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XXZ chain

¥ case A=1, pbc, solved long ago: Bethe 1931

v fundamental model in Mathematical-Physics

paralell boundary fields, solved in the 80" :
v Alcaraz et. al. (coordinate Bethe ansatz) anHHH |

SkIEnin (reflection algebra).




XXZ chain

» Integrability follows from the Yang-Baxter equation
(bulk) and reflection equation (boundary).
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From R and K,one can build the so-called transfer
¥ matrix (polynomial of conserved charges), which
can (hopefully) be diagonalized with Bethe ansatz.



XXZ chain

v Bethe ansatz with longitudinal fields:

creation
operator

rep.
theory

Baxter TQ equation — Bethe
ansatz equations




XXZ chain

v But for important models we cannot easily f{2H !



XXZ chain

v But for important models we cannot easily f{2H !

» spin chains with generic boundaries

XXZ chain with anti-periodic b"’:
» XYZ chain with periodic b. '

[




XXZ chain

Preserve integrability!
But [H,SZ]#0

Thanks to the breaking of the U(1) symmetry, the
v Bethe ansatz solution of this model remained
elusive for quite a while.

v N



Symmetry, Integrability and Geometry: Methods and Applications SIGMA 9 (2013), 072, 12 pages

g Heisenberg XXX Model with General Boundaries:
X X Z C /] a I n Eigenvectors from Algebraic Bethe Ansatz

Samuel BELLIARD 1% and Nicolas CRAMPE 14

v Modified Bethe Ansatz Belliard-Crampé 13, Belliard-P 15....

modified creation
operator

modified rep.
theory

AQ=AN QT +A Q™ +F Inhomogeneous TQ (Cao-Yang-
Shi-Wang, 13)




XXZ chain

¥ Open problems

J. Phys. A: Math. Theor. 54 (2021) 344001 (15pp) https://doi.org/10.1088/1751-8121/ac1
Scalar product for the XXZ spin chain with

general integrable boundaries’

Samuel Belliard', Rodrigo A Pimenta23*© and
Nikita A Slavnov*

- Scalar products: (W\¥)
RN - Form factors: (W,o0,W)="?

- k-points: (W,0...0,¥W)="?

Classification of Bethe roots?




Askey-Wilson algebra

Modified Bethe ansatz can be used to solve the
spectral problem of operators that appear in the g-
Onsager frameworkgaseilhac 04  |[EENSETEN—_G_

integrable models

Pascal Baseilhac

Here we will be interested in the Askey-Wilson
algebra, which can be viewed as a certain quotient

of the q-Onsager algebra.



Askey-Wilson algebra

= pA" +wA+nT

A [AA7] ]

qdg—t
":ﬁ]q]q_l =pA+wA" +n'T

Zhedanov 91

X.Y], = XY —q 'V X

v AW provides a solution of the RE:



Askey-Wilson & Reflection equation

R(u/v) (K(u) @ I) R(uv) (I @ K(v)) = (I ® K(v)) R(uv) (K(u)®I) R(u/v)

ug —utg! 0 0 0
1

1

0 u—u"t qg—q? 0
0 qg—q ' u—ul 0

0 0 0 ug —u=tg71

."J_

A(u) = (0 = ™) (quA =g~ u ™ A) = (g +¢7 )™ (putnu?)
u) = (u? —u™?) (quA* — g_l-u._lA) —(g+q Hp! (n*u+ -;*;-u._l) ..

o - o [ | W qu? 4+ ¢ tu2
Bﬁﬂ=ﬁﬁﬂ‘—u_ﬂ(; (Vﬁuﬂq+ 1)4—¥4—4——T—),

q—q @ —q?

' | w o qﬂg + q_l-u_?
Clu) = px ! ("'H.E —u?) (pl ([A A*]q + - _1) 4 j_)) _
q9—q ¢ —q




Transfer matrix

» To build the transfer matrix we consider the most

general scalar solution of the dual reflection
equation.

KT (u) = ( quk + ¢

bkt kg (gPu? — g 2u?) )

qur* +q tu 1tk

¥ Transfer matrix:




Transfer matrix

) _ i_)

t(u) = (¢*u® — ¢ 2u ) (u? —u?) (.-"{. A+ r*A* + kv A, A*]q + kY [AT.A] ) + Fo(u)

Heun-Askey-Wilson operator

ht 9-00821-3
The Heun—Askey—Wilson Algebra and the
Heun Operator of Askey—Wilson Type

Baseilhac-Tsujimoto-Vinet-Zhedanov 18

Pascal Baseilhac, Satoshi Tsujimoto, Luc Vinet

and Alexei Zhedanov

»~ The spectral problem of the HAW operator is the
same as the spectral problem of the transfer matrix.

¥ Modified Bethe ansatz and Leonard pairs

Diagonalization of the Heun-Askey-Wilson operator,
Leonard pairs and the algebraic Bethe ansatz

\ Pascal Baseilhac ", Rodrigo A. Pimenta “"*



Leonard pairs

» From the theory of Leonard pairs, we know how A
and A* act on finite dim representatiowiliger+Vidunas 03

A {00),101), . .., |0a CHRANNRY dim(V)=2s+1

Al 7 (A)|0y) = . T(AY)|Om) = an 1 lOms1) + anem|Oar) + ane v —110a-1)

v A7)0 — . T(A)|Oy) = a HHH 16 RH 1) ta ziu Mm|O) +a ::\I’\I— 1100—1)



Leonard pairs

{ M, M=+1 } . { ( LM __.‘M }

Parametrization of the eigenvalues:

Two-problems: B,C in t, and cannot find C(u)|0>=0.



Gauge transformation

¥ Manipulate the transfer matrixcao-Yang-Shi-Wang, 03)

e = x1., a, [ be generic complex parameters and m be an integer

| X(u,m)) = ( 0 1 ) . Y (u,m)) = ( Pq _i u- |

—€, —€

q “u

e .- 1 — __’ 7 g€
€ f}.,.f:' ( l \ . _I_ 1 } ( ! '}{‘1' /




Gauge transformation

¥ Dynamical operators

& “(u, m) = }*(u m — 2)| K (u)| X (u"".m)).
2 ( " e ( (w, )| K (u)|Y“(u T om )
(w, m)|K (u)| X (u™t, m)),

{l m+1)
~E(1,m)

1} -'5('-” 2 m+ 1)

(X(u,m + 2)|K (u)|Y(u"t,m)) — 44 /€ (u,m)

(qu?® — g~ 'u=2)~v¢(1,m)

_9

t(u) = (¢*u® — g~ >u2) (a(u. M) (u, m) + d(u, m) D (u, m) + b, m) B (1w, m) + (1, m)E* (u, m))




Gauge transformation

o3 (H’U_. + K* -u._l) +u(u? —u™?) ]_('”"'H)E (ky — afk_p) — Bg=3mt2)e (h U+ Ku 1)
(a — Bq=c@m+2)) (qu2 — g~ lu—2) ‘

—,i'_J"U.QEq'_(2”""’136 ( —(m+1)e (

qrU + q_l,c.{._* -;;,g_—l') — ufq _ Q‘_Q?..!._Q) (ks —afk_ f") +aq* ( qr*u+ q_lf{.'u._l)

(a0 — Bq=c@m+2)) (22 — =2y ~2)

€

r——l—]_
(m+2)e _ heqthz w*

u- ((l h._'{)(l!

a — Bg—2me

_.132.*'{_}9(}'(*“ 3m)e Jun .)Hffl 2m)e

2, —2me
a— 3 T



Gauge transformation

v Example:

2m—+1 —m—1

uxq y Bug™™
g2 — Bg*m ( Bp A" Alg - ——

Bb(u?)q

B (u,m) =

—m—4

( 9, 9 3 —1\vrn2 2m 2 o2 N 022 2mt2 2 9. Ty

_1—) (pa® (v’ + u™H (B2 — X°) + (¢ + 1)u(w(5%pq 2.2 q )))
15} PX b (g2) "




Commutation relations: dynamical operators

Commutation relations

B (u,m+2)B(v,m) = B ) B ( ),
A (w,m~+ 2)B (v, m) flu,v)B (v.m) c/e(u m)

+g(u, v, m)B (u, m)d (v, m) + w(u, v, m)B (u,m)Z (v, m)
D (u,m+ 2)AB (v, m) h(u,v)B(v,m)P(u,m),

+k(u,v,m)B (u,m)Z(v,m) + n(u,v,m)AB (u,m)(v.m)

B (a,m,M) = 2B (ur.m+2(M —1))--- B (unp,m).
Be({u,u;},m, M) B (uy,m~+2(M —1))--- B (u,m~+2(M —1i))




Commutation relations: dynamical operators

Commutation relations

C(u,m—2)€¢(v,m) = E(v,m—2)€(u,m),
C(v,m+ 2) (u,m+ 2) flu,v) e (w,m)€ (v, m + 2)
+g(u,v,m)d(v,m)€ (u,m+ 2) + w(v,u,m)Z(v,m)€ (u,m+ 2),
¢ (v.m~+2)D(u,m+ 2) h(u,v) 2 (u,m)€ (v, m + 2)
+k(u.v.m)Z (v, m)€ (v, m + 2) + n(u,v,m) (v,m)€ (u,m+ 2)




Commutation relations: dynamical operators

. : ) T _ b 1 1
Fu,v) = b(qu/u)b( uz,ﬂ h(u,v) = (q uv)b(qu/v)

b(v/u)b(quv) " b(quv)b(u/v)




Commutation relations: dynamical operators

¥ Multiple actions

A (u,m~+ 2M)B(a, m, M’ H fu,u;) B (a, m, M) (u, m)

M M

Zq(u wi, m~+2(M — 1)) H flui,u;)B ({u, @}, m, M)/ (u;, m)

i=1 j=1,j#i

M M

Z w(w, us,m+ 2(M —1)) h(uw;, w;) B ({u.@; },m, M)D(u;. m)
=1

i=1

JFE

D (u,m+ 2M)B(u,m, M Hh w,u;) B (u, m, M2 (u,m)

M
Z! w, i, m~+ 2(M — 1)) H h(w, ui)B({w, @}, m, M) (u;, m)

=1 =1,j#1
M M

Zu[u wi,m+ 2(M — 1)) H flui,uy) B ({u, i }.om, M)/ (ui, m)
J

=1

=1,77#1




Commutation relations: dynamical operators

¥ Multiple actions

(v, m, \JC/ (v,m+2N) = f(v,0)(v,m)C(v,m, N)

+an vi,m 4+ 2(N — 1)) f(vi, 03) @ (vi, m)C({v, v },m, N)

=1

+Zu v, v;.m 4+ 2(N — 1)) h(v;i. 0,) 2 (vi, m)C ({v. T}, m, N)
1=1

(0, m,N)D(v,m +2N) = h(v, )2 (v.m)C (v, m, N)

+ Y Ek(v,vi,m 4+ 2(N —1))h(vi, 0;) 2 (v, m)C({v, U}, m, N)

+ Y n(v.v;.m+2(N = 1)) f(vi. 03) (v, m)C({v, 0; }, m, N)



Reference state

Lemma 3.1. If the parameter o is such that:
(3.1) (> — g )y tactq™ =1 (resp. (¢ —q )y tabg™™° = —1)
then

(3.2) T {%'_'Jr (u,mg))|0y) =0 (resp. w(€~ (u,mg))|fo) = 0).

Lemma 3.2. [If the parameter 3 is such that:

(3.3) (q> — g 2)x " 18b*g moT2 =1 (resp. (¢°> —q %)x Pcg™ 2% = —1)

then

(3.4) (08|17 (BT (1, mog —2)) =0 (resp. (Bo|m (B~ (u,mp—2))=0).
o) = 107) . I6)=197) . (ol =(@7|, (6l = (27

Lemma 3.4. Let . 3 be fixed according to Lemmas 5.1, 3.2. Then, the dynamical operators act as:

(3.9) (/T (u.mg))|QF) AT ()T and  ©(DF(u.mg))|Q7) = AF (u)|QF) .
(3.10) (Qi |7 ( o+ (v,mg)) = (Qi |A§E (v) and (Qi | (2 + (v,Mmp)) = (Qi \A} (v) ,




Bethe states — 2 families

|1‘I‘r }r { ﬂf o )> = T (B B { "i'__i.., mo, M ) } ‘ -Q_> for {gz — g_g " —Mmg —1

X 1 abg — and £ =0

WM (@, mg)) = m(BF (@,mo. M))|2T)  for (¢* — g )xlac’y™ =1 and B=0.

..") "

(W N (0,mg)| = (Q7 |7 (C™(v,me,N)) for (g g7 )X 13cg™2 =—-1 and a=0

<7‘I’Ir l ( Y, Mo )l — <£ )T | ( CT ( Y, Mo, N } ) for ( qg — f;}_E } X 1:_.{7} b* q_m':'H =1 and a=0




Solution
(k, k" ko, k) = KA+ KTA™ + H+3{_1 A, A*]q + r_x [A*, A

q

We know how the dynamical operators act on a
¥ string of creation operators. All we have to do is to
MNress in terms of them.

v Special case:

[(#.0.0.0) = kA or 1(0,x*,0,0) = k™ A"

¥ Diagonal case:

(k. k*,0,0) = k A+ k* A"

v __Generic case e



Special case

(q u (u) +q~ L,—1 7 (u™ 1 })

(u? —u=2)(q?u? — q=2u=2)

qui + ¢ tuti(u) o ..
AT (u,m) + w with  7j(u) = (¢ +q¢ 1)p ! (-'r}-u. +n" -u._l)

A™ (u,m) +

—9. 9"

(gzu“ — q “u

ﬁﬁ+ (U ni) ﬁ ﬁ Ly’+(rf m) <+ -



Special case

Proposition 3.1. Define
#(B (@, mo, M))|27)

One has:
n“ L7 1 i DY N .
3 (') (emrg 2t M e g2s—2M ) |\If§; _(u,mgp))

(3.58) 7 (1(r,0.0,0)) WY _(@,mog)) = 50

where the set u satisfies the Bethe equations:
i’ . ro_
(qﬁf“ u; +q et u, 1) (qe:_:“' w; + g~ teH u, 1) b (q —Sv ur) b ( '*’~-’_1'“--:'..)

ﬁ (b{uu (qu;))b(wi ”3)) =2 |
j (:E___#,’..i._}___._i_ L o 'U-.I-__l) (F Hag; + et uT L ) b ( (S %11) b (Q‘S %-r__.-—l.u.-z'_)

b(qu; /uj)b(q?u;u;)

J=1l.g#1




Special case

Proposition 3.2. Define

(3.64) |‘§[pr (iu,mg)) = T(B" (@, mo, M))|Q2T).
One has:

(3.65) 7 (1(0,k%,0,0)) |‘§[‘bp+ (@, mp)) = iq1{v+v )( —u q._.:. 2M | o q—:_s

9

) |‘§Dbp+ (@, mo))
where the set u satisfies the Bethe equations:

M

H (b( /(qu })b(uzu_J )) (qe_’uﬂ-z‘. + q_lﬁ_“!“;l) (qeﬁ"! u; + q_le_“‘-u._i_l) b (q%‘svui) b (q%_s-'u‘l-u..i)

" ~1\ ( - st L 4k
=1 i b(qui/u;)b(q*uiu;) (e=Hu; + et u; l) (eH'u; + e=Hu, l) b (qb"‘ i -'U-u..i) b (q’*‘"‘ ZU 1-'11..1;)
fori=1,..., M.




Diagonal case
|(k.k*,0,0) = K A+ k" A

(qui(w) + ¢~ tu"tq(u™h))

A (u,m) +

A (u,m) = (W2 —u-2) —_2)-51/ “(u,m) + — — 9 (u,m })

(?u? — g %u—2)

( qur ( uw- 1 ) +q” 1 u- 1 7 ( " ) )

2
Z

(u? — u=2)(q?u? — ¢ 2u=2)

I ~ (qu?
(@ =ty (Lm+ 1) T =T

(u? —u=2)

ut ( Yo ( q Lu=2 , -'m.)

N aq —m—1 - (_ ) :_.5: q m—1 {,, B ( J
—%# (u.m)— ——F (u.m
y(Lm) Ty (Lm) T




Diagonal case

¥ Combining the possibilities, we may write:

u€ (ous (ku + r*u™t) — Bg=CmH2ey =€ (*u 4+ ku~t)) /< __,)
{l_..u__z _ ..“_—E) [._q..u_z _ (1—1..___—3) (” _ :i.-jq—(zrn.—kz_)t) -

— £ = —€ [ * —_ —_ . — - —_ E —_ .
q~ “uf (r_‘.t: u”¢ (qr*u + ¢ ku 1) — Bq7*™u (qru + g tr*ul )) .
(u? —u=2) (q%u? — g 2u=2) ( o — [Bq~ (fj-’-'m-‘l‘?)ff)

_ E+1 . 1—e _ - .5+1 1{—E o
ceaqrh T KTTZ uf 7 )+ € 0r 2 K* T2 g
(u?2 —u=2) (o — Bg=2me) T (ur—=u?) (a
1 } 2

(g+q qu® + ¢~ tu?

1

o (-?}-“{* -+ '};,*- K+ [ nk n ';rf' HI* ) (

P (?,.-3 _ ?,.-—3) { rﬂr 2 — r;_3u—~)

q -+ q—

¥ Using the gauge freedom, we set 3=0.



Diagonal case

v Bethe vector:

Do . ¢ _— ~ €
(Wa'e(i@,mo)) = 7(B(u,mo,2s))|Q),

U ({w. i} mo)) = 7B ({u, @i}, mo, 25))|2°)



Diagonal case

v Bethe vector:

Lemma 3.5. For M = 2s and generic {u,u;}, one has:
(3.70) (B (u, mo + 4s))|Wg', (@, mo)) =
uh(u?) ;"_ f{lql/z—'_k Svu )b(ql/)jqEl 1)

. ) \ ) ] _. L) 2¢ ;_ .
S k=029 TWRY 7 B : g (@, mo))
H iy bluug 1 )b(q=tu=tu; —1 ) e |

“b(u HA 0 b(qlf 24k=s 0, ]h{g” 2+k—sy, ;)
_ndzi o

f—l

b(uu; —1 |

1 1
u, )1_[j 1.j2i h[ Uit }h[q w;
where we denote

F_—,u.(l—t‘)/2—;1.'(1—|—£':};"2q_{'1.:+1.x":};*'2—6{'23—1—2)




Diagonal case

v Solution

Proposition 3.3. Fore ==1, one has:
7Nk, ", 0,0 )|11; (1, mg)) :\éb llf“ (1, mg))

g
=

K05 + ket TH h(( '+ 07 2)[2s] + 2e* cosh(p) — ¢ Z(qu? + {]'_1"11-;2_))
j=1

28

Fibas + P THCH (( v? + 07 2)[2s]4 + 2eH cosh(p') — ¢ Z[g ui + g 1-11_.;2_})

j=1

where the set U satisfies the (inhomogeneous) Bethe equations:

2s 2s
U+ KU ) H flugug) AT (wg) — g “u; ““(gr™u; +q~ " ku; ) | I Dy, wy)AS(uy)
J=1,37#1 J=1,37#1

o S—=2€p 0 2N TT2S 1, 1/24k—s,, \b(,1/2+k—s
) 9 ) _ o \ e : vo L o b(u? o b(c U b(_ 1
(._1)‘3 €lq —q 1_} ltltf{.(l ' E-}/Ef{.*(-l E)/")c)d : i) k=0 g )lg

2s }l_ 4
szllj#i b(uu; " )b(quiug)

fori=1,...,2s




Generic case

aBpx gt Dy ( 1 i

ca/ “(u,m —9“(u,m
a—q —2¢e(m—+1) -; Q‘H“ _ q.—lle ( ) u2 — =2 ( ))

—1, €

PX u e(m € ' 2 e(=3m+2)ecoer,, .o
T (0B (wm) = P T () )

( qu® + g~ lu=? P )
-+ —],
q* —q? q—q?

yva—€(m+1), € 1 1
— M— (F 0/ (H ?n) ﬁj (U. I'ﬂ))

o — q—zt(-m.+l)r,rj —q U — U
ve~MeEyE - N
— X— (B (u,m) — € (u,m))

(@ =g —u~?

qu® +q 'u? w
N\ r— ] -
qc —q*° q—q




Leonard pairs from Bethe states

¥  We have seen, for example, that:

-Tr[:A:}\lIff‘_’f(fﬁ,m.jj) — HU\‘I-’ (1, mg))

v As the spectrum of A is non-degenerate, if there is a solutlon of
the BAE associated with [2} it follows that[HikD
be proportional to each other.

v/ The proportionality factor can be computed recalling that the
B-operator is expressed in terms of A,A* and q[]'s

_



Hypothesis 1. For each integer M (resp. N ) with 0 < M, N < 2s, there exists at least one set of non trivial

admissible Bethe roots S Lupy (resp. Sy

(3.18)

Lemma 3.5.

(3.19)
(3.20)

with

(3.21)

Leonard pairs from Bethe states

GM () — {ur, ..

EM(u;,a;) =0 for =M

*

|(9Mr> = Nﬂ{(ﬁ.)l@%%ﬂﬁﬂ-o))

Assume Hypothesis 1. The following relations hold:

w =

N - ={wi,...,wn}) such that
(resp. E+ (w;,w;) =0 for
for = SM(h) )
«N (h)
+

0%) = N(@) |9 (@, mo)) for w=S5

M

Nu (@) = H (quib(ui) A} 1)
k=1
()=1.

and Ny(.) =

—1

N

Ny (@) = H (—q_l-wk_lb(urg)Ak!k_l)

k=1

GV (k)

+

-1

).

Lemma 3.6. Assume Hypothesis 1. The following relations hold:

(0|

(3.23)
(3.24)

with

M

(O]

NM(’U)(

N5 () (ol

(1 mo)|

1 (i, mo)|

(3.25) Nu (@) = H (f topb(vf) Af i 1)_1 =

and No(.) = Nz () =

k=1

for

for y=

N (7) =

1=

k=1

— ~M (}
7=25" (h) :

S*N{h)

(—qyg lb(yg)fik,k—l)

—1



Leonard pairs from Bethe states - inhomogeneous

Lemma 3.7. Assume Hypothesis 2. The fr:u.’.a_'f owing relations hold:
(3.31) A, M
(3.32)
with

(3.33)

( ‘11;“ (@', mo)) for
N (@) |02 (@' mo))  for

N (4

Lemma 3.8. Assume Hypothesis 5. The following relations hold:

(3.42) (Onr]
(3.43) (O
with

2 22 (0", mao)| for

L1mg)| for

(3.44)

NG = Nas (T



Leonard pairs from Bethe states

¥/ Given a Leonard pair, the transition matrix between two
eigenbasis is given by, Zhedanov 91 + Terwilliger 04

D

a8

I

a8

and (Orr| = Z Sm N (O]

N=0 N

b 2st1,—2 —ds)C
—q T (TR g

- EJNT * - .J! [ P ~ - o ~
N EeN qz] e (Bu16%) (Bol6o)
7 MAYN,

(Bol0N) (Onr|Onr)

p | X - (On |6ar) (65106)
Pyn = knRu(0y) anc (P Ynm = vy "k Bar (%) a (HE,WU ) (H’HHK)




Leonard pairs from Bethe states

v It follows:

OFENERRY 4 M (T, mg )| 28 (0, mg)) (Q71Q27)

(Q= W28 (@, myg)) (WM(T,mg)| W25 (T, my))

U (o) [ W3 (7, mo)) (@*|a)

(QF[WEE (@, mo))  (U2(7',1m0) P2 (7,m0))

v Intriguing connection between orthogonal polynomials and

integrable systems!
REHIY

——— P—



Ongoing work and perspectives

7 Can we express these quantities in a determinant
form? This is expected from integrable systems:

e

Why scalar products in the algebraic Bethe ansatz

have determinant representation
S. Belliard® and N.A. Slavnov®




Ongoing work and perspectives

¥ Generalization to q-Onsager using tridiagonal
pairs?

A A [AAY] ] ] =p[A AT

. Terwilliger 99 + Baseilhac 04

A A% (A AT ] ] = p[AT A

q-q

P Bethe states can be built! (spin-s XXZ)

Ratios of scalar products of Bethe states are
multivariable analogs of g-Racah?

_



Ongoing work and perspectives

v Play with homogeneous/inhomogeneous TQ.

Homogeneous Q: Askey-Wilson polynomial

New difference equations?
What is the inhomogeneous Q-polynomial?

» New families of polynomials?



Ongoing work and perspectives

vl Applications to free fermions?

SciPost Physics Submission

Computation of entanglement entropy in inhomogeneous free
fermions chains by algebraic Bethe ansatz

Pierre-Antoine Bernard'*, Gauvain Carcone!, Nicolas Cr.‘almpé2 and Luc vinet'?



- e Thank you! o S

Merci!




Baxter TQ equation

v Symmetry of Bethe equations:

with =1, ..., M,




Baxter TQ equation

v Consider again the special case. Rewrite the
solution in terms of a TQ equation:

Proposition 4.1. The eigenvalues A* U

homogeneous Baxter T-(Q relation

. of the Heun-Askey-Wilson operator 7(I(0,*,0,0)) are given by the

2, =2
((u? — u™?)(@Pu? — ¢ 2u™2) AN L Qui(U) = K ulf ()T Qui(U) + & \*U((qq+—>)

(n+n"U)Qnm(U)

T_Qum(U)

—-1)2
Lerlata)

with (3.33), (3.33), (3.30).




Baxter TQ equation

» For the diagonal case, we have an inhomogeneous
term:

Proposition 4.3. The eigenvalues Af{‘” . of the Heun-Askey-Wilson operator T(I(x,x*,0,0)) are given by the
inhomogeneous Baxter T-(Q relation

(A7) (@ —u) (P — g ) A, Quu(U) =

-2 9

= ulA4(q -1 ._I}A"' W) Ty Qas(U) + ulg(u)AT (u)(q il B 5
" (qu? — g tu?)
+ _1-2_} o T_
+(q z ) (kn™ + k" + (kn + £"n")U)Q2s(U) + kgda(—

with (3233), (3:33), (330), (5-71), and (D.5).




Baxter TQ equation

By using a realization of the AW algebra in terms of
» Q-difference operators, one can identify the Baxter
Q-polynomial with the Askey-Wilson polynomial:

Proposition 4.5. For the special case k = k+ = 0, the Q-polynomial of Proposition [4.1] is given by

o ‘ab: ¢?)ar(ac: ¢®) ar(ad: ¢?) ar(abedg™2: ) ), | |
Onr(2) = 0006 ¢ ) (005 ") m(@bRG5¢ )M pp (=1, ¢ )

(g + g HMaM (abcdg=2; ¢*)ar(abed; ¢*) i

. ! ) . ! —92¢ 9
a= —qe [ 1 b:_qe,u+,u 1 c=gq S0 1

¢ rarg example of explicit solution of the TQ eq.
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