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Preliminaries (Sobolev Spaces)

We charactrize these subdifferential using the first-order differential
structure on a metric measure space introduced by Gigli

N. Gigli, Nonsmooth differential geometry - an approach tailored for
spaces with Ricci curvature bounded from below, Mem. Amer. Math.
Soc. 251 (2018), no. 1196, v+161 pp.
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Preliminaries (Sobolev Spaces)

We charactrize these subdifferential using the first-order differential
structure on a metric measure space introduced by Gigli

N. Gigli, Nonsmooth differential geometry - an approach tailored for
spaces with Ricci curvature bounded from below, Mem. Amer. Math.
Soc. 251 (2018), no. 1196, v+161 pp.

From now on we will assume that (X, d,v) is a complete and separable
metric space and v is a nonnegative Radon measure.

We say that a Borel function g is an upper gradient of a Borel function
u: X — R if for all curves v : [0, [,] = X we have

u(1(h)) |</g —/ )|t ds.

where

is the metric speed of 7.
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Preliminaries (Sobolev Spaces)

The Sobolev-Dirichlet class D*P(X) consists of all Borel functions
u : X — R for which there exists an upper gradient which lies in
LP(X,v). The Sobolev space W'P(X,d, ) is defined as

WYP(X,d,v) ;== DMP(X) N LP(X,v).
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Preliminaries (Sobolev Spaces)

The Sobolev-Dirichlet class D*P(X) consists of all Borel functions
u : X — R for which there exists an upper gradient which lies in
LP(X,v). The Sobolev space WP(X,d, ) is defined as

WYP(X,d,v) ;== DMP(X) N LP(X,v).

For every u € DVP(X), there exists a minimal p-upper gradient
|Du| € LP(X,v), i.e. we have

|Dul<g v—ae

for all p-upper gradients g € LP(X,v). It is unique up to a set of measure
zero.
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Preliminaries (Sobolev Spaces)

The Sobolev-Dirichlet class D*P(X) consists of all Borel functions
u : X — R for which there exists an upper gradient which lies in
LP(X,v). The Sobolev space W'P(X,d, ) is defined as

WYP(X,d,v) ;== DMP(X) N LP(X,v).

For every u € DVP(X), there exists a minimal p-upper gradient
|Du| € LP(X,v), i.e. we have

|Dul<g v—ae

for all p-upper gradients g € LP(X,v). It is unique up to a set of measure
zero.

The space W1P(X, d,v) is endowed with the norm

. 1/p
lull Wit = ( / 0P dv + / Duv’du) ,
: X X
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Preliminaries (The differential structure)

An LP(v)-normed module is the structure (M, || - ||nm, - | - |) where:
(M, || - llm is a Banach space, - is a multiplication of elements of M
with L*°(v) functions satisfying

f(gv) = (fg)v, and 1lv=v forevery f,g € L®(), ve M,

where 1 is the function identically equal to 1, and |- | : M — LP(v) is the
pointwise norm, i.e. a map assigning to every v € M a non-negative
function in LP(v) such that

Vlirme = Vil vl =I[fllv], v —ae.

for every f € L*°(v) and v € M.

J.M. Mazén, joint works with W. Gorny Weak solutions to gradient flows in metric measure spaces



Preliminaries (The differential structure)

An LP(v)-normed module is the structure (M, || - ||nm, - | - |) where:
(M, || - llm is a Banach space, - is a multiplication of elements of M
with L*°(v) functions satisfying

f(gv) = (fg)v, and 1lv=v forevery f,g € L®(), ve M,

where 1 is the function identically equal to 1, and |- | : M — LP(v) is the
pointwise norm, i.e. a map assigning to every v € M a non-negative
function in LP(v) such that

Vlirme = Vil vl =I[fllv], v —ae.

for every f € L*°(v) and v € M.
Let M be an LP(v)-normed module. The dual module M* is defined by

M* = HOM(M, L}(X,v)),

where, T € HOM(M, L}(X,v)) if T : M — L}(X,v) is a bounded linear
map satisfaying

T(F-v)=F-T(v) YveM, fel=Xuv). (1)
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Preliminaries (The differential structure)

To define the cotangent module to X we consider

PCM,, = {{(fi,Ai)}ieN (Adien C B(X), fi € Dlp Z/ |Dfi|P dv < oo}

ieN

where A; is a partition of X.
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Preliminaries (The differential structure)

To define the cotangent module to X we consider

PCM,, = {{(fi,Ai)}ieN . (A)ien C B(X), fi e D"P(A Z/ |Dfi|P dv < oo}

ieN

where A; is a partition of X.
We define the equivalence relation ~ as

{(Ai, ) Yien ~ {(Bj, g)}jen if |D(fi—g)| =0 v—ae onANB,.
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Preliminaries (The differential structure)

To define the cotangent module to X we consider

PCM,, = {{(fi,Ai)}ieN . (A)ien C B(X), fi e D"P(A Z/ |Dfi|P dv < oo}

ieN

where A; is a partition of X.
We define the equivalence relation ~ as
{(Ai, f)}ien ~ {(Bj,g)}jen if |D(fi—g)| =0 v—ae. onANB,.
Consider the map | - |« : PCM,/ ~— LP(X,v) given by
{(fi, A))}ien|« :== |Dfi| v-a.e. on A;, ViEN

v-everywhere on A; for all i € N, namely the pointwise norm on PCM,/ ~.
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Preliminaries (The differential structure)

In PCM,,/ ~ we define the norm || - | as
I Aenl” =3 [ 0P
ien A

and set LP(T*X) to be the closure of PCM,/ ~ with respect to this
norm, i.e. we identify functions which differ by a constant and we identify
possible rearranging of the sets A;.
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possible rearranging of the sets A;.

LP(T*X) is called the cotangent module and its elements will be called
p-cotangent vector field. LP(T*X) is a LP(v)-normed module.
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Preliminaries (The differential structure)

In PCM,,/ ~ we define the norm || - | as

AN el = 3 [ 1Dfp

ieN

and set LP(T*X) to be the closure of PCM,/ ~ with respect to this
norm, i.e. we identify functions which differ by a constant and we identify
possible rearranging of the sets A;.

LP(T*X) is called the cotangent module and its elements will be called
p-cotangent vector field. LP(T*X) is a LP(v)-normed module.

We will assume that % + % =1 and we denote by L9( TX) the dual
module of LP(T*X), namely L9(TX) := HOM(LP(T*X), L1(X, v)),
which is a L9(v)-normed module. L9(TX) is called the tangent module.
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Preliminaries (The differential structure)

In PCM,,/ ~ we define the norm || - | as
I Aenl” =3 [ 0P
ien A

and set LP(T*X) to be the closure of PCM,/ ~ with respect to this
norm, i.e. we identify functions which differ by a constant and we identify
possible rearranging of the sets A;.

LP(T*X) is called the cotangent module and its elements will be called
p-cotangent vector field. LP(T*X) is a LP(v)-normed module.

We will assume that % + % =1 and we denote by L9( TX) the dual
module of LP(T*X), namely L9(TX) := HOM(LP(T*X), L1(X, v)),
which is a L9(v)-normed module. L9(TX) is called the tangent module.

The elements of L9(TX) will be called g-vector fields on X.
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Preliminaries (The differential structure)

The duality between w € LP(T*X) and X € L9(TX) will be denoted by
w(X) € LYX,v).
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Preliminaries (The differential structure)

The duality between w € LP(T*X) and X € L9(TX) will be denoted by
w(X) € LYX,v).
Definition

Given f € DYP(X) we can define its differential df as an element of
LP(T*X) given by the formula df = (f,X).
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Preliminaries (The differential structure)

The duality between w € LP(T*X) and X € L9(TX) will be denoted by
w(X) € LYX,v).

Definition

Given f € DYP(X) we can define its differential df as an element of
LP(T*X) given by the formula df = (f,X).

from the definition of the pointwise norm, it is clear that

|df|. = | Df| v-a.e. on X for all f € WP(X, d,v).
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Preliminaries (The differential structure)

The duality between w € LP(T*X) and X € L9(TX) will be denoted by
w(X) € LYX,v).
Definition

Given f € DYP(X) we can define its differential df as an element of
LP(T*X) given by the formula df = (f,X).

from the definition of the pointwise norm, it is clear that

|df|. = | Df| v-a.e. on X for all f € WP(X, d,v).

If X € L9(TX), we have |X| € L9(X,v). From now on, to simplify, we
will write
1Xllg = X[l o .0)-
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Preliminaries (Divergence of vector field)

For g € (1,00 and 2 + 1 =1, we set

DI (X) = {x €LYTX): 3IfeL"(X,v) Vge W'P(X,d,v)NL5(X,v)

/ngdl/——/xdg(X)du}.
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Preliminaries (Divergence of vector field)

For g € (1,00 and 2 + 1 =1, we set
DI (X) = {x €LYTX): 3IfeL"(X,v) Vge W'P(X,d,v)NL5(X,v)

/ngdl/——/xdg(X)dl/}.

The function f, which is unique by the density of W1P(X, d,v) in
LP(X,v), will be called the (g, r)-divergence of X. We will write
div(X) = f.
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Preliminaries (Divergence of vector field)

For g € (1,00 and 2 + 1 =1, we set
DI (X) = {x €LYTX): 3IfeL"(X,v) Vge W'P(X,d,v)NL5(X,v)

/ngdl/——/xdg(X)du}.

The function f, which is unique by the density of W1P(X, d,v) in
LP(X,v), will be called the (g, r)-divergence of X. We will write
div(X) = f.

/ gdiv(X)dv = — / dg(X)dv, VYge W'P(X d,v)n L (X,v).
JX JX
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Preliminaries (Divergence of vector field)

For g € (1,00 and 2 + 1 =1, we set

DI (X) = {x €LYTX): 3IfeL"(X,v) Vge W'P(X,d,v)NL5(X,v)

/ngdl/——/xdg(X)dl/}.

The function f, which is unique by the density of W1P(X, d,v) in
LP(X,v), will be called the (g, r)-divergence of X. We will write
div(X) = f.

/ gdiv(X)dv = — / dg(X)dv, VYge W'P(X d,v)n L (X,v).
JX JX

Furthermore, whenever Lipschitz functions are dense in WP(X, d,v),
then the divergence does not depend on r in the following sense: if f is
the (g, r)-divergence of X and f € L"' (X, v), then it is also the

(g, r')-divergence of X.
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The p-Laplacian evolution equation

Let 1 < p < co and we assume that (X, d) is complete and separable and
that v is a nonnegative measure which is finite on bounded sets.
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The p-Laplacian evolution equation

Let 1 < p < co and we assume that (X, d) is complete and separable and
that v is a nonnegative measure which is finite on bounded sets.

The p-Cheeger energy (restricted to L?(X,v)) Ch, : L3(X,v) — [0, +o0]
is defined by the formula

l/|Du|”dz/ ue WHP(X,d,v) N LA(X,v)
= P Jx

Chp(u)
+00 ue L2(X,v)\ WHP(X, d,v).

(2)
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The p-Laplacian evolution equation

Let 1 < p < co and we assume that (X, d) is complete and separable and
that v is a nonnegative measure which is finite on bounded sets.

The p-Cheeger energy (restricted to L?(X,v)) Ch, : L3(X,v) — [0, +o0]
is defined by the formula

l/|Du|pdu ue WHP(X,d,v) N LA(X,v)

Chy(u) (2)
+00 ue L2(X,v)\ WHP(X, d,v).
The abstract Cauchy problem
u'(t) +0Chp(u(t)) 30, tel0,T]
(3)
u(0) = up

has a unique strong solution for any initial datum up € L?(X,v).
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The p-Laplacian evolution equation

Definition
(u,v) € A, if and only if u, v € L>(X,v), u € WHP(X,d,v) and there
exists a vector field X € D92(X) such that the following conditions
hold:

—div(X)=v inX; (4)

du(X) = |dul? = |X|? v-ae. in X. (5)
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The p-Laplacian evolution equation

Definition
(u,v) € A, if and only if u, v € L*(X,v), u € WP(X, d,v) and there
exists a vector field X € D9?(X) such that the following conditions
hold:

—div(X)=v inX; (4)

du(X) = |dul? = |X|? v-ae. in X. (5)

Theorem

0Ch, = A,. Furthermore, the operator A, is completely accretive and
the domain of A, is dense in L2(X,v).
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Sketck of the proof. First we probe that

A, € 0Ch,

«40O>» 4AFr «=)>» «=)» = Q>



The p-Laplacian evolution equation

Sketck of the proof. First we probe that

Ap € 9Ch,

Then, if we show that A, is maximal monotone, we have 9Ch, = A,.
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The p-Laplacian evolution equation

Sketck of the proof. First we probe that

Ap € 9Ch,

Then, if we show that A, is maximal monotone, we have 9Ch, = A,.
The more diffucult part is to prove that A, satisfies the range condition,

ie.
Given g € L3(X,v), Ju € D(A,) s.t. g€ u+ Ay(u). (6)
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The p-Laplacian evolution equation

Sketck of the proof. First we probe that

Ap € 9Ch,

Then, if we show that A, is maximal monotone, we have 9Ch, = A,.

The more diffucult part is to prove that A, satisfies the range condition,
i.e.
Given g € L3(X,v), Ju € D(A,) s.t. g€ u+ Ay(u). (6)

We prove (6) by means of the Frenchel-Rockafellar duality Theorem.
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The p-Laplacian evolution equation

Sketck of the proof. First we probe that

Ap € 9Ch,

Then, if we show that A, is maximal monotone, we have 9Ch, = A,.
The more diffucult part is to prove that A, satisfies the range condition,
i.e.

Given g € L3(X,v), Ju € D(A,) s.t. g€ u+ Ay(u). (6)
We prove (6) by means of the Frenchel-Rockafellar duality Theorem.

Finally we show that A, is complely accretive in L?(X,v).
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The p-Laplacian evolution equation

Corollary

The following conditions are equivalent:

(a) (u,v) € OChp;

(b) u,v € L?(X,v), ue WHP(X, d,v) and there exists a vector field

X € D9%(X) with |X|9 < |du|f v-a.e. such that —div(X) = v in X and
for every w € L?(X,v) N WHP(X, d,v)

/Xv(wfu)dl/g/XdW(X) dz/f/x\duﬂk’dz/; (7)

(c) u,v e L2(X,v), ue WHP(X,d,v) and there exists a vector field
X € D92(X) with |X|9 < |du|? v-a.e. such that —div(X) = v in X and
for every w € L2(X,v) N WLP(X, d,v)

/Xv(w—u) dz/:/XdW(X) du—/x|du|{:du. (8)
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The p-Laplacian evolution equation

Definition
We define in L2(X, v) the multivalued operator A, by

(u,v) € A, if and only if —v € OChp(u).
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The p-Laplacian evolution equation

Definition
We define in L2(X, v) the multivalued operator A, by
(u,v) € A, if and only if —v € OChp(u).

We have that the abstract Cauchy problem (3) corresponds to the
Cauchy problem for the p-Laplacian, i.e.,

{ Oru(t) € A, (u(t)), te]0,T]
u(0) = up.
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The p-Laplacian evolution equation

Definition

Given ug € L?(X,v), we say that u is a weak solution of the Cauchy
problem (9) in [0, T], if u € WYL(0, T; L3(X, v)), u(0, ") = up, and for
almost all t € (0, T)

ug(t, ) € Appu(t,-). (10)

In other words, if u(t) € WHP(X, d,v) and there exist vector fields
X(t) € D9%(X) such that for almost all t € [0, T] the following
conditions hold:

div(X(t)) = ue(t,:) in X

IX(£)|9 = du(t)(X(t)) = |du(t)]P v-ace. in X.
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The p-Laplacian evolution equation

Theorem

For any ug € L?(X,v) and all T > 0 there exists a unique weak solution
u(t) of the Cauchy problem (9) in [0, T], with u(0) = uy. Moreover, the
following comparison principle holds: if uy, u, are weak solutions for the
initial data uy g, up € L?(X,v) N L"(X,v), respectively, then

l(ur(t) — wa(E)Fllr < l(ur0 — o) tll, foralll<r<oco. (11)

y

J.M. Mazén, joint works with W. Gorny Weak solutions to gradient flows in metric measure spaces



Some important particular cases

p-Laplacian in weighted Euclidean spaces

Endow RV with the Euclidean distance dg,c;. For a nonnegative Radon
measure v in (RN dg,.), we refer to the metric measure space

(RN, deyer, v) as a weighted Euclidean space.
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Some important particular cases

p-Laplacian in weighted Euclidean spaces

Endow RV with the Euclidean distance dg,c;. For a nonnegative Radon
measure v in (RN dg,.), we refer to the metric measure space

(RN, deyer, v) as a weighted Euclidean space.

p-Laplacian in Finsler manifolds
Let (M, F) by a geodesically complete, reversible Finsler manifold, with
metric with metric

de(x,y) :=inf {€e(v) : 7:[0,1] = M piecewise C* with ¥(0) = x, (1) = y]
where )
) = [ RO 4(0) de

If v is non-negative Radon measure on (M, dg), the metric measure
space (M, dr,v) satisfes our assumptions
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The Cauchy problem
{ ug(t, x) :div<

Du(t,x .
2 (0,7) XX,
u(0,) = tofx) n X

(12)
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The total variation flow

The Cauchy problem

u(t, x) = div (%) in (0,T)xX, (12)
u(0, x) = up(x) in X.

We need to assume that the metric space (X, d) is complete, separable,
equipped with a doubling measure v, and that the metric measure space
(X, d,v) supports a weak (1,1)-Poincaré inequality.
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The total variation flow

The Cauchy problem
ue(t, x) = div (%) in (0, T) x X,
u(0, x) = up(x) in X.

We need to assume that the metric space (X, d) is complete, separable,
equipped with a doubling measure v, and that the metric measure space
(X, d,v) supports a weak (1,1)-Poincaré inequality.

(12)

For u € L}(X,v), we define the total variation of u on an open set
Q C X by the formula

|Dul,(Q2) := inf{liminf/ [Vup|dv : uy € Lipioe(R), up — uin Ll(Q,z/)},
n— o0 Q
(13)
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The total variation flow

The Cauchy problem
ue(t, x) = div (“5;5;»;))'”) in (0, T) x X,
u(0, x) = up(x) in X.

We need to assume that the metric space (X, d) is complete, separable,
equipped with a doubling measure v, and that the metric measure space
(X, d,v) supports a weak (1,1)-Poincaré inequality.

(12)

For u € L}(X,v), we define the total variation of u on an open set
Q C X by the formula

|Dul,(Q2) := inf{liminf/ [Vup|dv : uy € Lipioe(R), up — uin Ll(Q,z/)},
n— o0 Q
(13)
[Vu|(x) := limsup luly) = u(x)]

y—X d(X7y) ’
is the slope of u, and

BV(X,d,v) = {ue [}(X,v) : |Du|,(X) < oc}.
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The total variation flow

The energy functional TV : L2(X,v) — [0, +oc] defined by
|Dul, (X) if ue BV(X,d,v) N L3(X,v),

TV(u) = (14)
+o0 if ue 2(X,v)\ BV(X,d,v).
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The total variation flow

The energy functional TV : L2(X,v) — [0, +0c0] defined by
|Dul, (X) if ue BV(X,d,v) N L3(X,v),
TV(u) = (14)
+00 if ue 2(X,v)\ BV(X,d,v).

We need a Green formula of the Anzellotti type.
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The total variation flow

The energy functional TV : L2(X,v) — [0, +0c0] defined by

|Dul, (X) if ue BV(X,d,v) N L3(X,v),
TV(u) = (14)
+00 if ue 2(X,v)\ BV(X,d,v).

We need a Green formula of the Anzellotti type.

Definition
Suppose that the pair (X, u) satisfies

1 1
div(X) € LP(X,v), we BV(X,d,v)nLI(X,v), - + i 1. (15)

Then, given a Lipschitz function f € Lip(X) with compact support, we
set

((X, Du), f) ::f/xudf(X)dz/f/ufdiv(X)du.

X
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The total variation flow

Theorem

Suppose that the pair (X, u) satisfies the condition (15). Then

/Xudiv(X)dV—l—/X(X,Du):Q
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The total variation flow

Theorem

Suppose that the pair (X, u) satisfies the condition (15). Then

/}gudiv(X)du%—/X(X,Du):O.

Definition

(u,v) € Ay if and only if u,v € L*(X,v), u € BV(X, d,v) and there
exists a vector field X € D>?(X) with ||X||oo <1 such that the
following conditions hold:

—div(X)=v inX;

(X, Du) =|Du|, as measures.
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The total variation flow

Theorem

0TV = A;. Furthermore, the operator A is completely accretive and
the domain of Ay is dense in L?(X,v).
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The total variation flow

Theorem

0TV = A;. Furthermore, the operator A is completely accretive and
the domain of Ay is dense in L?(X,v).

Definition
We define in L?(X,v) the multivalued operator Ay, by

(u,v) € Ay, if and only if, —v € aTV(u).
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The total variation flow

Definition

Given ug € L?(X,v), we say that u is a weak solution of the Cauchy
problem (12) in [0, T], if u € WY1(0, T; L3(X, v)), u(0,-) = up, and for
almost all t € (0, T)

ur(t,-) € Ap (¢, ). (16)
In other words, u(t) € BV(X, d,v) and there exist vector fields
X(t) € D>2(X) with || X(t)||cc < 1 such that for almost all t € [0, T]
the following conditions hold:

div(X(t)) = u(t,-) in X

(X(t), Du(t)) = |Du(t)|, as measures.
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The total variation flow

Theorem

For any ug € L?(X,v) and T > 0 there exists a unique weak solution
u(t) of the Cauchy problem (12) with u(Q) = uy. Moreover, the following
comparison principle holds: if uy, u, are weak solutions for the initial data
u1,0, Uzo € L2(X,v) N L"(X,v), respectively, then

[(ur(t) — ()Tl < (10 — w20)™|l, foralll<r<oo. (17)

We also have

d v
H < M, for every t >0, (18)
SN V) ‘
and
—u(t) < —), v-a.e. on X for every t >0 ifup > 0.  (19)
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Asymptotic Behaviour

L. Bungert and M. Bunger, Asymptotic Profiles of Nonlinear
Homogeneous Evolution. Journal of Evolution Equation 20 (2020),
1061-1092.
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Asymptotic Behaviour

L. Bungert and M. Bunger, Asymptotic Profiles of Nonlinear
Homogeneous Evolution. Journal of Evolution Equation 20 (2020),
1061-1092.

Assume v(X) < oo, we have that Ch,, is coercive if satisfies to the
following Poincaré inequality

|t =T ey < MChp(u) Ve WH(X,d, )N LX), (20)

U= V(IX)/XudV

u—Tll2epy < MTV(u) YueBV(X,d,v)nL*(X,v), (21)

where

for 1 < p < o0; and

for p=1.
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Asymptotic Behaviour

Theorem

Assume that v(X) < oo and the Poincaré inequality (20) holds, for

1< p<ooand (21), for p=1. For ug € L?(X,v), let u(t) be the weak
solution of the Cauchy problem (9), for 1 < p < oo, and the weak
solution of the Cauchy problem (14), for p = 1. Then, we have

(i) (Finite extinction time) For 1 < p < 2,

lluo — Tollf> ..,

Tosl) < G paa(Chy)

where
Tex(uo) :=inf{T >0 : u(t)=T, Vt>T}.

(ii) (Infinite extinction time) For p > 2,

Tex(tp) = +o00.
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Total variation flow on bounded domains

We consider the Neumann problem, i.e.

ue(tx) = div (peesl-)  in (0, T) x @

g—;:: ‘Eil”‘y =0 in (0, T) x 0%; (22)
u(0, x) = up(x) in Q.
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Total variation flow on bounded domains

We consider the Neumann problem, i.e.

u(t, x) = div (‘g’;(gf;)}y) in (0, T) x Q;
g—;: ‘Ei”‘y-nzo in (0, T) x 0%; (22)
u(0,x) = wp(x) in Q.
In order to study the Neumann problem (22), consider the associated
energy functional TV : L2(Q,v) — [0, +00] defined by

|Dul, () if ue BV(Q,d,v)N L%(Q,v);
TVn(u) = (23)
+00 if ue L2(Q,v)\ BV(Q,d,v).
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Total variation flow on bounded domains

We consider the Neumann problem, i.e.

ue(tx) = div (peesl-)  in (0, T) x @

g—;:: ‘Eil”‘y =0 in (0, T) x 0%; (22)
u(0,x) = wp(x) in Q.

In order to study the Neumann problem (22), consider the associated
energy functional TV : L2(Q,v) — [0, +00] defined by

|Dul, () if ue BV(Q,d,v)N L%(Q,v);
TVn(u) = (23)
+00 if ue L2(Q,v)\ BV(Q,d,v).

Then, by the Brezis-Komura theorem there exists a unique strong
solution of the abstract Cauchy problem

{ u’((ot))+ OTVn(u(t)) >0 forte|0,T]; (24)

where up € L?(Q,v).
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Total variation flow on bounded domains

Theorem

For any up € L?(Q,v) and all T > 0, there exists a unique weak solution
of the Neumann problem (22) in [0, T]. Moreover, the following
comparison principle holds: for all g € [1,00], if uy, u, are weak solutions
for the initial data uy g, up o € L2(Q,v) N LI(Q,v) respectively, then

1(un(t) = ua(t)) T llg < (10 — u20) " |lg- (25)
We also have
H (1) < 7||UOHL2(Q’U) for every t > 0,
dt |20,

and if ug > 0, then additionally

du(t) o )

t
dt = t

v —a.e. on X for every t > 0.
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Total variation flow on bounded domains

We consider the Dirichlet problem

ue(t, x) = div (%) in (0, T) xQ
u(t, x) = f(x) in (0, T) x 0%;

u(0, x) = up(x) in Q,

(26)

J.M. Mazén, joint works with W. Gorny Weak solutions to gradient flows in metric measure spaces



Total variation flow on bounded domains

We consider the Dirichlet problem

ue(t, x) = div (%) in (0, T) xQ
u(t, x) = f(x) in (0,T) x 0%; (26)
u(0, x) = up(x) in Q

Theorem

Let f € L}(8Q,|Dy,|v). For any uy € L*(Q,v) and T > 0 there exists a
unique weak solution of the Dirichlet problem (26) in [0, T]. Moreover,
the following comparison principle holds: for any q € [1,00], if uy, up are
weak solutions for the initial data uy o, uxo € L*(Q,v) N LI(Q,v)
respectively, then

I(us () = t2(£)) " llg < [I(ur0 — 2.0) " llg- (27)
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Applications to related problems

The techniques we have developed have served us for study the following
problems:

(1) Least gradient functions on metric measure spaces

(2) The Cheeger problem: Cheeger and calibrable sets in metric measure
spaces

(3) The eigenvalue problem associated with the 1-Laplacian

(4) The Cheeger cut problem in metric mesure spaces
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