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on

=V (V(p+Y), in(0,00)xQ d>2,

n(0,x) = no(x) > 0,no € L'(Q)

e Qs either RY or a convex bounded set (hom. Neumann boundary conditions)

e Constitutive law of the pressure:
p = P(n) == sign(y)n”,
e V:RY = Riseither: V=0, V=|x?/2, |VV],D?V e L=(R")
Goal: study the quantity

u(t) == max [p(t, X)|"| Vp(t, X) + YV

Strategy: exploit the pressure equation

9 .
a—f:ypAq-kVan, with g :=p+ V.
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Aronson-Bénilan estimate:
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Ap > —————, forallt>o0.
SN CET:
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Barenblatt solution:

B(t,x) =t (xt*), (€)= (C—kIgP) T,




Some remarks: the porous medium equation

Regularity:
- Holder continuity of n(t,x) in space and time

- the pressure p(t,x) is actually Lipschitz after a waiting time (for d > 2)



Some remarks: the porous medium equation

Regularity:
- Holder continuity of n(t,x) in space and time

- the pressure p(t,x) is actually Lipschitz after a waiting time (for d > 2)
Bénilan’s lecture notes: for 1 —~%(d —1) > 0

nk

717 K1 :Kl(’y,d,‘|n0”oo)7
K

B k= Ka(nd.lnoll)

|Vrﬂ“|2

IN

u(t) = m?Xn}Vﬂ’YF

IN



Some remarks: the porous medium equation

Regularity:
- Holder continuity of n(t,x) in space and time

- the pressure p(t,x) is actually Lipschitz after a waiting time (for d > 2)
Bénilan’s lecture notes: for 1 —~%(d —1) > 0

nK
[V < B K= K molo),
K
u(t):m?XH}Vn’YF S T27 K2:K2(’Y7d7“n0”°°)

Convergence to the self-similar profile:

Jim [0(6) = BO)[ls zay = 0,

. LYd f—
Jim t7n(t) ~ B(O)] o o) = 0,



Some remarks: the porous medium equation

Regularity:
- Holder continuity of n(t,x) in space and time

- the pressure p(t,x) is actually Lipschitz after a waiting time (for d > 2)
Bénilan’s lecture notes: for 1 —~%(d —1) > 0
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Convergence to the self-similar profile:

Jim [|n(t) = B(t) 1 o) = O,
. LYd J—
Jim t°In(t) = B8 zry = 0,
Some literature: Aronson, Bénilan, Caffarelli, Friedman, Gil, Herrero, Vazquez,

Wolanski (1970-1987), Carrillo, Toscani (2000), Carrillo, Jingel, Markowich, Toscani,
Unterreiter (2001), Vazquez's book (2006)
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Some remarks: the fast diffusion equation

Regularity: unique C* solution, always strictly positive

Convergence to the self-similar profile:

- see Matteo Bonforte’s talk

- wait Nikita Simonov's talk
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Goal: study the quantity u(t) := max|p(t)|°|Vq(t)|?, where g = p + V
e Trivial V: there exists a positive constant C such that

max |p(t)[°|Vp(t)|]> < ¢t~ 77TV forall t > 0,
X

where a =

1 .
. Moreover, the exponent is sharp.
dv +2
Assuming no € L' (RY) N L>(RY), there exists a positive constant C such that

max |p(t)[’|Vp(t)]> < ct™*, forall t > 0.
X

e Quadratic V: let Co := sup, |po|°|Vpo + x|? < oo, there exists a positive
constant C such that

max |p(t)|°|Vq(t)|* < Coe™, forall t > 0.
X
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Ideas of proof

Let V =0, the pressure equation is

0 2
ﬁzzprp+wVpﬁ

ot
We will study max, e |¥p(t, x)|> and then choose a(p) = In|p|°.
Since we are at a maximum point

v <e“<9>@> =0, A (e"‘”)@) <0.

The first condition gives

Vp|*Vp,

o —
D*pVp =3
while from the second we get

2 4 2
A <\V§)\ ) < |V2p| (J')? = ") 7“/7\V{p\ Ap.
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Ideas of proof

fet / Y ’ p p
=e <u‘ d (7pAp+|VD|Z)+VD-V(‘/P3P+\VP\Z))

a )(,/ 2 )(,/ 4 2 / 4
—e <ﬁ>’l3(5\vm Ap+ |Vl +4|VPI*Ap +1pVp - VAp-a \Vp\‘> :
Now we use 2Vp - VAp = A(|Vp|?) — 2|D?*p|?, where |D?p|? := Zﬁjzl(&,jp)Q
12 / v 2 p
YpVp - VAp < 4p <‘ pl* (lo']* =) = o IVPE p‘ Ap) vp|D?p|

Therefore we have

o0 vpl|? o [ 1vp|* . . —
E( | f‘ )Se <‘ ‘p‘ (vple/ |2 — ypa” — o) f 4|Vp|*Ap — yp|D?p|®

—




Ideas of proof

Let us denote A := — 2 |Vp|?, & = (D%q);; fori=2,....d, &6:=>",4.
Since vp > 0, we have
d
YIVp?Ap — yp|D?p|* < 4|Vp[*(A+8) — p <A2 + Zé‘?)
2 2 (;2
<oIVpR(+ ) -0 (32 + 51 )
d—1
= 190l +2019pF 7912 it —p
= =15 [VPI" +20IVpI" = yp == IVpI" =P
Using Young's inequality, we have
— 8 [Vp|*
N 2 cap 2 A —1).
1OIVPI" < 9P+ m (d—1),

and we finally find

2 9 e 0 ! Y d —1 |2 y.
AIVp2Ap — plD?p[ < (—# pd=D e ) Vpl.



Ideas of proof

Let's come back to the main estimate

« VD2 o 4 o |o|? " o y(d-1)
< ~ A ~N— R —— .
ar( 5 ) se VPl 5+~ — 5

Choosing a(p) = bln|p| we find

v 5 ,
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where ¢ is defined as

bl , hib?
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! 2 4 4

and is negative.



Ideas of proof

Let's come back to the main estimate

\V[J\ b 4 o |’ |? o o y(d-1)
< ION e RACEIDRRY
T <\p\ SIPEIVPE =5 twp = =5 =15 +

Choosing a(p) = bln|p| we find

v 5 ,
2 (b2 < cop 1w,

where ¢ is defined as

bl , hib?

Co=— —_—
! 2 4 4

and is negative.



Ideas of proof
0
ot P

Let us first prove the claimed result for ng € L*°(RY).

b VP2 —b—1,_2 y
725 < colpl~~" o1,

For ~,b > 0, we have |p(t,x)| ="' > [p| ="~

Fory < 0,b < —1, we have |p(t,x)|°~' > [p| ..

Therefore, in both cases we find
\Y b 2h y
2 (P2 < o o vt

From this we get



Ideas of the proof

Without asking no € L>(R") we exploit the Aronson-Bénilan estimate to find

d
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which is equivalent to
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- maxy |p(t)| < Ct 2, forvy >0,

- miny |p(t)| > Cti*“”‘?jrz ,fory < 0.



Ideas of the proof

Without asking no € L>(R") we exploit the Aronson-Bénilan estimate to find

d

In(t)]|ee < Ct™ 72,

which is equivalent to

d~
+ maxy |p(t)| < Ct™ #+2, for v > 0,

- miny |p(t)| > Ct™ @2, for v < 0.

Therefore, we have

0 b\cmz 2b (b+1) 1
51 <\p\ 5 ) < ColpIpl IVp

< fCDZD\Vp\J‘t(H])ﬁ,

from which we find
u(t) < ct—1-vdb+Da



Ideas of the proof

Let us consider the quadratic potential V = |x|?/2, then

3) _
%ﬁzzmAq+Vme.mma:p+v

With the same argument, we can find

\Y b— 2 2 p p
Ot<mﬁ‘ il >§JDW "(alVal|Vpl? + c2|Va - VpI?) + cslpl’|Val,

where
C;g == n”bd - l
2
The assumptions ensure ¢o := ¢ + C2 < 0, and ¢y, c3 < 0. Therefore, we
establish
)\VQ\Z b 2 b 2
Ot\p\ < colpl’IVa - Vp|™ + cslpl"|Vql”
< cslpl’|val?,
and finally

u(t) < Coe™, Vt>o0.



Implications: rate of convergence to the Barenblatt

Time-dependent scaling:

At X) := o)1), (t)x),  @(t) = e, p(t) = e,

If n(t,x) is a solution of

then n(t, x) satisfies

By our result:
md\\p (t, )" |Vp(t, x +x| < Coe

which translate into
max |p(t,X)[° |Vp(t,x) + xtH|* < Got’t~ @,
X

with 8 = —aydb — 2 + 2a.
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Pt X" [Vp(tx) +xt7[* < Got’t 5w,

max
X

with 8 = —avydb — 2 + 2a.
For v < 0, the pressure of the Barenblatt solution is

P(t,x) =t (C— Rx|[’t3%) .

Let us take x € Cqp(t) := {X; [X|t™ € [a, b]} for some constants 0 < a < b.
For no € X \ {0} (see Nikita's talk)
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Implications: rate of convergence to the Barenblatt

p(t,0)[° |Vp(t,x) + x| < CotPt~ @2,

max
X

with 8 = —avydb — 2 + 2a.
For v < 0, the pressure of the Barenblatt solution is

P(t,x) =t (C— Rx|[’t3%) .

Let us take x € Cqp(t) := {X; [X|t™ € [a, b]} for some constants 0 < a < b.
For no € X \ {0} (see Nikita's talk)

n"«b<t. X) 2 t rmdD. ‘VP(LX)‘Z ~t 2+ Q(Y‘
Finally, we find
|VP(t

O) -7 vt 0.

2
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Thank you for the attention!



