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Aim : Designing an iterative decoding algorithm for θ−cyclic codes.

J. Xing, M. Bossert, S. Bitzer and L. Chen, Iterative Decoding of Non-Binary Cyclic Codes
Using Minimum-Weight Dual Codewords, ISIT(2020)

Tool : skew polynomials and duality.
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Let θ ∈ Aut(Fq).

Skew polynomial ring: Fq[x ; θ] =
{ n∑

i=0
aix i | ai ∈ Fq, n ∈ N

}

where the multiplication is defined by

x .a = θ(a)x ,∀a ∈ Fq.

For h(x) =
k∑

i=0
hix i ∈ Fq[x ; θ], of degree k, the skew reciprocal of h is

h∗(x) =
k∑

i=0
xk−ihi =

k∑
i=0

θk−i(hi)xk−i .
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We will be using the usual convention :

c = (c0, . . . , cn−1) ∈ Fn
q ↔ c(x) = c0 + c1x + · · ·+ cn−1xn−1 ∈ Fq[x ; θ].

Definition 1
A θ−cyclic code C of length n and dimension k over Fq is defined by:

C(x) = {m(x)g(x) | m(x) ∈ Fq[x ; θ], deg(m(x)) < k}

where g(x) is a right divisor of xn − 1 with degree n − k.

Notation: C = (g)n,θ

The dual of C is
C⊥ = (h∗)n,θ

where xn − 1 = h(x)g(x).
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Example

θ : α 7→ α2 ∈ Aut(F4), where F4 = F2(a) with a2 + a + 1 = 0.

x12 − 1 = (x4 + a2x2 + x + a2︸ ︷︷ ︸
h(x)

)(x8 + a2x6 + x5 + x4 + x3 + x + a︸ ︷︷ ︸
g(x)

)

C = (g)12,θ : [12, 4, 7]4

C⊥ = (h∗)12,θ : [12, 8, 4]4 with h∗(x) = a2x4 + x3 + a2x2 + 1

c(x) = (x3 + a2x2 + x + a)g(x) ∈ C
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Definition 2
Two words c1 and c2 ∈ Fn

q are θ−cyclically equivalent if there exist b ∈ Fq and i ∈ N such
that c2 = bψi(c1) where

ψ :
{

Fn
q −→ Fn

q
(v0, ..., vn−1) 7−→ (θ(vn−1), θ(v0), . . . , θ(vn−2)).

B := {u(x) monic and θ−cyclically different|u ∈ C⊥,wH(u) = d⊥}

B := {θ−ℓ(u∗(x))|u(x) ∈ B, ℓ = deg(u(x))}

.
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Assume that we receive y(x) = c(x) + e(x) with c ∈ C, wH(e) ≤ τ .

For f (x) ∈ B,

w0
f (x) := y(x)f (x) (mod xn − 1)

= e(x) + e(x)λβ1xβ1 + . . .+ e(x)λβd⊥−1
xβd⊥−1 (mod xn − 1).

For i ∈ {1, . . . , d⊥ − 1},

w i
f (x) := w0

f (x)θn−βi
(
λ−1

βi

)
xn−βi (mod xn − 1).

For α ∈ Fq and j ∈ {0, . . . , n − 1},

T (α, j) := #{w i
f | i ∈ {0, . . . , d⊥ − 1}, f (x) ∈ B and (w i

f )j = α}.
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Example

e(x) = a2x11 + ax7 + x2

Step 1
y(x) = ax11 + a2x10 + a2x9 + x8 + ax7 + ax6 + ax4 + ax3 + x2 + x + a2

0 1 2 3 4 5 6 7 8 9 10 11
0 11 11 3 13 11 8 14 2 10 14 12 3
1 7 5 17 9 9 6 6 4 8 6 6 5
a 7 11 7 5 7 8 6 18 6 6 8 7
a2 7 5 5 5 5 10 6 8 8 6 6 17

y(x)← y(x)− ax7

One checks that y(x) /∈ C.
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e(x) = a2x11 +ax7 +x2

Step 2
y(x) = ax11 + a2x10 + a2x9 + x8 + ax6 + ax4 + ax3 + x2 + x + a2

0 1 2 3 4 5 6 7 8 9 10 11
0 16 19 2 18 16 14 19 18 14 19 19 2
1 6 5 22 8 6 2 5 8 10 5 5 2
a 4 3 6 2 4 6 3 2 6 3 3 6
a2 6 5 2 4 6 10 5 4 2 5 5 22

y(x)← y(x)− 1x2 − a2x11

One checks that y(x) ∈ C.
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Implementation in C and experimentations over F9.
100 000 tests for each error weight.

C : [54, 27, 18]9 C⊥ : [54, 27, 18]9 C : [54, 19, 21]9 C⊥ : [54, 35, 6]9
wH(e) success wH(e) success

7 100% 7 100%
8 99,23% 8 100%
9 75,32% 9 100%

10 100%
11 100%
12 100%
13 99,99%
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Thank you!
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