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@ Two-particle elastic collision

® conservation of momentum
v+ve =Vv 4+ V.

® conservation of energy
VP + v = VP + v P

Variational characterization

00000000

A variational approach to a fuzzy Boltzmann equation



Collisional particle dynamics

Models

O@0000

4/21 11 September Matthias Erbar (Bielefeld):

Existence results
00000

A variational approach to a fuzzy Boltzmann equation

@ Two-particle elastic collision

® conservation of energy
VP + v = VP + v P

® conservation of momentum
v+ve =Vv 4+ V.

@ Consider scaling limit of dilute gas
B X=cy t=¢cT
® N — oo, Ne? ~ 1
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The Boltzmann equation

Ludwig Boltzmann
1844-1906
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The Boltzmann equation

Models

Ludwig Boltzmann
1844-1906

[ele] le]ele]

5/21

atf[-l- V'fot = O(ft)
——

transport term collision term
Unknown: f(x, v) : [0, T] x (R®)? — R, probability density of particles
x € R® position, v € R® velocity

Collision term:

Q(f) = /[Rstz (fi(x, V) fi(x, Vi) = fi(x, v)fi(x, v..)) B(v — vy, w) dv,.dw

Existence results Variational characterization
00000 00000000

11 September Matthias Erbar (Bielefeld): A variational approach to a fuzzy Boltzmann equation



Collision term

X 7 vk
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Collision term

Vi=v—(v—vi,ww
Ve = Ve + (V= Vi, W)w

conservation of momentum
vt v =v + V.

conservation of energy
[VIZ A+ v P = V2 + VP
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Collision term

Models
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Collision term

o) = [ (v )

R3x S2
w gain
— f(x, V)fi(x, v..) ) B(v — v, w) dv,.dw
—_——
v loss
v
Vi=v—(v—v.,ww
Vi = v + (v — v, W)w
conservation of momentum
vt v =v + V.
conservation of energy
[VIZ A+ v P = V2 + VP
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Collision term

Collision term

o) = [ (v )

R3x 82 g
w gain
— f(x, V)fi(x, v..) ) B(v — v, w) dv,.dw
N——
X 7 Vk v loss
v / ‘\ Vi=v— (V= v, W)w Collision kernel (physically)
v vk VL=V + (v — Ve, W)w
_ — _ I
conservation of momentum B(V Vi W) - |V V*l b(e)
vt v =v + V.
conservation of energy
[VIZ A+ v P = V2 + VP
Models Existence results Variational characterization
000e00 00000 00000000

6/21 11 September Matthias Erbar (Bielefeld): A variational approach to a fuzzy Boltzmann equation



Fuzzy Boltzmann equation

Equilibration in space ~ spatiially homogeneous Boltzmann equation

Oifi(v) = Qu(f)(v)
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Fuzzy Boltzmann equation

Delocalized collision
Models
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Equilibration in space ~ spatiially homogeneous Boltzmann equation
Ofi(v) = Qu(f)(v)
Delocalized collision~ Fuzzy Boltzmann equation
Oefe(x, v) + v - Vifi(x, v) = Qe(f)(x, V)
Delocalized collision term:
Qe(f) = / (f'f, — ff.)B(v — vi., w)k(x — X.) dx.dv,dw
(R3)2x 82

f= f[( av)a f* = ft(x*v V*); fl = ft( 7V/)7 f; = ft(x*v V/)

*
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Questions

Pey:={fe Ly, | £>0, [flls =1}
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Questions

Existence of weak solutions

PDE flow
/_\

t=0 o e t=T
fo given fr?

® Given f € Py,
® Exists (f;) C Py, solving fuzzy Boltzmann

equation?
Prvi={f €Ly, | £20, [[flls =1}
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Questions

Existence of weak solutions Characterization of solution curves
PDE flow
t=0 @ e =T
fy given 7? curve f;
m Givenfy € P, @ Find variational characterization of the solution

w Exists (f;) C Py, solving fuzzy Boltzmann among curves (fi)cin Py.

equation? @ Hidden structure?

Pey:={fe Ly, | £>0, [flls =1}
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® Known results and motivation
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Known results Homogeneous Boltzmann equation (x degenerated)

Inhomogeneous Boltzmann equation
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Known results
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Homogeneous Boltzmann equation (x degenerated)
Ofi(v) = Qu(f)(v)
Qu(f)(v) = / (f(V) (VL) — f(v)fi(vs)) Bdv.dw

R3 x §2
A priori estimate: [|Qu(f)l; < 21%/12,
Existence & uniqueness: Arkeryd 1972, f; € CrP,
Inhomogeneous Boltzmann equation

Existence results Variational characterization
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Known results

Models
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Homogeneous Boltzmann equation (x degenerated)
Hf(v) = Qu(f)(v)

Qu(f)(v) = (f(V) (VL) — f(v)fi(vi)) Bavidw
R3x &2
A priori estimate: [|Qu(f)l; < 21%/12,
Existence & uniqueness: Arkeryd 1972, f; € CrP,
Inhomogeneous Boltzmann equation

Ofi(x,v) + v - Vifi(x,v) = Q(f)(x,v)
Q) (X, v) = / (f06 VYR V) — (6 V)5, v.)) B v, dw
R3 x 82

Difficulty: lack of a priori estimate in L'-framework
Existence: DiPerna—Lions 1989, renormalized solutions Uniqueness: open

Existence results Variational characterization
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Motivation
Fuzzy Boltzmann equation

Ofi(x,v) + v - Vifi(x,v) = Qe(f)(x, V)

Qe(f)(x,v) = / (06, V) (ke VL) = fi(%, v)R(%, vi)) B k dx, dvi.dw

(R3)2x 82
X
Vv / N v
N
v .
V¥

Example of delocalized collision
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Motivation

Example of delocalized collision
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Fuzzy Boltzmann equation
Ofi(x,v) + v - Vifi(x,v) = Qe(f)(x, V)

Qe(f)(x,v) = / (06, V) (ke VL) = fi(%, v)R(%, vi)) B k dx, dvi.dw

(R3)2x S?

v~

A priori estimate: [|Qr(f)l| , < 2[£/13

Existence results Variational characterization
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Existence and uniqueness results

Assume B(v — v,, w) ~ (v — v, )* for p € (—o0, 1] and k(x — x,) bounded

For fy € Py,, 3! weak solution (f;) C P, of fuzzy Boltzmann equation in the sense

d
— soft—/ fv-Vyp= / © (f’f;—ff*)Bk, Y € C.
at (R3)2 (R3)? (R3)4x 2
Models Existence results Variational characterization

000000 000e0

12/21 11 September Matthias Erbar (Bielefeld): A variational approach to a fuzzy Boltzmann equation



Existence and uniqueness results

Assume B(v — v,, W) ~ (v — v, )* for i € (—o0, 1] and k(x — x..) bounded

For fy € Py,, 3! weak solution (f;) C P, of fuzzy Boltzmann equation in the sense

d 1
da (pft_/ f,v.vw:__/ ((p’—i—gp;—gp*—gp)(f/f;—ff*>8k, Yo € C°.
at (R3)2 (R3)2 4 (R34 X S2 N\ N
::?ga
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000000 000e0

12/21 11 September Matthias Erbar (Bielefeld): A variational approach to a fuzzy Boltzmann equation



Existence and uniqueness results

Assume B(v — v,, W) ~ (v — v, )* for i € (—o0, 1] and k(x — x..) bounded

For fy € Py,, 3! weak solution (f;) C P, of fuzzy Boltzmann equation in the sense

d 1
da (pft_/ f,v.vw:__/ ((p’—i—gp;—gp*—gp)(f/f;—ff*>8k, Yo € C°.
at (R3)2 (R3)2 4 G A
= Vo
® momentum conservation: vfy € L' = ||Vf]|;1 = ||V
w energy conservation:|v|?fy € L' = |||v[?f|l = |||v[*h]|u
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000000 000e0

12/21 11 September Matthias Erbar (Bielefeld): A variational approach to a fuzzy Boltzmann equation



H-Theorem

Entropy  H(f) ::/ filog f;
(R*)?

1

Entropy dissipation D(f) : —/ |ogf(f'f; - ff*)B k= 7/ ?logf(f'f; - ff*)B k
(R3)4x S2 4 (R3)4x 82
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H-Theorem

Entropy  H(f) ::/ filog f;
(R?)

2

1 -
Entropy dissipation D(f,) := —/ log f(f’f; - ff*) Bk= 7/ ¥V log f(f’f; - ff*) B k
(R3)4x 82 4 (R3)4x $2
1 _
= - / N(f'f, ff.) (Vlog £,)?B k
4 (R3)4x s2 ——
/\(a,b):ﬁ logarithm mean
l:j/lggglgo Existence results Variational characterization
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‘H-Theorem

Entropy  H(f) ::/ fylog f;
(Re)?
1

Entropy dissipation D(f;) := Z/ N(F' £ 1£.)(V log f;)?
(R3)4x S2

For a weak solution (f;); C Py, to fuzzy Boltzmann equation with H(f,) < co:

H(R) — H(fs) = /tD(f,)dr <o.
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3. Variational characterization
® GENERIC framework
® Variational characterisation
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GENERIC framework

(General Equations for Non-Equilibrium Reversible-Irreversible Coupling)

afi=  L(FDE(R) —  K(F)DH(f)
—_————

conservative Hamiltonian dissipative gradient flow

L anti-symmetric operator, £ energy, K symmetric positive-definite operator,
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GENERIC framework

(General Equations for Non-Equilibrium Reversible-Irreversible Coupling)

afi=  L(FDE(R) —  K(F)DH(f)
—_————

conservative Hamiltonian dissipative gradient flow
L anti-symmetric operator, £ energy, K symmetric positive-definite operator, H entropy

key: non-interaction condition L(f)DH(f) = K(f,)DE(f;) =0

= SE(r)=0 and SH() = (DH(R), K(H)DH(1)) <O
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GENERIC framework

(General Equations for Non-Equilibrium Reversible-Irreversible Coupling)
Oty = L(f,)DE(f,) - K(ft)DH(fi)
N———

conservative Hamiltonian dissipative gradient flow

L anti-symmetric operator, £ energy, K symmetric positive-definite operator, H entropy

key: non-interaction condition L(f)DH(f) = K(f,)DE(f;) =0

= SE(r)=0 and SH() = (DH(R), K(H)DH(1)) <O

Oy = —K(f;)DH(f,) gradient flow

Models Existence results Variational characterization
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Reformulation of fuzzy Boltzmann equation

fuzzy Boltzmann equation i = —v - V,i+Qe(f;)
formally ~» GENERIC 9, = L(f,)DE(f,)—K(f)DH(f,)
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Reformulation of fuzzy Boltzmann equation

fuzzy Boltzmann equation i = —v - V,i+Qe(f;)
formally ~» GENERIC 9, = L(f,)DE(f,)—K(f)DH(f,)

1 . 0 id 1— -
g(f[) = E / |V|2ft, H(ft) = / ftlog fl‘; L(ft)gt = —div (ft (—Id I()) vgt)a K(ft)g[ = 7Zdlv(/\(ft)vgt8k)
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Reformulation of fuzzy Boltzmann equation

fuzzy Boltzmann equation i = —v - V,i+Qe(f;)
formally ~» GENERIC 9, = L(f,)DE(f,)—K(f)DH(f,)

1 . 0 id 1— -
g(f[) = E / |V|2ft, H(ft) = / ftlog fh L(ft)gt = —div (ft (—Id I()) vgt)a K(ft)g[ = 7Zdlv(/\(ft)vgt8k)

Coincidence with analytic results: £(f;) conserved, #H(f;) decreased

Models Existence results Variational characterization
000000 00000 00@00000

16/21 11 September Matthias Erbar (Bielefeld): A variational approach to a fuzzy Boltzmann equation



Reformulation of fuzzy Boltzmann equation

fuzzy Boltzmann equation i = —v - V,i+Qe(f;)
formally ~» GENERIC 9, = L(f,)DE(f,)—K(f)DH(f,)

1 . 0 id 1— =
e(n) = 5 [ Iven 1) = [ niogt, g =~ (1 ( Sy ) Vi), k()i =~y (A0 Tak)
Coincidence with analytic results: £(f;) conserved, #H(f;) decreased

Homogeneous Boltzmann equations 0;f; = Qy(f;) has gradient flow structure (E. '21)
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A variational characterization of GENERIC

Letus set: W(f,&) := 1(& K(£)€) and W*(f,n) := $(n, K(f)~"n)
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A variational characterization of GENERIC

Letus set: W(f,&) := 1(& K(£)€) and W*(f,n) := $(n, K(f)~"n)

Then for any smooth curve (f;):c[o, 7] formally

Jr(f) == H(fr) — H(h) + /T\U(f,, —DH(f)) dt + /T\Il*(f,, Of, — L(£)DE(f)) dt > 0.

Models Existence results
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A variational characterization of GENERIC

Letus set: W(f,&) := 1(& K(£)€) and W*(f,n) := $(n, K(f)~"n)

Then for any smooth curve (f;):c[o, 7] formally
T T
0 0

Furthermore, Jr(f;) = 0 iff

i.e. (f)iepo, 1) Solves the GENERIC equation.
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A variational characterisation of the fuzzy Boltzmann equation
For the fuzzy Boltzmann equation choose formally

W(€) = (& K(NEe = g [ I9EEA)
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A variational characterisation of the fuzzy Boltzmann equation
For the fuzzy Boltzmann equation choose formally

W(€) = (& K(NEe = g [ I9EEA)

W (E) 1= 3 K() e = g [ ITERA) withn = K(1) = ~an(A()TE)
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A variational characterisation of the fuzzy Boltzmann equation
For the fuzzy Boltzmann equation choose formally

W(€) = (& K(NEe = g [ I9EEA)

W (E) 1= 3 K() e = g [ ITERA) withn = K(1) = ~an(A()TE)

This leads to

V(f, —-DH(f)) = %D(f,) entropy dissipation

. e |Ur[? pf— 1 .
W (f;, Ofy — L(f)DE(F, :mf{f/— 6f+v~Vf:—fd|vU}::fAf curve action
(f, &rfe = LRDE(R)) = Tnf { A (R)% 1(F) ) | O T 2Af)
transport collision rate equation
Models Existence results Variational characterization
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A variational characterisation of the fuzzy Boltzmann equation
For the fuzzy Boltzmann equation choose formally

W(€) = (& K(NEe = g [ I9EEA)

W (E) 1= 3 K() e = g [ ITERA) withn = K(1) = ~an(A()TE)

This leads to

V(f, —-DH(f)) = %D(f,) entropy dissipation

. 1 |Up? o N | .
W (f, Ocf — L(£)DE(T)) = Iﬂf{B / NGORION | Oufe + v - Vi = —4d|vU,} = 2.A(f,) curve action

transport collision rate equation

Rmk: Also can obtain generalised GENERIC structures for non-quadratic ¥, ¥*
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A variational characterisation of the fuzzy Boltzmann equation

Assume B(v — v,, w) ~ (v — v )# for pn € (—oo, 1] and k(x — x.) ~ (x — x,)” forv <0

Let (f;)tepo, 1) C Px,v be weakly continuous in time. If

T T
H(h), /0/(|v|2+“++|x|2)ftdt, / A(f)D(f,)dt  are finite
0

then ;
1 1
()= M) - M)+ 5 [ D) dt+ g Arla) >0
2 Jo ~—— 2 ~——

entropy dissipation curve action

Furthermore, Jr(f;) = 0 < (f):c[0,7] is @ weak solution of fuzzy Boltzmann equation.
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Ideas of proof
Consider transport collision rate equations

1
Oifi + v - Vyify = —Zdivu,, U : (RP)* x 82 =R,
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Ideas of proof
Consider transport collision rate equations

1
Oifi + v - Vyify = —Zdivu,, U : (RP)* x 82 =R,

Key:
d 1 =
—H(f) = - Vlog(f;) Uy
dt 4 ([Ra)zl X s2
Models Existence results Variational characterization
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Ideas of proof

Consider transport collision rate equations

1
Oifi + v - Vyify = —Zdivu,, U : (RP)* x 82 =R,

Key:
d 1 = 1 = Uy
—'Hf:f/ VIofU:f/ V log(f)/A(f,
dt (f) 4 Jigoyinse g(ft) Ui 4 Jigoyinse g(ft) V(1) 0
Cauchy—Schwarz inequality = H(fr) — H(fh)> — 5 fo (f) dt — S Az(f)
oo, St s
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Ideas of proof
Consider transport collision rate equations

1
Oifi + v - Vyify = —Zdivu,, U : (RP)* x 82 =R,

Key:
d 1 _ 1 _ Uy
77.[,(:,/ VIofU:f/ V log(f)/A(f,
dt (f) 4 Jgoyns g(f) U 4 Jigoyinse g(f:) (f) A
Cauchy—Schwarz inequality = H(fr) — H(fh)> — 5 fo (f) dt — S Az(f)

“=" holds < U; = —V log ,A(f,) ~ fuzzy Boltzmann equation

Justification requires careful regularisation.
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Thank you for your attention!
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