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Abstract

We construct solutions with prescribed radiation fields for wave
equations with polynomially decaying sources close to the lightcone. In
this setting, which is motivated by semi-linear wave equations satisfying
the weak null condition, solutions to the forward problem have a
logarithmic leading order term on the lightcone and non-trivial
homogeneous asymptotics in the interior of the lightcone. The
backward scattering solutions we construct from knowledge of the
source and the radiation field at null infinity alone are given to second
order by explicit asymptotic solutions which satisfy novel matching
conditions close to the light cone. This requires a delicate analysis
close to the light cone of the forward solution with sources on the light
cone. We also relate the asymptotics of the radiation field towards
space-like infinity to explicit homogeneous solutions in the exterior of
the light cone for slowly polynomially decaying data corresponding to
mass, charge and angular momentum in the applications. The
somewhat surprising discovery is that these data can cause the same
logarithmic radiation field as the source term. This requires a delicate
analysis of the forward homogeneous solution close to the light cone
using the invertibility of the Funk transform.
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We consider scattering for the wave equation in three space dimensions
—-U¢=F,

We would like to give data at infinity and solve the problem backwards.

However, first we must understand asymptotics for the forward problem.

For fast decaying initial data and F, ¢ has a Friedlander radiation field

o(t, x) ~ .T-'O(r;t,w)j where |8§fo(q,w)|§(q)*k*€, x=rw, wes?

The same is true if data |0, x)| < (r)~17¢ (and |0¢(0, x)| <{r)~27¢) and
06l +r 280l S r i t+n 5 (en 1, a0,

This is seen by expressing the wave operator in spherical coordinates:
~0¢ =02 — ANy = r H0:+0,)(0:—0r)(rg) — r2A,0,

and integrating, in the t+ r direction and in the t—r direction.

In the spherically symmetric case A\,¢ = 0 but in general this has to be
combined with an L? estimate for tangential vector fields applied to ¢.

However, general quadratic terms do not decay enough for this to hold:

Hans Lindblad () Princeton Spring 2023 3/21



Blow up O¢ = (8:0)%.
Global existence O = (9ph)? — |Vt)|2.

Null condition
O¢ = (0:0)* — |V, Oy = 0.

Fy(r-t,w)? B F(r-t,w)?  m(r-t,w)

2 2
Pe(t, x)° = [Viuth|* ~ 2 2 ~ /3
Here F4(q,w) = 0qF0(q,w).

Weak null condition
O¢=(0w)?, O¢=0.
Fl(r-t,w)®>  n(r-t,w
lﬁt(t,X)z ~ 0( r2 ) _ ( r2 )

This is model for Einstein’s equations in wave coordinates,

for which also initial data only decays like M/r, where M is the mass.

O¢p=wdw, O¢=0 UOe=0.

Pt X) et %) ~ go(f—faw)rfd(r—tvw) _ "(r;’w)-

This is model for Maxwell-Klein-Gordon system in Lorentz gauge,

for which also initial data only decays like q/r, where q is the charge.
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Null asymptotics for the wave equation with sources along light cones

n(r—t,w ke
_D¢:(,2)7 |n(q7w)’r§<q> k ) 6>07 k:172

The solution to the forward problem has a log correction in the asymptotics

brad1(t, rw) =In 2r ‘ Foir(r-t,w) N Fo(r-t,w)
<t_r> r r

In fact, using the expression for the wave operator in spherical coordinates

- D(brad,l = r_l(at +ar)(8t_ar)(r¢rad,1) - r_ZAw¢rad,1
_ _2-7:0/1(r—t,W)_f01(r—t,w)_|n‘ 2r | AyFor(r-t,w) AyFo(r-t,w)
) r2 r3 (t—r) r3 r3

which is ~ n(r-t,w)/r?, if
—2]:0,1(q,w) = n(q,w).
For compactly supported data limg—; o Fo1(q,w) = 0 so

+oo
2;0]_((],(4}) = / n(q,w) dq7
q

, as t— oo, r~t,

Hence +00
2 ﬂm Foi(q,w) = N(w) :—/ n(q,w) dq,
g——o0

—0o0

Moreover limg_; 4o Fo(q,w) = 0 and limg—,_~ Fo(q,w) has to match
interior asymptotics determined from N(w) as we shall see next:
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Interior asymptotics for the wave equation with sources on light cones
—0¢ = n(r-t,w)/r? In(q,w)| < (g)k¢, >0, k=1,2.
The forward problem with vanishing data has homogeneous asymptotics
d(t,x) ~ ¢ine1(t,x) = Vi(x/t)/t, ast— oo, while r/t < 1.

In fact, ¢a(t, x) = a@(at, ax) satisfies
—O s = ny(r-t,w)/r?, na(g,w) = an(aq,w).
As a — 00, in the sense of distribution theory oo
na(q,w) = an(aq,w) — o(q)N(w), where  N(w) = / n(q,w) dq,
and 4(q) is the delta function. Hence ¢ — @int,1, where =
~O@ineg = N(w) d(r-t)/r?.
Since this is homogeneous of degree -3, ¢in:,1 is homogeneous of degree —1.
We claim that ¢j,:,1 has the asymptotics towards the light cone:

2r | N N,
d)mt 1(t r(JJ) ~ In ’ r ‘ 01( ) + O(W)
t—r r r

In fact convolving with the fundamental solution of [J gives a formula:

¢/nt l(t rw) 1 /SZt()dS(O—) ~ 1/S2W+4jr/ wdS(O')

47 (o, rw) 4w — (o, rw) s2 t—(o, rw)

Hans Lindblad () Princeton Spring 2023 6 /21

r—t, r<t.



Matching of null asymptotics to interior asymptotics to first order

Asymptotics in the wave zone r ~ t:

2r ]:01(r—t,w)+ ]'—o(l’—t',w)

<t—r>‘ . . , as t— o0, r~t,

@Z)rad,l(ta rw) =In ‘

Interior asymptotics towards the light cone:

2r ‘ Noy(w) + No(w), r—st, r<t.

r r

Gina (8, 1) ~In |

It follows that

oim Foi(q,w) = N(w)/2 = Noi(w)

We must have that

qliTooFO(q’w) = No(w) —4;/ N(o)-N(w)

o) PO)
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Second order Null asymptotics with sources along light cones

2r
t-r)

n(r-t,w)

Row(r-t, Ro(r—t,
|:|¢rad,1 + 7[‘2 =In ‘< Ol(r w) + O(r w)

r3 r3

= 7—\>/rad,1'

We seek to pick up the error with

2r Fll(r—t,w) fl(r—t,w)
| +
t-r)

)

¢rad,2(t7 rW) =In ‘< r2 r2

In fact, using the expression for the wave operator in spherical coordinates

- DQbrad,Z = r_l(8t+8r)(at_ar)(r¢rad,2) - r_2Aw¢rad,2

e "o
= 4|n ‘ 2r ‘ Fll(r t7W)+4f1(r t,(A))+ R Rradl =+ O(r_4)
” (t—r) r3 r3 '
i
flll(q,W) = ... f{(q,w) =...

where the right hand side are known quantities. These can be integrated
with the conditions that limg_, 4~ F11(q,w)=0 and limg_ 4o F1(q,w)=0.
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As r — t we have an expansion

1 |2r

Zlnl=—
r lt—r

1 _
Gint,1(t, rw) ~ Noi(w) + /Vo(w); + Nll(“)j In

Plug into O¢jne,1 = 0 and equating powers of (t—r)/r gives that the
higher order coefficients can be calculated from Np; and Npy:

2/\/11(&)) = AwNm(w), 2N1(w) = 2AwN01(w) + AwNo — N01(w).

Hans Lindblad () Princeton Spring 2023 9/21



Second order Interior asymptotics Further homogeneous asymptotics
ba(t,x) = d(t,X) — Pine1(t,X) ~ bine2(t,x) =Va(x/t)/t? t—00, r/t<l.
In fact, ¢2.4(t, x) = a®p2(at, ax) satisfies

~O¢o o= my(r-t,w)/r’, where my(q,w)= a(an(ag,w)-6(q)N(w)).

As a— 00, [m,(q,w)(q)dg— 14(0), i.e. in the sense of distribution theory
“+o0o

ma(q,w) — —8(q) M(w), where M(w):/ qgn(q,w)dq.
Hence ¢2 5 — @int,2, Where -
—O ¢int2 = —M(w)d'(r-1)/r?, (t.r) #(0,0).
Since this is homogeneous of degree -4, ¢y 2 is homogeneous of degree —2.

We claim that ¢j,;> has the asymptotics towards the light cone:

M()(w) r Mll
¢int,2(t7 r(/.)) ~ r2 r— t ‘

In fact taking the time derivative of the expression for ¢in: 1 gives

Gint2(t, rw) = —1/ é\ﬂ@cﬁ(cﬂ r<t.

A7 Joo(t- (o, rw))?’

s r—t, r<t.

Hans Lindblad () Princeton Spring 2023 10 / 21



Higher order asymptotics in the wave zone r ~ t:

braa(t,rw)=In ‘ 2r ]{)1(r t w)+.7-"0(r t,w) i in ’ 2r J:ll(rzt w)_i_]-"l(r—zt,w).
r r r

Here Fi1, F are determmed from JFp1, Jo up to mtegration constants that

are determined by matching to interior and exterior homogeneous solutions.

Higher order asymptotics in the interior r < t:

2 D 2+

Mo(w) 1 M 2r My (w
+ 0()74_ 112()|‘ ‘+ 12)
r r-t r t—r r
Here Nj1, Np are determined from Ny, Ng, and My is determined from M.

Moreover, for the interior, Ny is determined from Npi, and M; from Mj.
Matching conditions For j = 0,1 (here Mp;1(w) = 0)

Jim Fila.w)g?=Nw),  lim T (q,0)q7 = Np(w),
Jim (Fi(a.0)g = Nj(w))a = Mi(w),

IimOO (Fii(q,w)g ™ — Njp(w)) g = Mj1(w).

g——

Gint(t,rw) ~ In ’
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Theorem (L-Schlue)
Suppose that (@))% n(a,)| S (o)
Fo(gq,w) = (No(w) + Mo(w)g™ ") Xq<0 + Ho(q,w) ,

((9)0g) 0 Ho(a,w)| S (@)% [7o Ho(q,w) dg = P(w).
Here Ny, Mgy, and 73 are determined from the source function n alone.

Let Foi(q,w) =/, n(@,w)dq, N(w)=[" n(q,w)dq, M(w)=J an(d,w)dq.
Then the equation A
=t

has a solution with asymptotics in the wave zone
2r ’ Foi(r-t,w) N Fo(r-t,w)
(t=r)

and interior asymptotics:

o(t,rw) ~ In

, ast— oo, whiler~t,
r r

1 [ N(o)dS(o) .
o(t,rw) 477/82 oy — ast— oo, whiler/t<1,

and in the exterior ¢(t,rw) ~ 0, as t — oo, while r/t > 1.
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Proof Construct an approximate solution:
¢app = Xa®Prad + (1_Xa)¢inta where Xa (t X) = X((r_ t)/ra)7
and x(s) =1, whens>—1/2andx )—Owhens< -1,a=1/2.
t
O + =B ’ ( and Oy = 0.

With dgiff = Grad — Gint we have with Q(Of,0g) = 0:f Org — Vif-Vxg
O¢app = XaO¢rad + (1-X2)00ine + Oxa ddiee + 2Q(0X a5 0P difr)-

With Hjl = ]:jl — leqj I\/Ijqu_l and HJ' = .7'—J — quj — /\/Ijqj_li
‘2 r "}—[01(r t w)_l_%(r— t,w)+|n‘2‘7{11(r; t,w)+7-l1(r—2t,w)7
r t—r r r
which decays more in the matching region due to more decay in g=r—t:
| Hol -+ [Hoal + (@) (|Hal + | Hual) + (@) (1Mol + [Hoal) +[Hil+Hid S (a2

Gdirf(t, rw)

We convolve with the backwards fundamental solution to solve from infinity
O(¢—app) = O(Int <t_r>t_4X|t—r|<ra) + O(<t+r>_2<t_r>_3X|t—r|>ra)7
which gives |¢—dapp| < (t+r) "2 In (t+r).
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Radiation field from initial data for the homogeneous equation
ng:O, ¢}t:0:f7 atqb‘t:():g’
Fo(q,w) = R[gl(q,w) — 0gR[f](q,w),

where R[g] denotes the Radon transform of the data g:

Rlgl(q.w) = / 5(q-(w.y))&(y) dy = / &(y) dS(y).

(w,y)=q

is given by

For this to be well defined we need g and Vf to decay like (y)™27¢ ¢>0
We also see that Fy(g,w) cannot be arbitrary because its integral is

independent of w:
P /fo q,w) dq = /g(y) dy.
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Exterior asymptotics homogeneous of degree —1

M(w N(w
D¢ext,1 - 07 r> tJ (Zsext,l‘t:(): L7 8t¢ext,1‘t:0: 52)
It follows from using the fundamental solution that with zo=+/1-(t/r)?,

Pext1(t, rw) = rillo[N](w, 79) — w"tfll'o[W,-M](w, 79) + tilll[l\/l](w, 2),
where ¥,M(w) = r1g;M(w), @; = 8; — wd,, and

1 (w, o)k N(c) dS(o) L ZKN(w, z) dz
TiN(w,z9) = — = - S
Al 20) = o wa)>z0/ (W, 0)% = 207 2 V22— 2?
where

N(w,z)= N(c) ds(o / ds(a
We have <Uw

IN(w,2)-N(w
fIO[N](wzo N—In‘—|N(w )+ — N(w) N(w):/o wdz

tIl[M](w,zo)Nr/Ol\/l(w,z)dz
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Hence
Bevea(t )~ o tn| 22 (FINI) — GIMI) + ()

where the Funk transform (Funk 1911 thesis with Hilbert)

1

FIN|w)=5—-/ Nl dso),

27/ (5,0)=0

is invertible on even functions and the related (s.c.Gunk) transform
; 1
GM(w) = wFIViM](w)= - %WM(U)WS(U)-

is invertible on odd functions. (Bailey, Eastwood, Grover, Mason 2003)
In the lower order term two more transforms show up:

1 w,Z)— w
S[N](w)_;/_ N(w, )ZN( 9y,

which is the inverse of G on odd functions and

TIM(w) = —w'S[M]](w), where M;(c) = —M(o)o" + ¥;M(0)

which is the inverse of F on even functions. On odd functions N = S(N).
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Exterior asymptotics homogeneous of degree —2

K(w) L(w)

Upexto =0, r>t, ¢ext,2‘t:0: 2 8t¢ext,2‘t:0: 3

This is obtained by taking the time derivative ¢ = Orext,1 Of Pext,1

N(w) AyM(w)
DTﬂ:O? r>t, w‘tzozja atw‘tZOZT'

We want to solve

which would require that

/ L(w)dS(w) = 0
52

One can reduce to this case by subtracting a multiple of the exact solution

1
r(r+t)

(p:
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Theorem (L-Schlue)
Let N§*(w), M§(w), N01(w) Co and Ho(q,w) be given, such that
|({9)0q) 05 Ho(q,w)| S (g) 2. Set Fo1(q,w) = Noi(w) and

Fo(q,w) =(Ng" (wHMg " (w)a ™) Xq<ot (N wHME(w)a ) Xq>0+Ho(q,w),
where
N )_27T 11(0)< No;( w)
Then the equation
¢ =0

has a solution with asymptotics in the wave zone r~t:
2r | R w)  Fo(r-t,w

¢(t,r(,U) ~ In’ 01(q7 )+ 0( ) )

(t-r) r

and corresponding interior and exterior homogeneous asymptotics.

dS(0), and M{I{(w)=MEHw)+GCo.

, as t—oo,
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Remark Previously we had shown that if

|((@)0q) 05 Fola,w)| S ()77, 1/2<y<1
then the equation

—O¢=0
has a solution with asymptotics in the wave zone
Fo(r—t,w
o(t, rw) ~ 0(7’), as t—o00, re~t,

r

This does not cover the case of data decaying only like 1/r, i.e. v =0, but
one should be able to prove the same result for v > 0.
Friedlander proved that if data has finite energy H(;SH%_,E: |04(0, )|/ then

Go(r—t,w ey
L where [ [ ooV dads(e) < ol
This covers the case when ¢(0,x) ~ 1/r and is consistent with
2r N01(UJ) .7:0(1’— t,w)
| +
(t=r)

since when taking the time derivative the log disappears.

8t¢(t, rw) ~

qS(t,rw)NIn‘ , as t—oo, r~t,

r r
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Wave-Klein-Gordon system (Chen-L)
We obtained scattering results for coupled wave Klein-Gordon systems:

—Ou=(0rp)>+¢>, —-0¢+¢=ug,

in a setting where the interior asymptotics of the Klein-Gordon field affects
the asymptotics for the wave equation in the interior and the asymptotics
of the wave equation cause a logarithmic correction to the phase of the
Klein-Gordon field. With p = /t?2 — |x|? and y = x/t it was proven that

U Fo(t-
u(t,x)NM, r/t<1, and u(t,x)wM), t~r, as t— o0,
p r

and _ .
Ot x) ~ p2 (72 VOa, (y) e PRI _(y)),

where ai(y) decay as |y| — 1, and

)

—0O( ;

) =21+ (L~ |y) Har(y)a-(y)-
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Related problems

Asymptotics for Einstein (L)

Asymptotics for MKG (Candy-L-Kauffman)

Asymptotics for Nonlinear Klein-Gordon (Delort, L-Soffer, L-Luhrman-S)

Scattering for Nonlinear Klein-Gordon in 1D (L-Soffer)
Scattering for Einstein in 4D (Wang)

Scattering for Null condition and weak null condition (L-Schlue)
Scattering for quasilinear models (Yu)

Scattering for MKG (He)

Scattering for WKG (Chen-L)

Scattering for MKG (Wei-Fang)

Scattering for Einstein (work in progress)
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