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A bit of the state of the art @

Let p be a population density and v its velocity field and consider the model

dp 0 _
E—FET( pv) =0,
Do)+ 2o =11l

with initial data in a space of probability measures.

In [Natile, Savaré, '09], the one dimensional, f = 0 case is studied.

In [Brenier, Gangbo, Savaré, Westdickenberg, '13], the one-dimensional, f-nonlocal case is
investigated.

In [Carrillo, Choi, Tse, '18], authors study the multi-dimensional, damped case with f made up
by internal energy, confinement and nonlocal interaction terms.
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The model @

Let p1 and p2> be two species of agents interacting with each other. Let v, and v» be their velocity
fields, respectively. Let o > 0 be the damping parameter.
The one-dimensional system we deal with is

4 )
0
8ptl T T (pl Vl) 0
0
aptz T o (pz V2) 0
(Second order system)

a(ﬂlVl) + a(ﬁlvl) = —0p1ivi — p1[K{1 * p1 4 Kip * p2];

0 0

Fp(P2v2) + a(pzvzz) = —op2va — p2[Kaz * p2 + Kay % pa].

. J
equipped with initial data

(P2, v2)(t = 0) = (P2, v2)-
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Discrete particle counterpart @

(Second order system) has a natural discrete particle counterpart. Let us consider xi, ..., xy as N
particles of the first species with masses my, ..., my, and y1, . .., ym as M particles of the second
species with masses ni, ..., ny. The dynamics of x; and y; are determined by

Xi = —0X; — Z kalll (X,' — Xk) - Z nkK{2 (X,‘ - yk)7
k#i k

_0'}7j — Z nkKéz(yj = yk) = Z kazll (yj — Xk),
k4] k

(Second order particle system)

withi=1,...,Nandj = 1,..., M and the following initial data

{Xi(o) Xi, {)’J(O) =Y
Xi(0)

¥i(0) = wj.
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Goals @

The goals are:
prove a well-posedness result in the case of smooth interaction potentials;

investigate the large damping limit, proving that, under a suitable rescaling,
(Second order system) converges towards the corresponding first order system;

show a large-time collapse result in the case of Newtonian self-interaction potentials.
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Time scaling and formal large damping limit

Consider the new time variable = = t /o, introduce the scaled particle trajectories:

xi(t) = xi(7) = xi(t/o),  yi(t) = &§(r) = §(t/o)

and notice that )
xi(0) =0v;,  §(0) = ow;.
Thus, (Second order particle system) becomes

o 2%i(7) = —Xilr) = D mieKia (xi(7) = xu(r)) = Y K (xi(r) — (7))

k#i k

o 2G(1) = —€i(m) = Y mKa(&i() — &) = D mickz (&() — xu(T))

ki
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Time scaling and formal large damping limit @

A formal limit 0 — +oc leads to the first order ODE system

Xi(r) = = Y meKin(xi(r) = xx(7)) = Y K12 (xi(7) — &k(7)),

ki

G(1) == mKn(&(r) — &()) = D mKai(§(7) — x«(7))-
k

ki
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Time scaling and formal large damping limit

A formal limit 0 — +oc leads to the first order ODE system

Xi(r) = = > miKia(xi(r) — x(r

) = > meKiz(xi(r) — &(7)),
ki k
G(1) == mKn(&(r) — &()) = D mKai(§(7) — x«(7))-
=z K

Considering the same definition of 7, at continuous level, as o — +oo we formally get the first
order PDE system

0 0
8p7_1 &[PlKlll*Pl'*‘PlKllz*lh]:
0 0
ap: = &[IDKz’z * p2 + paKay * pa].
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Sticky particle assumption @

Since we consider a second order pressure-less Euler system, densities p; are not forced to be
absolutely continue with respect to Lebesgue measure, so collisions may occur.

The dynamics we adopt is the sticky particle dynamics, according to which when two particles
of the same species collide, then the stick and are not allowed to split.

So that, in dimension one, we will introduce an operator that assures us that particles cannot
cross each other.
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Pseudo-inverses and Lagrangian description @
Let P»(R?) be the set of probability measures on R with finite second moment, i.e.,
Jpa|x[? dpu(x) < oo forall p € Po(RY). The 2-Wasserstein distance Wa(y, n) between two measures
w1 € P2(RY) is defined by
W) = [ - yPdatay)  withy € Mo,
RY xR

where Mo (1, n) denotes the class of the optimal plans between p and 7.
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Pseudo-inverses and Lagrangian description @

Let P»(R?) be the set of probability measures on R with finite second moment, i.e.,
Jpa|x[? dpu(x) < oo forall p € Po(RY). The 2-Wasserstein distance Wa(y, n) between two measures

w1 € P2(RY) is defined by
W21, ) = / / X~ yPdy(ay)  withy € No(u,n),
RY xR

where Mo (1, n) denotes the class of the optimal plans between p and 7.
In the one-dimensional case, there exists a unique optimal plan 4 € MN,(x, 1), and it can be
characterised by the pseudo-inverses of 1 and n: given p € P(R), its pseudo-inverse is

X, (m) = inf{x : M,(x) > m} forallm e Q,
where Q = (0, 1) and M, is the cumulative distribution of the measure y, i.e.,
M, (x) == p((—o0, x]) forall x € R.
The map X, is right-continuous and non-decreasing. Moreover,
p € P2(R) if and only if X,, € L*(Q).
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Pseudoinverses and Lagrangian description @

Finally, introducing
X = {X € [*(Q) : Xisnon-decreasing},
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Pseudoinverses and Lagrangian description @

Finally, introducing
X = {X € [*(Q) : Xisnon-decreasing},
we have that the map
V: Po(R) 3 p— X, € K

is a distance-preserving bijection between the space P»(R) and the convex cone X.
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Pseudoinverses and Lagrangian description @

Finally, introducing
X = {X € [*(Q) : Xisnon-decreasing},

we have that the map
V: Po(R) 3 p— X, € K

is a distance-preserving bijection between the space P»(R) and the convex cone X.
Let Ix : L2(Q) — [0, 4+00) be the indicator function of the L?-convex cone X, that is

he(X) = 0 if X € XK,
= " ]+ otherwise.

The sub-differential of /i in X is

e (X) = {Z € 12(Q) : 0> [, Z(X — X)dm, forall X € X} ifX € X,
y e otherwise.
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Lagrangian description @
Let ¢ := o—2. Considering (p1, p2, v1, v») solution to (Second order system) and defining the maps
Xi,Vi,i=1,2,as

Xi(t, ) =W(pi(t,"), Vi(t,) = vi(t, Xi(t, ) = 0eXi(t, ),
(Second order system) can be reformulated in Lagrangian terms as
4 )
EX1(t, m) + X1(t, m) + 8/3((X1(t, m)) > EV1(ITI) + Y1(m)
t
+ [ B ). X nlm) o,
0
eXa(t, m) + Xa(t, m) 4 8lxc(Xa(t, m)) 3 eVa(m) + Xa(m)
t
+ [ Bt X nlm) o,
0
. J

where

(Lagrangian system)

Fi[X:, Xj](m) = — /Q K (X,-(r, m) — Xi(r, m')) dm’ — /Q ¢ (Xi(r,m) — Xi(r, m/)) dm’.
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Assumption and definition of solution @

A function K : R — Ris called an admissible potential if

KeW>>[R), K(0)=0, K(—x)=K(x). (Adm)
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Assumption and definition of solution @

A function K : R — Ris called an admissible potential if

KeW>>[R), K(0)=0, K(—x)=K(x). (Adm)

Let the kernels Kj; be as in (Adm). Let X1, X» € X and V1, Vs € [*(Q) be given. A Lagrangian
solution to (Lagrangian system) with initial data (X1, X2, V1, V2)isapair
(X1, X2) € Liploc([o, 00); K) x Lipiec([0, 00); X) satisfying X1(0) = X1, X2(0) = X2 and

(Lagrangian system) for a. e. t € [0, c0).

Valeria Iorio - Second order tv

pecil with local interactions and large d ing, GFftf, Lyon, Sep 12,2023




Existence and uniqueness @

Proposition

Ler T > 0 and suppose that the kernels Kj; satisfy (Adm). Then, for every

(X1, X2, V1, V2) € K x L3(0,1)? there exists a unique Lagrangian solution (X1, X2) to
(Lagrangian system) in [0, T].

As in [BGSW], the proof is based on standard Maximal Monotone Operators Theory by Brezis. In
particular, (Lagrangian system) can be understood as a Lipschitz perturbation to a Maximal
Monotone Operator.
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Existence and uniqueness @

Proposition
Let T > 0 and suppose that the kernels K satisfy (Adm). Then, for every

(X1, X2, V1, V2) € K x L3(0,1)? there exists a unique Lagrangian solution (X1, X2) to
(Lagrangian system) in [0, T].

As in [BGSW], the proof is based on standard Maximal Monotone Operators Theory by Brezis. In
particular, (Lagrangian system) can be understood as a Lipschitz perturbation to a Maximal
Monotone Operator.

Let T > 0 and suppose that the kernels K satisfy (Adm). Let p1, p> € P2(R) and vy € L*(dp1) and
Vo € L?(dp2). Then, there exists a unique quadruple

(p1:p2,v1, v2) € Lip([0, T]; P2(R) x P2(R) x L*(dpa(t)) x L*(dpa(t)))

that is a distributional solutions to (Second order system) such that, fori = 1,2,

|tlﬂ)'lp,'(t,-)=p,' mn sz(R), |tlfgp,'(t,-)v,'(t,-)=p,'v,' n M(R)

Bthoui \ZAS,
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Large damping limit @

Let T > 0 and suppose that the kernels Kj; satisfy (Adm). Let (p3, p5, vi , v5 ) be solution to
(Second order system) withe = o2 under the initial condition (p3, p5, Vi, V5 ) and let (p1, p2) be
solution to (First order system) with initial data (p1, p2). Furthermore, assume that

(i) pi — p1andps — p2 ase — 0inP2(R);
(i) v§ = o(1/¢) inL?(dps) and 5 = o(1/e) in L*(dp5) ase — 0.
Then,

)
iy [ W3 (05, 5)s (o, ) e = 0.
0

e—0

Observe that initial data are not well-prepared in the velocity variable.

Indeed v = \% v;, then assumption (ii) is satisfied in case v; € L2(d,5,-), i = 1,2, are given and

independent of e.
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Sketch of the proof @

If (Xg, X&) a solution to (First order system) via pseudo-inverses variables, then Z, = (X3, X&)
fulfills

Zo(t'7 m) + (9/%2(20(1'7 m)) > ?o(m) + /Ot L(Zo(r7 m)) dr.

UNIVERSITA DISIM
DEGLI STUDI ( : : ,
DELL'AQUILA
Valeria Iorio - Second order two-speci with local interactions and large d ing, GFftf, Lyon, Sep 12,2023




Sketch of the proof @

If (Xg, X&) a solution to (First order system) via pseudo-inverses variables, then Z, = (X3, X&)
fulfills

t
Zo(t'7 m) + (9/%2(20(1'7 m)) > ?o(m) + / L(Zo(r7 m)) dr.
0
If (X1, X2) is the solution to (Second order system), then Z. = (X1, Xz) satisfies
t
Z.(t,m) + Z.(£, m) + Oz (Z-(£, m)) 3 0. (m) + Z-(m) + / L(Z.(r, m)) dr,
0

where Ue = (\/17 Vz) and L((Xl, Xz)) = (Fl[X17X2], F2[X1,X2]).
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Sketch of the proof @

If (Xg, X&) a solution to (First order system) via pseudo-inverses variables, then Z, = (X3, X&)
fulfills

t
Zo(t‘7 m) + (9/%2(20(1'7 m)) > ?o(m) + / L(Zo(r, m)) dr.
0
If (X1, X2) is the solution to (Second order system), then Z. = (X1, Xz) satisfies
t
EZE(t, m) + Z.(t, m) + Oly2(Z-(t, m)) 3 eUc(m) + Zo(m) + / L(Z-(r, m))dr,
0

where U. = (V4, Vo) and L((X1, X2)) = (F1[X1, X2], F2[ X1, X2]). Considering the difference of the
two inclusions above, after some manipulations we have

%% ;(Zs(t, m) — Zo(t, m))2dm+ 1%5/(;(25@ m) — Zo(t, m))2 dm
<3 [ [EUm) + Zem) - Zo(m)]* dm+ 5 [ Z3(e,m)

+C%/Ot/n(Zs(t7m)—Zo(t.,m))2dmdr7

where C is a fixed constant depending on the operator L. Finally, we integrate in time and apply

)
Gronwall’s Lemma. ;
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Newtonian potentials @

Assume Kiz2(x) = Ka2(x) = N(x) = |x| and K12 = K21 = H. Consider also two uniformly convex
external potentials A; and A such that

A > Nix[* and  xAl(x) > ailx|? (Coer)
with positive «; and );, for i=1, 2. The system is
4 )
3/)1 0 _
W + 7(p1V1) =0,
apz
o T *(pzvz) 0,
0]
a(plvl) + a(plﬁ) = —op1vi — p1[N" % p1 + H * p2 + Ai],
0]
PelP2v2) + X(szzz) = —op2v2 — p2[N' % p2 + H % p1 + Az].
\_ J
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Lagrangian description @

The system in Lagrangian coordinates is
( )

0t X1 = V1,
0t X2 = Vo,

PAZIERS / sign(Xy(m) — Xa(m")) dm’
Q
_/ H' (Xs(m) — Xa(m')) dm’ — o V4 — Aj(Xy), (Newtonian system)
Q

8tV2 = —/Qsign(Xz(m) — Xz(m/)) dm'

— /Q Hl(Xz(m) — Xl(m')) dm/ — 0’\/2 — Alz(Xz)
\_ J
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Lagrangian description @

The system in Lagrangian coordinates is
( )

0t X1 = V1,
0t X2 = Vo,

PAZIERS / sign(Xy(m) — Xa(m")) dm’
Q
_/ H' (Xs(m) — Xa(m')) dm’ — o V4 — Aj(Xy), (Newtonian system)
Q

8tV2 = —/Qsign(Xz(m) — Xz(m/)) dm'

— /Q Hl(Xz(m) — Xl(m')) dm/ — O'V2 — Alz(Xz)
\_ J

Stationary solutions are (pi, p3) = (do, do), where § is the Dirac measure, which corresponds to
(X1, X5) = (0,0) in terms of the Lagrangian description.
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Existence result @

Proposition

Assume H as in (Adm). Assume A1, A; € C*(R). Then, for every initial data (X1, X>, V1, V) there
exists a generalised Lagrangian solution to (Newtonian system) with initial data (X1, X2, V1, V2).

Notice that the external potentials A; and A> do not affect the study of existence of solutions, but
are only required in the study of asymptotic behaviour.
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Large-time collapse @

Let H be an attractive potential as in (Adm). Assume Ay, A2 € C 2(]R) as in (Coer). Let
(X1, X2) € Lip, ([0, 00), X)? be a generalised Lagrangian solution to (Newtonian system). Assume
that the initial positions (X1, X2) € X and velocities (V1, V) € (L*(Q))? satisfy

IX1llez + [Xalliz + IValliz + [Valli2 < o0,

then
Jim (I\Xllle +Xelliz + | Vallez + ||vz||Lz) =0,

that is
lim W3((p1, p2), (p3,p5) = O,
t—oo

with pi(t,-) = V1(Xi(t, ).
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Sketch of the proof @

We associate to (Newtonian system) the functional

04, X //'X1 = Xa(m')| dm’ dm + 5 //\Xz — Xe(m')| dm' dm
—0—/9/QH(X2("7)—X1(m'))dm’dm+/QAl(Xl(m))dm_|_/QAZ(Xz(m))dm.
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Sketch of the proof @

We associate to (Newtonian system) the functional

*/Q/QH(Xz(m)*Xl(m’))dm/ dm+/QA1(X1(m))dm+/Az(xz(m))dm.

Q

We estimate the total energy of the system, proving that it is non-increasing, i.e.,

t>0

1 1, 1,—
sup (5(X17X2) HV1||%2(Q) = 5”\/2”%2(9)) < F(X1, X2) + EHvluiZ(Q) + §||V2H%2(n)

By using the coercive assumption on the external potentials, we estimate the (time derivative
of the) L?-distance between (X1, X2) and (X3, X3).
We end up with

/ /(1X1|+|X2|+|V1|+\Vz\)dmdt<—|—oo.
o Ja

By using a compactness argument and the monotonicity and continuity of F, we have the
assertion.
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Numerical simulations @

First
T

Space

Figure: In this first example, we fix N = 160 and M = 150. All the potentials are attractive. In particular we set
K11(X) = —e_|><|37 K22(X) = —e_‘x‘d, K12(X) = K21(X) = —e_lxlz.
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Numerical simulations @

First species Second species

2: T 2 T 7 T
777 \
18 181 /
/ /] \
16 16F / / \
/ /
14 141 / / / | \\
12 12+ / / \ \
' : / / / \ \
[} [} / | \ |
£ 1 E 1} / | |
= [ / / | ‘
08 08t / ‘ / |
06 06} / |
04 04r | JJ | /
0.2 02 /
0 0
4, -0.2 % . 1 1:2
Space Space
. . . . ) . x|
Figure: Evolution under the action of attractive self potentials given by K11(x) = —3e~XI" and
3 . . 2
Ka2a(x) = —2e2IXI" and repulsive cross-potentials K12 (x) = —|x|?, Ko1(x) = e~ xI°. Here, N = 180, and
M = 200.
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Numerical simulations @

First species Second species
T T : T

2 T T 2 : T
|
|

18+ 181 |
161 16}

14t 14t

12} 12t
[0} [0}
E 1r | E 1t
= / =

081 081

06 06

041 04

02t/ / o2t

{ A

0 0

0 ] .

Space Space

Figure: Evolution under the action of attractive Newtonian self-potentials and attractive Gaussian
cross-potentials given by H = —e~ ¥, The external potentials are A1 (x) = |x — %|2 and A>(x) = 2|x — %|2.
Here, N = 200 and M = 210.

UNIV El:srr;\ DISIM

DEGLISTUDI
DELL'AQUILA

Valeria Iorio - Second order tv pecil with l interactions and large i GFftf, Lyon, 12,2023



Numerical simulations @

First species Second species
i T T H T

Time
Time

Figure: Solutions to the second-order system (in blue) and solutions to first-order system (in red) under the
action of the following potentials are K11 (x) = —e~XI> | Kaa(x) = —e~XI* | Kia(x) = Ka1(x) = —e—xI*. Here,
N = 160, M = 150 and o = 10.
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Numerical simulations @

First species Second species

Time
Time

0 0.2 0.4 0.6 0.8 1
Space Space

Figure: Solutions to the second-order system (in blue) and solutions to first-order system (in red) under the
action of the following potentials are K11 (x) = —e~XI> | Kaa(x) = —e~XI* | Kia(x) = Ka1(x) = —e—xI*. Here,
N = 160, M = 150 and o = 1000.
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