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» The Morse potential
A(x) = Cre X/t — e X/t

with C, > C; > 0 and £, > /,.
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Aggregation-diffusion equation

Oep = eAp +div(pV(A x p)) in (0, T) xQ

» bounded convex domain Q c R¢;
» a diffusion coefficient € > 0;
> an interaction potential A € Lip(R) N CY(R\{0}) (pointy).

» no-flux boundary condition
edyp + poy(N*p) =0 on 09,

v denotes the outer normal vector on 9f2.

Gradient flow in (P(£2), W) with respect to the driving energy:

E(p) =€ /Q log d%(X)p(dX) + % /Q /Q A(x = y)p(dx)p(dy)
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Structure-preserving properties

1. Preserving positivity of solutions. If pg > 0, then p; > 0 for all

t > 0.
2. Conservation of mass
d
T (dx) / div(eVp + p(VA  p)) dx
Q

:/ (eVp+ p(VAxp))-vdx =0.
o

3. Dissipation of the driving energy

—5 (pt) /5 ) Oep(x / ‘VE | pt(dx)
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The idea of finite-volume schemes

O:p+divj=0 on (0, T) xQ

Integrating over the control volumes K € T

K K

atp’;(+/ j-ndH9 =0
oK

Depk + Z/ JonkLdHITh =0
Tessellation (77, ") L~k (KIL)

_ ; h _
h I2n6a7>_<h diam(K) el + Z ‘7/?|L =0
LK
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The Scharfetter-Gummel flux
Otp +divj =0
Jj=¢eVp+pV(Axp)

Finite-volume approximation:

depk+ Y Tk =0, KeT"
L~K

The idea of the Scharfetter-Gummel is solving a cell problem.
u € C?([xk, x1])

{—6X(56Xu + “q;h<|1_) =0 on [xk,x(] (Cell-Pr)

u(xi) = pic/IKI, u(x) = p}/IL|

Define J[()‘L ‘=e0yu—+u q;’qL.

Scharfetter-Gummel '69, Farrell-Gartland Jr. '91, Eymard-Fuhrmann-Gartner '06,
Bessemoulin-Chatard '12, Schlichting-Seis '22



Scharfetter-Gummel flux
The solution of (Cell-Pr) is

Tk = €KL (6(qK|L/6)Uf< - B(—q;qL/s)u’Z) :

where
> u" is the density uft == W for all K € TH;
K|L
> the transmission coefficient 74|, M for all
Xt — x|
(K,L) e xh;
» 3 is the Bernoulli function 5(s) = ess 1

> k| is a discrete approximation for V(A * p):

aK|L = Z (Noxm = x1) — Noxw — xx)) pi
MeTh



Properties of the Scharfetter-Gummel flux

1. f A=0, then
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Properties of the Scharfetter-Gummel flux

1. f A=0, then
Tk = e (ufe — up)-
2. In the vanishing diffusion limit € — 0, the flux converges to
the upwind scheme:

P _ + h_ _— h
jK\L*TK\L(qK\L”K qK|LuL)

3. [Schlichting-Seis '22] The Scharfetter-Gummel scheme is:
+ Positivety preserving;
+ Mass conservative;
+ Energy-dissipative;
7 Does it have a gradient structure?



Convergence and asymptotic limits

Orpk+ D T =0
L~K

dep = div(eVp+ pV(A x p))
Tk = ETKIL (B(ak|L/e)uk — B(—ak|i/e)uf)

Scharfetter-Gummel scheme L} Aggregation-diffusion equation

\Lca(] \Lca[)

Upwind scheme h=0 5 Aggregation equation

5tpi;< + jp = O
LNZK it Orp = div(pV (A p))

(- + h _ — h
jK\L = TK|L (qK‘LUK qK‘LuL)



A definition of GF solutions via energy-dissipation balance

)
I(p.j) = /0 [R(perje) + R (pr. —VE (p0)) } dt +E(pr) — £(po).
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A measure-flux pair (p, ) is called a gradient flow solution if

Oip+divj =0 and Z(p,j) = 0.



A definition of GF solutions via energy-dissipation balance

)
I(p.j) = /0 [R(perje) + R (pr. —VE (p0)) } dt +E(pr) — £(po).

Definition
A measure-flux pair (p, ) is called a gradient flow solution if

Oip+divj =0 and Z(p,j) = 0.
Wh-gradient structure:

)_1/df2
_2 de

D(p): =R*(p, —VE(p /|V5/ ‘ dp
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1 ph
(‘:h(ph) = Z |Og(U;h<)p7(+ 5 Z /\/}"(Lpf}'(p?7 Uf{ = ﬁ
KeTh (K,L)eThxTh

. * &
Ria(p" €M =2 > 7pal <U;h<auf,gL

(K,L)exh
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The convergence result with diffusion
Let {(7T", £} 40 satisfy the inner ball and orthogonality
assumptions. Assume that (ph,jh)h>0 are discrete gradient flow

solutions of the Scharfetter-Gummel scheme with sup Ex(pfl) < oco.
h>0

Then there exists a subsequence of {(5",7")}1~0 and a pair (p, )
such that
1. (p,j) satisfies (CE)
> dph/dLd — u; in L1(Q) for every t € [0, T];
> fji’dt —* fjtdt weakly-x.
2. The following estimate holds:

liminf Zy(p", ;") > Z(p,)).
h—0

3. The limit pair (p,j) is a minimizer of the Otto energy-
dissipation functional Z(p,j) and, consequently, is the
gradient flow solution of

Otp = div(eVp + pV (A xp)).



[-convergence of the Fisher information

Recall the energy-dissipation functional:

-
Z(p,Jj) :/O {R(pt.je) +R* (pe, —VE'(pr)) } dt+E(p1) — E(po)-
The Fisher information is defined as

D(p) :=R*(p, —VE'(p))
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[-convergence of the Fisher information

Recall the energy-dissipation functional:
T
Z(p.J) = /O {R(pe.je) +R* (pr, =VE'(pr)) } dt+E(pT) — E(po)-
The Fisher information is defined as
D(p) :=R*(p, —VE'(p))

1
De(p) :262/‘Vﬁ‘2dX+G/VU'V(/\*p) dx+2/‘V(/\*p)‘2dp
The discrete Fisher information:

Z {ﬁe “K7 UL ( )qf<|L7—£\L + |qf<|L\2 he(“f« Uf, Cﬂ?u)}ﬂ’%u
(K,L)exh

Goal: T-lim D, , = D.
h—0



[-convergence of the Fisher information

1
Fae" Q) =5 D (el — el

(KrL)EZh‘Qx
1
=5 > (Ex—&x)Ty
(K,L)exh|q,
1
= §<§7 Z T£|L(XL_XK)®(XL—XK)§>
(K,L)exh|q,
1
= (&, o L T dx¢)

ZEK ) D il = xk) @ (x — xk)

2 ke LK



What about the tensor?

Th(x) := % Z Ik (x) Z TriL (XL — xk) ® (x1 — xk)

KeTh L~K

For an admissible tessellation T —* T in weakly-* in o(L>, L1).



What about the tensor?

Th(x) := % Z Ik (x) Z TriL (XL — xk) ® (x1 — xk)

KeTh L~K

For an admissible tessellation T —* T in weakly-* in o(L>, L1).

Proposition HST '23

Let a family of tessellations { (7™, Zh)}h>0 satisfy the
orthogonality assumption x; — xx L (K|L), then the family of
tensors {T"}~0 is such that T/ —* Id weakly-* in o(L>, L).



Convergence and asymptotic limits

Depie+ ) Tk =0
LK

dep = div(eVp+ pV(A x p))
Tk = ETKIL (B(ak|L/e)uk — B(—ak|i/e)uf)

Scharfetter-Gummel scheme L} Aggregation-diffusion equation

\lf -0 \LHO

Upwind scheme h=0 5 Aggregation equation
h P _ .
Qe+ Y Tg =0 dep = div(pV (A p))
L~K
o + h _  h [Lagoutiere-Santambrogio-Tran Tien '23]
jK\L = TK|L (qK‘LUK - qK‘LuL)



Tensor for the upwind scheme

1
T!(x) = 5 D Ik(x) D Trp (e — xk) @ (x — xk )
KeTh L~K

1
tic = LmeTr: 70000y (x>0} T 5 LMETr 70000 (o —x)=0)

he.! /
/
/
-he, / he;
/ w
/ ~
/
/-he,




Upwind-to-aggregation limit

Let {(7", ="} 40 be Cartesian grids and A € C!. Assume that
(p",j") = are discrete gradient flow solutions of the upwind
scheme. Then there exists a subsequence of {(p",7")} >0 and a
pair (p,j) such that
1. (p,J) satisfies (CE)
> ph—* p, weakly-* in P(Q) for every t € [0, T];
> fj?dt —* [ je dt weakly-x.
2. The following estimate holds:

liminf Zy(p", ;") > Z(p,)).
h—0

3. The limit pair (p,j) is a minimizer of the Otto energy-
dissipation functional Z(p,j) and, consequently, is the
gradient flow solution of

Dep = div (pV(A % p))..



Outlook and open problems

1. More singular potentials.
2. Generalization for non-linear mobility or non-linear diffusion.

3. Improve the discrete-to-continuum limit from the upwind
scheme to the aggregation equation.

4. Rates of convergence.



Outlook and open problems

More singular potentials.
Generalization for non-linear mobility or non-linear diffusion.

Improve the discrete-to-continuum limit from the upwind
scheme to the aggregation equation.

4. Rates of convergence.

Thank you for your attention!

Hraivoronska, A., Schlichting, A., Tse, O. (2023). Variational convergence of the
Scharfetter-Gummel scheme to the aggregation-diffusion equation and vanishing

diffusion limit. arXiv preprint arXiv:2306.02226.



‘Cosh’ dissipation potential:

Riu(p" V") = > (V") (K, L)\ ufuf 9
(K,L)exh

with W*(s) = 4(cosh(s/2) — 1).

Discrete-to-continuum EDP convergence:

0. ol — h, h _ oh.h
tPK Z;((PK KL — PL LK) . Oep = Dp+ V(pVV)
atph_i_mjhzo 8tp+d1V_j:0

. I(p,j) =0
Tn(p",j") =0 (e.J)



Gradient structure for the S-G scheme

Lemma [H.-Schlichting-Tse '23]

The Scharfetter-Gummel flux J” satisfies
Tk = DaRi(0", =VEL(P")
with the ‘cosh’ dual dissipation potential R} with the weights

Sr — TK|L 2qk|L/¢e
KL — )
xp(—Ni/2) exp(N/2) — exp(Ni/2)

where gk = Z (A — Mk )phy and Afe = Z Nk
MeTh MeTh




The de-tilting trick
ED functional

;
I,,(ph,jh)—/o {Ru(p, i) +R5 (o1, —VELPD)) } dt-+Er(pT)—ER(po)

Along the solution:

h
_ u
éxe = —VELP" (K, L) = —¢clog ﬁ + a1

h
u
q!h(|L = clog L,S - g;’q_ =K (|0g (u;’(e_gﬂL/ZS) — log (ufegﬂL/Za)>
ur

New way to write the flux:

h e 3
Tt = <sinn (B (ke 5 e S ) 1 £ DeRe €KL

Peletier-Schlichting '23



De-tilted structure

De-tilted dual dissipation potential
w( h shy _ «( h A §f<L
Rh(paé)_2 Z TK‘LO[s UK7UL’7 )

(K,L)esh

where
3 X

aZ(a, b,&) = 5/ sinh <>/\H(ae_x/5, bex/e) dx

0 e

with the harmonic-logarithmic mean

/\H(s,t):/\(l/:sl’l/t) with  A(s,t) = — >

- logs —logt’



Discrete-to-continuous convergence

1. Compactness. There exists a subsequence such that
(0" j") = (p,j) and dep +V - j = 0.
2. The limit ED functional:

lim inf Ru(p", ;") > R(p,J)
liminf Dy (p") > D(p) = liminf Z,,(p", ;") > Z(p,))
liminf &, (p™) > &(p) h=0

3. Prove that Z is proper ED functional (chain rule):
?
0 = liminf Zy(p", ") > Z(p,j) > 0.
h—0

4. Recover the limit equation.
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