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—— The quantum scalar field on Kerr-de Sitter | Motivation

Black holes - a stage for quantum physics

— Observational tests of GR

= Rotating black holes and cosmological
expansion

Picture of the black hole in M87

[EHT Collaboration et al.: 2021]




—— The quantum scalar field on Kerr-de Sitter | Motivation

Black holes - a stage for quantum physics

— Observational tests of GR

= Rotating black holes and cosmological
expansion

— Black hole evaporation

— Black hole stability
Picture of the black hole in M87 — Strong Cosmic Censorship conjecture

[EHT Collaboration et al.: 2021]




—— The quantum scalar field on Kerr-de Sitter | Motivation
Strong cosmic censorship

— Cauchy horizon beyond which events not
determined by initial data on ©

— Signals reaching C#" infinitely blueshifted
[Penrose: 19741<> Cosmological redshift

— Strong cosmic censorship conjecture (sCC):
For generic initial data, metric is inextendible
across CHR with certain regularity

[Christodoulou: 2008]

— Scalar test field: sCC violated in RNdS for
i~ Iarge charge [Hintz, Vasy: 2017, Cardoso et al: 2018]
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The Kerr spacetime
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The Kerr-de Sitter spacetime
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—— The quantum scalar field on Kerr-de Sitter | Kerr(-de Sitter)

The Kerr-de Sitter spacetime - Coordinates

— Horizons: r— ~ CH, ry ~H and r; ~H,;
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The Kerr-de Sitter spacetime - Coordinates

— Horizons: r— ~ CH, ry ~H and r; ~H,;
— pr =@+ [&dr, g = - Qit
with Q; = 25, ie {—,+,c}.

r24+a?’
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The Kerr-de Sitter spacetime - Coordinates

— Horizons: r— ~ CH, ry ~H and r; ~H,;
— pr =@+ [&dr, g = - Qit
with Q; = rfﬁ ie{— +,c}.

—v=t+r,u=t—r,

. 24 g2
with dr, = X(’Tf’)dr
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The Kerr-de Sitter spacetime - Coordinates

— Horizons: r— ~ CH, ry ~H and r; ~H,;
— pr =@+ [&dr, g = - Qit
with Q; = rfﬁ ie{— +,c}.

—v=t+r,u=t—r,

. 24 g2
with dr, = X(’Tf’)dr

- Uy =—e UV, =e"tY,
U, =efYand V, = —e "V,
with r; = 25—

1
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The Kerr-de Sitter spacetime - Some results

Lemma ([CK: 2023])
M and M are globally hyperbolic.

Lemma ([CK: 2023])

If a, N sufficiently small, inextendible null
geodesic not crossing H. or H, pass through
region where 0t 4+ Q0. and 0y + Q.0,, are
both timelike.

Spacetime M (gray) and its extension M

[Gérard, Hafner, Wrochna: 2020]
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The Kerr-de Sitter spacetime - Some results

: Lemma ([CK: 2023])
i M and M are globally hyperbolic.

Lemma ([CK: 2023])

If a, A sufficiently small, inextendible null
geodesic not crossing ‘H or H. pass through
region where 0t + 2,0, and o + 2.0, are
both timelike.

2003

[Gérard, Hafner, Wrochna: 2020]
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The scalar field theory

— Scalar field ¢: K¢ = (g — m?)p =0
— Algebra A(M): free unital x-algebra generated by ¢(f), f € C5°(M) and 1 and
subject to relations
- Linearity: ¢(f + ah) = ¢(f) + ag(h),

- Hermiticity: ¢(f)* = ¢(f),
- KGE: ¢(Kf) =0,

- Commutation relation: [¢(f), #(h)] = iE(f, h)1
forall f,h € CF(M), o € C.

[Fewster, Verch: 2015]
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Quasi-free states for the real scalar

— Quasi-free state: determined by its two-point function w(f, h) = (¢(f)p(h)),
satisfying
- Bi-distribution: w € D'(M x M)
- Bi-solution: w(Kf, h) = w(f,ICh) =0
- Commutator property: w(f, h) — w(h,f) = iE(f, h)
- Positivity: w(f,f) >0
forall f, h € C3(M)

— Hadamard property: [radzikowski:1996]
WF(w) = {(x,k;y, —1) € T*(M x M)\o : (x,k) ~ (y,]) and k future pointing}
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The Unruh state - Previous results

— Stationary, but non-equilibrium state

— Empty at Z—, thermal energy flux at Z+

= Captures late-time behaviour in collapse (Hafner: 2009]

— Hadamard on
- Schwarzschild [pappiaggi, Moretti, Pinamonti: 2011
- Schwarzschild-de Sitter grum, Joras: 2014]
- Reissner-Nordstrom-de Sitter Holiands, waid, zann: 2019)
- Kerr with small a for massless free fermions

[Gérard, Hafner, Wrochna: 2020]
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The Unruh state - Idea

— Formally: ¢(f) = [ ¢(x)f(x) dvolg(x)

M

— Expand:
o(x) = f dw Yoy (X)auy + @wJ(X)aLJ
S o = Unruh state. a,y|0) =0

= Two-point function

(p(X)d(¥))y = fdwlbw Vs (¥)
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The Unruh state - Idea

— Formally: ¢(f) = [ ¢(x)f(x) dvolg(x)

M
— Expand:

(ZS(X) = ; :fodw wa(X)an + @wJ(X)aLJ

= Unruh state: a,4[0) =0

fs?v“
= Two-point function

(p()p(yY))y =2 fdwww Vs (¥)

i- — 1,y Positive frequency modes w.r.t. affine
parameter of null geodesics on ‘H and H,
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The Unruh state - Idea

— Formally: ¢(f) = [ ¢(x)f(x) dvolg(x)

M
— Expand:

(ZS(X) = ; :fodw wa(X)an + @wJ(X)aLJ

= Unruh state: a,4[0) =0

= Two-point function
(p(X)o(V))y = fdwww )Uuu(y)

i- — 1,y Positive frequency modes w.r.t. affine
parameter of null geodesics on ‘H and H,
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The Unruh state

Two-point function w(f, h)

Map to functional on space-compact solutions to ¢ = 0 using E

Use a null boundary-to-bulk construction Hotiands: 2000, Moretti: 2008, Gérard, Wrochna: 2016]

Use Kay-Wald two-point function at H and H ikay, waid: 1988]

2 2
o ri4at [E()n(Us, Q4)E ()|7-l( Q) ;2
= w(fh) =~ lim / U iy dU, U, o2,
B [ Ve QE) (V1. 20
i c c\ Ve He c Vv V/ 2Q
S - / (Vo — VI —ic)2 dVedVed™Qo
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Well-definedness, Commutator property, Positivity

~ Near i~: [E(N)lx(Us. 24)| S CUL |~

[Hintz, Vasy: 2017]
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Well-definedness, Commutator property, Positivity

~ Near i~: [E(N)lx(Us. 24)| S CUL |~

[Hintz, Vasy: 2017]

— Commutator: E(f, h) fE ? E(h

= Take limit ¥ —HUH,
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—— The quantum scalar field on Kerr-de Sitter | The Unruh state

Well-definedness, Commutator property, Positivity

~ Near i~: [E(N)lx(Us. 24)| S CUL |~

[Hintz, Vasy: 2017]

— Commutator: E(f, h) fE ? E(h

= Take limit ¥ —HUH,

- w(i,h) = ¥ (K(D.Kih))

,':_;'_’c L2 R+XS2 l/,)
= v = 2n(r? + a®)x'dndQ
i = Ki(F)(n, ) = FiE(D) |3, ln=0(n, %)

[Dappiaggi, Moretti, Pinamonti: 2011]
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—— The quantum scalar field on Kerr-de Sitter | The Unruh state

Hadamard property - Sketch of proof

Theorem (Propagation Of Singularities [Duistermaat, Hormander: 1972])

Letw € D'(M x M) be a weak bisolution to the Klein-Gordon-equation. If (x1,kq; X2, ko) €
T*(M x M)\o is in WF'(w), then k1 and ky are null covectors or zero and { (X, k{; x5, kb)) -
(X, k) ~ (%K)} € WF'(w).

Le mma ([Strohmaier, Verch, Wollenberg: 2002])

It suffices to show that w satisfies WF'(w) N Arxyxyy € N x N, where
N = {(x,k) : k null and future pointing}.
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Hadamard property - Sketch of proof

— Start with region O in which both ; + Q2 9, and
Ot + .0, are timelike

— Utilize that w; is KMS-like pappiaggi, Moretti, Pinamonti: 2011]
with respect to J; + Q;0,

= Apply proof for passive states (sanimann, verch: 2001]

— This covers all null geodesics not passing
through one of the horizons
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—— The quantum scalar field on Kerr-de Sitter | The Unruh state

Hadamard property - Sketch of proof

— Consider (xg, ko) € T*M with kg # 0 null

— Splitting: w = ((h®@ h)A;)(Elx ® E|y)
+ rest terms

= Direct computation for first term
= Show that (X, ko; X0, ko) ¢ WF'(rest terms)

19
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Unruh state for massless fermions on Kerr

— Consider massless, free fermions on Kerr:
Dy =0
— For sufficiently small |a|, the Unruh state is

Hadamard [Gérard, Hafner, Wrochna: 2020]

— Smallness of |a| enters in proof of Hadamard
property for geodesics not ending at H or Z—

i — Sufficient if on these geodesics k future directed

Kerr spacetime My if k(0) > 0 or k(d + 240,) > 0
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—— The quantum scalar field on Kerr-de Sitter | The Unruh state on Kerr

The Kerr spacetime - backwards trapped set

Proposition ([Hafner, CK: 2024])

Let (x, k) € T* M specify a null geodesic not reaching
H orZ~. Then if k(0 + Q40,) > 0 ork(d:) > 0,
k is future directed, i.e. k(v) > O for any timelike future
directed v € TyMk.

=-Hadamard property holds for all |a] < M.

Kerr spacetime Mg
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Sketch of proof

it — restrict to exterior region |
— In BL-coordinates: k future/past directed if k; = f(r, 0)ak,,
with [Q4| > |a|f(r,0)
f — Trapped set:
e « 2.1 _ o 2,1 o — . .
{pe9~ " (k,k) = Orpg~ " (k,k) = ky = 0} C T*I'\ O myatov: 2015]
r~ — Trapped set N {kt < 0} N {k(0; + Q10,) >0} =0
Region |

— Use relation of past-trapped geodesics and trapped set

23
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Universality of divergence

— Divergence of stress-energy tensor

— In certain RNdS spacetimes, leading
divergence is independent of choice of
Hadamard state (Holiands, wald, zann:2020;

= Does this hold on Kerr-de Sitter?

= Does it hold for general observables of the
form A(x) = D1 ¢(x)Dap(x)?
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—— The quantum scalar field on Kerr-de Sitter | Universality at the Cauchy horizon

Universality on KdS
Theorem ([Hintz, CK: 2023])

Let w1 o Hadamard states on M, xo € CH a point on the Cauchy horizon, and let us denote

Aler, w2l () = lim. [g(xX)D1 (P (X) (w1 (§(x) (X)) — wa(0()o(x)))] -

Let U be a compact neighbourhood of Xq in the analytic extension of M, and let us fix coordinates
(r—r—,u,0,0_). Then, ifa > 0, there is a constant C > 0 so that

|(r = =) Alor,coallt =t ()| < ©

uniformly in (u, 6, p_) onU N M for some 0 < 3’ < min (%, 1).

26
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Sketch of Proof

- wi(¢(x)(x)) — wa(d(x)$(x))

smooth bisolution of IC

= Write as series of (classical)
forward-solutions v; with compactly
supported source terms b;
[Verch:1994, Hollands, Wald, Zahn: 2020]

= Show ‘da{,&]w;(r, U,G,(p_)‘ <
Cirye(r — r— )™ D=1 | oy e
near the Cauchy horizon

[Hintz, CK:2023]

27



— The Unruh state for scalar fields on Kerr-de Sitter is Hadamard for
small a and A

— The small-a condition can be lifted for the Unruh state of massless
fermions on Kerr

— The leading divergence of quadratic observables at the Cauchy
horizon is universal
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