3te[l,p—3]
(35(1)s -+ -5 a0(p)) = (Fyeeosrs =y, —r, —(t+1)r, —(t+1)r).

——
t p—2—t

» dim(A) =p—1.
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[ Nullstellensatz for sequences

Sa C Sp,

Y= ):(S,'), S = (aj €A: bj/aj = )\,')
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Sa C 8B,

Y=

Y(Si), Si=(aj € A:bj/aj = \))
[TA =11%

p—1
d
P(X1,..
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