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Mathematical model

3

Am(Cm∂tvm + Iion(vm, ⋯)) − ∇ ⋅ (σi ⋅ ∇vm) − ∇ ⋅ (σi ⋅ ∇ue) = 0, Ω,
∇ ⋅ ((σi + σe) ⋅ ∇ue) + ∇ ⋅ (σi ⋅ ∇vm) = 0, Ω .

CARDIOMYOCYTE

Cell nucleus
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ue

vm = ui − ue
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Reaction term Diffusion term

• Bidomain model
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Fig. 2. First column: before ablation. Second column: successful RFA (Equation (3),
↵ = 10�4). Third column: successful PFA. Lines 1 to 7: Snapshots of transmembrane
potential vm. Last line: Snapshot of extracellular potential ue.

the success of the ablation. However and contrary to RFA (second column), the
PFA maintains the continuity of the extracellular potential ue, see the last line
of Figure 2.

The effects of the ↵ parameter are shown in Figure 3. One can see that as it
increases – see the second and the third columns (↵ = 10�3 and ↵ = 10�2) – the
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• (At least) isolation of the 4 pulmonary veins.


• How? By cardiac ablation.
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• Classical technique:  
Radio-Frequency Ablation (RFA).
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[1] Wojtaszczyk A, Caluori G, Pešl M, et al. Irreversible electroporation 
ablation for atrial fibrillation. J Cardiovasc Electrophysiol 2018; 29: 643–651. 
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• (At least) isolation of the 4 pulmonary veins.


• How? By cardiac ablation.


• Classical technique:  
Radio-Frequency Ablation (RFA).


• Clinics disadvantages [1]: damage to 
adjacent structures (lungs, phrenic nerve, 
oesophagus) and risk of “steam pop” mainly 
due to heat diffusion. 
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• Novel non-thermal ablation technique: 
Pulsed electric Field Ablation (PFA),  
which takes advantage of irreversible 
electroporation.
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Thickness 5nm
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h ∼
ε ∼ 4.5ε0
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• Tumoral ablation

• Cardiac ablation
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[1] A. Collin and S. Imperiale. Mathematical analysis and 2-scale convergence of a heterogeneous 
microscopic bidomain model. M3AS 2018.

[2] D. Chapelle, A. Collin, and J.-F. Gerbeau. A surface-based electrophysiology model relying on 
asymptotic analysis and motivated by cardiac atria modeling. M3AS, 2013.

[3] A. Collin, J.-F. Gerbeau, M. Hocini, M. Haïssaguerre, and D. Chapelle. Surface-based 
electrophysi- ology modeling and assessment of physiological simulations in atria. FIMH 2013.

[4] E. Schenone, A. Collin, and J.-F. Gerbeau. Numerical simulation of electrocardiograms for full 
c4rdiac cycles in healthy and pathological conditions. International Journal for Numerical Methods 
in Biomedical Engineering, 2015.

• Modeling expertise: 
2-scale homogenization, existence & uniqueness, 
numerical simulations (healthy and pathological 
cases)
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Maps of electrical activation 

(isochrones)

Anatomy

Computing inverse problem

Electrodes vest (multiple 
surface ECG recordings)

Images (CT, MRI)

DATA

750
Time (ms)

CHU Bordeaux 

• Data assimilation expertise



ANNABELLE COLLIN 

Data assimilation expertise

10

• Minimize a least squared criterion with respect to the uncertainties under the 
constraint of the model dynamics


• Many available methods: adjoint method, stochastic algorithms etc …
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• Minimize a least squared criterion with respect to the uncertainties under the 
constraint of the model dynamics


• Many available methods: adjoint method, stochastic algorithms etc …

Iteration 0

.

.

.

Iteration n

t

Target parameters

Identified parameters

t

Target system

Limit system

Iteration 0

.

.

.

Iteration n
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Data assimilation expertise
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• Sequential strategy

• Design a Luenberger observer  to correct the dynamics

Variational limit

t

Target parameters

Final estimation

t

Var. limit

Target parameters

Final estimation

·u(t) = A(t, u(t), θ)
u(0) = u⋄ + ξu

θ = θ⋄ + ξθ

· ̂u(t) = A(t, ̂u(t), θ) + Gu(D(zu(t), ̂u(t)))
· ̂θ(t) = Gθ(D(zu(t), ̂u(t)))
̂u(0) = u⋄,
̂θ(0) = θ⋄

Objective: 

Find  and  such that:  and Gu Gθ ∥ ̂u(t) − u(t)∥ → 0 ∥ ̂θ(t) − θ∥ → 0
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Data assimilation expertise
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• Define a Luenberger observer (based on shape and topological derivatives) only  
to deal with the state error 


Target system: 


Observer system:


, 


 and 

∂tu + ∇ ⋅ (σ∇u) = f(u)
u(0) = u⋄

0 + ξu

∂t ̂u + ∇ ⋅ (σ∇ ̂u) = f( ̂u) + g( ̂u, zu)
̂u(0) = u⋄

0
g(u, zu) = γsh(x)δ(u − cth)( − (zu − Cin)2 + (zu − Cout)2)

Cin =
∫

u>cth
zu

∫
u>cth

Cout =
∫

u<cth
zu

∫
u<cth

Proposition The data correction stabilises the observer on the target 
trajectory for sufficiently small errors.

[1] A. Collin, D. Chapelle, and P. Moireau. A Luenberger observer for reaction–diffusion models with front position data. JCP 2015.

[2] A. Collin, D. Chapelle, and P. Moireau. Sequential state estimation for electrophysiology models with front level-set data using topological gradient derivations. FIMH 2015.
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• Combine this state observer with a parameter observer

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

x (cm)

V
m

(m
V
)

Time = 5ms

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

x (cm)

V
m

(m
V
)

Time = 35ms

0 5 10 15 20 25

0

1

2

3
·10�2

Time (ms)

�
m

(S
.c
m

�
1
)

Observer 
Target 

No observer 



ANNABELLE COLLIN 

Data assimilation expertise

14

• Combine this state observer with a parameter observer
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Maintenant que nous avons vu l’efficacité de l’observateur (4.8), voyons une des applica-
tions possible de celui-ci dans le cas de données cliniques. Comme mentionné au début
de cette section nous souhaitons pouvoir compléter la carte d’activation CARTO®présente
sur la figure 4.2. Les deux observateurs définis auparavant sont tout à fait capables de
gérer les cas où le domaine d’observation n’est pas le domaine tout entier. Pour cela,
les constantes c

+ et c
≠ sont calculées uniquement sur �±

u fl �obs où �obs est le domaine
d’observation. De plus, nous prendrons ⁄sh = ⁄sh(x)1�obs(x) et ⁄top = ⁄top(x)1�obs(x).
Ainsi les corrections seront uniquement appliquées dans le domaine �obs et ailleurs le
modèle d’observateur sera alors un modèle monodomaine classique.

Avant de s’attaquer à la complétion de la carte d’activation nous devons d’abord définir
les fibres sur la géométrie dont nous disposons. Pour cela, nous avons profité de notre
collaboration avec A. Collin et P. Moireau lors du CEMRACS 2016 [56] pour utiliser leur
algorithme de définition des fibres atriales basé sur [81]. Une fois les fibres définies nous
pouvons réaliser la complétion de la carte d’activation CARTO®.

Nous utilisons alors l’observateur (4.8) dans lequel la partie ionique sera gérée par
le modèle physiologique CRN (voir section 2.3.3). L’oreillette est alors considérée au
repos au temps t = 0ms et nous laissons la partie topologique de la correction gérer les
activations. Nous pourrons alors voir sur la figure 4.6 la complétion finale de la carte
d’activation de la figure 4.2.

Figure 4.6.: Carte d’activations CARTO®complétées avec l’observateur défini pour le modèle
monodomaine. Haut : Carte d’activation issue de CARTO®avant complétion. Bas :
Carte d’activation complétée

4.1 Complétion de cartes d’activations à l’aide de l’observateur de Luenberger 95

Maintenant que nous avons vu l’efficacité de l’observateur (4.8), voyons une des applica-
tions possible de celui-ci dans le cas de données cliniques. Comme mentionné au début
de cette section nous souhaitons pouvoir compléter la carte d’activation CARTO®présente
sur la figure 4.2. Les deux observateurs définis auparavant sont tout à fait capables de
gérer les cas où le domaine d’observation n’est pas le domaine tout entier. Pour cela,
les constantes c

+ et c
≠ sont calculées uniquement sur �±

u fl �obs où �obs est le domaine
d’observation. De plus, nous prendrons ⁄sh = ⁄sh(x)1�obs(x) et ⁄top = ⁄top(x)1�obs(x).
Ainsi les corrections seront uniquement appliquées dans le domaine �obs et ailleurs le
modèle d’observateur sera alors un modèle monodomaine classique.

Avant de s’attaquer à la complétion de la carte d’activation nous devons d’abord définir
les fibres sur la géométrie dont nous disposons. Pour cela, nous avons profité de notre
collaboration avec A. Collin et P. Moireau lors du CEMRACS 2016 [56] pour utiliser leur
algorithme de définition des fibres atriales basé sur [81]. Une fois les fibres définies nous
pouvons réaliser la complétion de la carte d’activation CARTO®.

Nous utilisons alors l’observateur (4.8) dans lequel la partie ionique sera gérée par
le modèle physiologique CRN (voir section 2.3.3). L’oreillette est alors considérée au
repos au temps t = 0ms et nous laissons la partie topologique de la correction gérer les
activations. Nous pourrons alors voir sur la figure 4.6 la complétion finale de la carte
d’activation de la figure 4.2.

Figure 4.6.: Carte d’activations CARTO®complétées avec l’observateur défini pour le modèle
monodomaine. Haut : Carte d’activation issue de CARTO®avant complétion. Bas :
Carte d’activation complétée

4.1 Complétion de cartes d’activations à l’aide de l’observateur de Luenberger 95

Data  
from  

Carto®

Results

Left anterior oblique view Posteroanterior view

Maintenant que nous avons vu l’efficacité de l’observateur (4.8), voyons une des applica-
tions possible de celui-ci dans le cas de données cliniques. Comme mentionné au début
de cette section nous souhaitons pouvoir compléter la carte d’activation CARTO®présente
sur la figure 4.2. Les deux observateurs définis auparavant sont tout à fait capables de
gérer les cas où le domaine d’observation n’est pas le domaine tout entier. Pour cela,
les constantes c

+ et c
≠ sont calculées uniquement sur �±

u fl �obs où �obs est le domaine
d’observation. De plus, nous prendrons ⁄sh = ⁄sh(x)1�obs(x) et ⁄top = ⁄top(x)1�obs(x).
Ainsi les corrections seront uniquement appliquées dans le domaine �obs et ailleurs le
modèle d’observateur sera alors un modèle monodomaine classique.

Avant de s’attaquer à la complétion de la carte d’activation nous devons d’abord définir
les fibres sur la géométrie dont nous disposons. Pour cela, nous avons profité de notre
collaboration avec A. Collin et P. Moireau lors du CEMRACS 2016 [56] pour utiliser leur
algorithme de définition des fibres atriales basé sur [81]. Une fois les fibres définies nous
pouvons réaliser la complétion de la carte d’activation CARTO®.

Nous utilisons alors l’observateur (4.8) dans lequel la partie ionique sera gérée par
le modèle physiologique CRN (voir section 2.3.3). L’oreillette est alors considérée au
repos au temps t = 0ms et nous laissons la partie topologique de la correction gérer les
activations. Nous pourrons alors voir sur la figure 4.6 la complétion finale de la carte
d’activation de la figure 4.2.

Figure 4.6.: Carte d’activations CARTO®complétées avec l’observateur défini pour le modèle
monodomaine. Haut : Carte d’activation issue de CARTO®avant complétion. Bas :
Carte d’activation complétée

4.1 Complétion de cartes d’activations à l’aide de l’observateur de Luenberger 95

Maintenant que nous avons vu l’efficacité de l’observateur (4.8), voyons une des applica-
tions possible de celui-ci dans le cas de données cliniques. Comme mentionné au début
de cette section nous souhaitons pouvoir compléter la carte d’activation CARTO®présente
sur la figure 4.2. Les deux observateurs définis auparavant sont tout à fait capables de
gérer les cas où le domaine d’observation n’est pas le domaine tout entier. Pour cela,
les constantes c

+ et c
≠ sont calculées uniquement sur �±

u fl �obs où �obs est le domaine
d’observation. De plus, nous prendrons ⁄sh = ⁄sh(x)1�obs(x) et ⁄top = ⁄top(x)1�obs(x).
Ainsi les corrections seront uniquement appliquées dans le domaine �obs et ailleurs le
modèle d’observateur sera alors un modèle monodomaine classique.

Avant de s’attaquer à la complétion de la carte d’activation nous devons d’abord définir
les fibres sur la géométrie dont nous disposons. Pour cela, nous avons profité de notre
collaboration avec A. Collin et P. Moireau lors du CEMRACS 2016 [56] pour utiliser leur
algorithme de définition des fibres atriales basé sur [81]. Une fois les fibres définies nous
pouvons réaliser la complétion de la carte d’activation CARTO®.

Nous utilisons alors l’observateur (4.8) dans lequel la partie ionique sera gérée par
le modèle physiologique CRN (voir section 2.3.3). L’oreillette est alors considérée au
repos au temps t = 0ms et nous laissons la partie topologique de la correction gérer les
activations. Nous pourrons alors voir sur la figure 4.6 la complétion finale de la carte
d’activation de la figure 4.2.

Figure 4.6.: Carte d’activations CARTO®complétées avec l’observateur défini pour le modèle
monodomaine. Haut : Carte d’activation issue de CARTO®avant complétion. Bas :
Carte d’activation complétée

4.1 Complétion de cartes d’activations à l’aide de l’observateur de Luenberger 95
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[1] A. Gérard, A. Collin, G. Bureau, P. Moireau, and Y. Coudière. 
Model assessment through data assimilation of realistic data in 
cardiac electrophysiology. FIMH 2023.
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The equivalent tissue conductivity can thus be defined as

�eq(kE
(m)

k) = �(e) +
�(i)�(m)(kE(m)

k)

�(i) + �(m)(kE(m)k)
.

A simplified version of the problem consists in assuming that �(m) depends on kru(e)
k instead of kE(m)

k.
Then the simplified problem reads

(
r ·

⇣⇣
�(e) + �

(i)
�

(m)(kru
(e)k)

�(i)+�(m)(kru(e)k)

⌘
ru(e)

⌘
= 0, ⌦,

@nu(e)
|�out = 0, u(e)

|E± = g±,
(4.14)

which is similar to the standard model (4.8) since the function �eq is a sigmoid function

8� � 0, �eq(�) = �(e) +
�(i)�(m)(�)

�(i) + �(m)(�)
.

The static bidomain model As explained in Section 2.2.2 of Chapter 2, in cardiac electrophysiology,
the so-called bidomain model has been proven to be the homogenization limit of the cell scale electric
potential. We consider the following static bidomain written it in terms of the extra-potential u(e) and
the transmembrane potential u(m)

8
><

>:

r ·

⇣
(�(e) + �(i))ru(e)

� �(i)
ru(m)

⌘
= 0, ⌦

AmS(m)(kru(e)
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� r ·
�
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�

+ r · (�(i)
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�(e)
ru(e)

· ~n|�out = 0, u(e)
|E± = g±, �(i)

ru(m)
· ~n|@⌦ = �(i)

ru(e)
· ~n|@⌦,

(4.15)

where as always Am (m�1) is the ratio of membrane area by unit volume and Sm (S.m�2), the conduc-
tance of the cell membranes. To account for the electroporation phenomenon – that is the increase of
the membrane conductance – we assume that S(m) follows a sigmoid function of the norm of the outer
electric field �ru(e)

S(m)(kru(e)
k) = S(m)

0 +
1

2
(S(m)

1 � S(m)
0 )

î
1 + erf(kep(kru(e)

k � Eth))
ó
.

�(kru(·)k) (S/m)

�(m)(kE(m)(8 ms, ·)k) (S/m)

S̃m(krue(·)k) (S/m2)

Potential

Electric flux

In cardiac electrophysiology (see Chapter 2), the nonlinearity usually depends on the homogenised
transmembrane voltage u(m) = u(i)

� u(e) through the ionic term I ion. However, the nonlinearity in

Figure 4.12 – �(kruk) in S/m for applied voltages 200 V and 1000 V and the three geometries for the
parameters estimated on all geometries simultaneously.

However, before we move on to clinical applications, there are some mathematical challenges. In
particular, multiple electrodes are required in the clinical context. In the context of tumor ablation, the
authors in [SCN+17] explain that three to six electrodes are used for inoperable hepatocellular carci-
noma. They explain that this number of electrodes correlates with tumor size. In the context of cardiac
ablation, multiple electrodes are included in a catheter, see, for example, the Faraware or Faraflex catheter
developed by Farapulse Inc. [RDN+21] Because IRE is a multibipolar ablative technology, the electrodes
are used in pairs. This means that during a pulse, two electrodes are active and the others are passive.
The choice of boundary conditions for these very conductive and thin passive electrodes is a difficult
question. While Dirichlet (resp. Neumann) boundary conditions model the imposed potential (resp. the
current), the value of the equipotential on the inactive electrodes is an unknown of the PDE. This leads to
a nonlocal constraint on the flux along the conductor interface, the so-called floating potential problem.
One might also note that this problem also applies to the 3D simulation of the entire experimental setup
currently under investigation, which is presented in Section 4.1.1. The next section is devoted to the
presentation of our work on the floating potential problem in the context of electroporation.

4.2.2 Floating potential

As explained earlier, when multiple needles are inserted, the influence of the inactive electrodes on
the distribution of the electric field must be carefully considered in order to accurately determine the
ablation region. The focus of this section, – which summarizes our article [18] – is to present an effective
and rigorous way to compute the static electric field in the case of highly conductive thin inclusions.

Electroquasistatic theory states that the surface of a highly conductive conductor is an equipotential
surface whose value is implicitly determined by the constraints of the problem. This is the so-called
floating potential problem, which has been studied for several decades. In [ABOS14], Amann et al. have
shown that the penalization method, which consists of imposing a high conductivity in the inclusion pro-
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Figure 4.10 – Left: Experimental setup of Sel et al.. The piece of rabbit liver is located below the plexiglass.
Right: Intensity measurements done at different voltages and with different size of electrodes.

needle, say E
+ for instance. Taking advantage of the symmetries of the liver piece, the computational

domain is restricted to a quadrant with homogeneous Neumann conditions at the right, top, and bottom
borders, homogeneous Dirichlet conditions at the left border, and the non-homogeneous Dirichlet condi-
tions at the needle. The expression of the numerical electric intensity depends on the model. Denoting
by `E+ the length of the electrode in the perpendicular plane to the 2D simulation plane, one has

I1E = `E+

Z

E+

� (kruk) ru · ~nds, where u is the solution to (4.8),

I2E = `E+

Z

E+

�eq(kE
(m)

k)ru(e)
· ~nds, where (u(e),E(m)) is the solution to (4.13), or to (4.10)

I2,s

E = `E+

Z

E+

�eq(kru(e)
k)ru(e)

· ~nds, where u(e) is the solution to (4.14),

I3E = `E+

Z

E+

�(e)
ru(e)

· ~nds, where (u(e), u(m)) is the solution to (4.15).

The above definition of the electrical intensities of the models involve the gradient of the solution along
the needle. This is numerically unstable since the electric field is the most intense nearby the electrodes.
To smoothen this behavior, it is possible to introduce a specific function w such that the surface integral
is replaced by a volume integral. More precisely, let w be defined by

� �w = 0, in ⌦, (4.16a)
w|E± = ±1, rw · ~n|�out = 0. (4.16b)
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Figure 6: EF = 1000 V.cm (group B) - Spheroid evolution with distribution of proliferative
cells. Black (resp white) = 100 (resp. 0) % of proliferative cells.

Figure 7: EF = 1000 V.cm (group A) - Spheroid evolution with distribution of proliferative
cells. Black (resp white) = 100 (resp. 0) % of proliferative cells.
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Figure 4.16 – Spheroid evolutions with distribution of proliferative cells. Black (resp. white) = 100 (resp.
0) % of proliferative cells. Column 1: free growth, column 2: EF500, column 3: EF1000B, column 4:
EF1000A and column 5: EF2000.

positioning of the spheroid (or tumor) is in the center of the electrodes, the treatment is efficient. This
is a recurrent problem also in clinics, where clinicians observe a different response rate – either efficient
treatment of a patient with a decreased tumor growth or tumor relapse [SNdJ+14]. The advantage of
our model, is that soon after the electroporation, we can detect the trend of tumor growth. In practice,
this model can thus allow to assess which tumors were inefficiently treated, and that the patient is on his
or her way to relapse. This would indicate to the treating doctor that the treatment was not efficient and
that an additional cycle of electroporation is necessary to re-ablate the tumor. Concerning the growth
boost, it is particularly intriguing and certainly requires further inquiries, from the biological, physical
and mathematical perspectives.

4.3.4 Population-based estimation for PDE systems

The estimation of the parameters given in Table 4.2 (first rows) requires several hours for each of the
cohorts even if the cohorts are small (< 15 spheroids) and the number of parameters is small (= 3) and
it is a 1D PDE system. It is possible that the Matlab function used for estimation could be optimized, but

[1] G. Jankowiak, C. Taing, C. Poignard, and A. Collin. Comparison and calibration of different 
electroporation models. Application to rabbit livers experiments. ESAIM  2020.

[2]  A. Collin, H. Bruhier, J. Kolosnjaj, M. Golzio, M.-P. Rols, and C. Poignard. Spatial 
mechanistic modeling for prediction of 3D multicellular spheroids behavior upon exposure to 
high intensity pulsed electric fields. AIMS Bioengineering 2022.
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needle, say E
+ for instance. Taking advantage of the symmetries of the liver piece, the computational

domain is restricted to a quadrant with homogeneous Neumann conditions at the right, top, and bottom
borders, homogeneous Dirichlet conditions at the left border, and the non-homogeneous Dirichlet condi-
tions at the needle. The expression of the numerical electric intensity depends on the model. Denoting
by `E+ the length of the electrode in the perpendicular plane to the 2D simulation plane, one has
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The above definition of the electrical intensities of the models involve the gradient of the solution along
the needle. This is numerically unstable since the electric field is the most intense nearby the electrodes.
To smoothen this behavior, it is possible to introduce a specific function w such that the surface integral
is replaced by a volume integral. More precisely, let w be defined by

� �w = 0, in ⌦, (4.16a)
w|E± = ±1, rw · ~n|�out = 0. (4.16b)
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• … determined after exchanges with clinicians.

Atrial fibrillation MonthsSurgery

Techniques RFA PFA

Type of ablation Thermal Non-thermal
Tissue scaffold Destruction Preservation

• Cell scale 
Better understand how the cardiac cells die. 
Model cardiac electroporation at the cellular scale 
(and in particular Ca2+ uptake). 
Validate model with data.

Pore formation at the cell 
membrane. Simulation of a 

phase-field model [1].

[1] Phase-field model of bilipid membrane 
electroporation. P. Jaramillo-Aguayo, A. Collin, 
C. Poignard. JOMB (accepted), 2023.



ANNABELLE COLLIN 

E+

E+

E+

E+

E+

L�+

L�+

L�+

E+

L�+

*�2+

*�2+

*�2+

*�2+

*�2+

*�2+

*�2+

La_ Ca_
a�`+QTH�bKB+

_2iB+mHmK

JvQTH�bK

1ti`�+2HHmH�`

Ato AKur
AKr

AKs

AK1

ACa,L
Ap,Ca

Ab,Ca

ANaCa

ArelAtr

Aup

Aleak

ANa

ANaK

Ab,Na

Different challenges …

18

• … determined after exchanges with clinicians.

Atrial fibrillation MonthsSurgery

Techniques RFA PFA

Type of ablation Thermal Non-thermal
Tissue scaffold Destruction Preservation

• Cell scale 
Better understand how the cardiac cells die. 
Model cardiac electroporation at the cellular scale 
(and in particular Ca2+ uptake). 
Validate model with data.

Pore formation at the cell 
membrane. Simulation of a 

phase-field model [1].

[1] Phase-field model of bilipid membrane 
electroporation. P. Jaramillo-Aguayo, A. Collin, 
C. Poignard. JOMB (accepted), 2023.



ANNABELLE COLLIN 

Different challenges …

19

• … determined after exchanges with clinicians.

Atrial fibrillation MonthsSurgery

Techniques RFA PFA

Type of ablation Thermal Non-thermal
Tissue scaffold Destruction Preservation

• Tissue scale 
Build equations to model the electroporation process 
at the tissue scale. 
Validate them with animal or patient data. 
Provide patient specific simulation.

AAPG2022 MIRE4VTach PRC 
Coordinated 
by: 

Annabelle Collin Duration 4 years 

CE45 : Mathématiques et sciences du numérique pour la biologie et la santé 
 

11 

where S# =	A#SZ#, with A# (m-1) the ratio of membrane area by unit volume and SZ# (S.m-!), is 
the conductance of the cell membranes. The typical geometrical configuration consists of the tissue 
domain Ω, deprived of the catheter Υ. The boundary of Ω is then decomposed into two parts: the 
catheter boundary  Γ3 = 	Ω	 ∩ Υ and the outer boundary  Γ45) = ∂Ω\	Γ3.  
 

 
Figure 3. Preliminary data. 

Left – Flower catheter developed by Farapulse composed of 5 petals containing 4 electrodes (basket and flower shapes). 
Right – Position of the flower catheter at the entry of a pulmonary vein (in orange). Ablated area in red obtained after one 

bipolar pulse. Contact with only two electrodes of each petal of the catheter. 
 

This model enables to link rigorously the membrane conductance S# to the electric potential thanks 
to an homogenization procedure presented in [58] [59]. In this sense, it is more physiological than the 
previous phenomenological models. To account for the electroporation phenomenon – that is the 
increase of the membrane conductance – we assume that SZ# follows a sigmoid function of the norm 
of the outer electric field −∇U', whereas for the classical bidomain model, the nonlinear term depends 
on the transmembrane potential U = 	U%	 − U'	 and corresponds to the ionic term. The formal 
derivation of this model based on 2-scale convergence [60] has not been done and the expertise of the 
researchers of Inria in asymptotic analysis would be very useful [59]. This homogenization will allow 
to link the first WP and the second one by determining a model at the tissue scale compatible with 
the model at the cell scale. A second asymptotic analysis will be set up – at the tissue scale this time 
– to model the blood layer when the catheter and the heart tissue are not in contact. The boundary 
condition of this system on Γ45) is σ%	∇U%	. n = 0 and σ'	∇U'	. n = 0 assuming that assume that no 
electric current flows out of the heart. Concerning the catheter boundary  Γ3, Neumann boundary 
condition is imposed on U%	 but concerning U' it is more complex. Indeed, the catheter uses some 
electrodes to impose the current – called active electrodes Γ36  – and others – called passive electrodes 
Γ3* – to measure the electrical response of the PFA. This dramatically complexifies the mathematical 
model, leading to a so-called floating. Indeed, in electromagnetism, a conductor that is not connected 
to the ground is an equipotential whose value is implicitly determined by the constraint of the problem:  

σ'	∇U'	. n = 0, Γ45), 
U'	 = g, Γ36, 

U'	 = 	α	, Γ3*, where α is such that ∫ σ'	∇U'	. n = 0"$
% , 

where g is a known function corresponding to the field amplitude (for example in V. cm-1) delivered 
by the catheter generator and α as U'	and U%	is an unknown of the system. More precisely, in  [61]  
thanks to an asymptotic analysis, the authors show that that the so-called floating potential 
approaches the electroquasistatic potential with a first order accuracy. Numerical strategies are also 
proposed to efficiently solve this system but need to be adapted to our particular configuration. A very 
particular attention will be paid to develop very efficient numerical schemes to solve the full model, in 
particular as we want to solve for an atlas of realistic geometric configurations built in the 2 first tasks. 
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• … determined after exchanges with clinicians.

Atrial fibrillation MonthsSurgery

[1]Preclinical Evaluation of Pulsed Field Ablation. Electrophysiological and Histological Assessment of Thoracic Vein Isolation. J. Koruth et al. 
Circulation: Arrhythmia and Electrophysiology, 2019.
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• … determined after exchanges with clinicians.

Atrial fibrillation MonthsSurgery

Techniques RFA PFA

Type of ablation Thermal Non-thermal
Tissue scaffold Destruction Preservation
Induced fibrosis More Few

Recurrency of AF 30% [1] 15% [2]

Study analysis after 

RFA or PFA

[1] Reddy VY, Dukkipati SR, Neuzil P, et al. Pulsed Field Ablation of Paroxysmal Atrial Fibrillation. JACC Clin Electrophysiol 2021; 7: 614–627.  
[2]  Wittkampf FH m., Nakagawa H. RF Catheter Ablation: Lessons on Lesions. Pacing Clin Electrophysiol 2006; 29: 1285– 1297.
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Study analysis after 


RFA or PFA

• The size of the electroporated area is considered thin.
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Atrial fibrillation MonthsSurgery
Study analysis after 


RFA or PFA

• The size of the electroporated area is considered thin.


AVAILABLE 
OBSERVATION

MATHEMATICAL 
MODEL

INVERSE 

PROBLEMS
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Atrial fibrillation MonthsSurgery
Study analysis after 


RFA or PFA

• The size of the electroporated area is considered thin.


• Hypothesis: 

• The size of the electroporated (EP) area is considered to be thin.

• Almost all cardiomyocytes were ablated by PFA: 

(1) intra-cellular conductivity (containing the volume fraction of cells) decreases: , 
(2) and there is no more ionic current inside the EP area.

σep
i = ε2σi

Am(Cm∂tvm + Iion(vm, ⋯)) − ∇ ⋅ (σi ⋅ ∇vm) − ∇ ⋅ (σi ⋅ ∇ue) = 0, Ω,
∇ ⋅ ((σi + σe) ⋅ ∇ue) + ∇ ⋅ (σi ⋅ ∇vm) = 0, Ω .

• Bidomain model

sla

sep
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sla

sep

ε =
sep

sla
→ 0
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Objective: 

Determine the transmission conditions at the interface  when .Γ ε → 0

sla

sep

ε =
sep

sla
→ 0
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Figure 1: Left: cardiac domain including an EP area of thickness ". Right: limit domain when " = 0.

close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.

2

−∇ ⋅ (σi ∇uε
i ) + AmIion(uε

i − uε
e) = 1ΩL

f, ΩL ∪ Ωε
R,

−∇ ⋅ (σe ∇uε
e) − AmIion(uε

i − uε
e) = − 1ΩL

f, ΩL ∪ Ωε
R,

−∇ ⋅ (σep
i ∇uε

i ) + AmIion (uε
i − uε

e) = 0, Ωε
ep,
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e) = 0, Ωε
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to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
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domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.
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Ablation of cardiomyocytes

(1) very weak intra-cellular conductivity,
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Figure 1: Left: cardiac domain including an EP area of thickness ". Right: limit domain when " = 0.

close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.
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Ablation of cardiomyocytes

(1) very weak intra-cellular conductivity,
(2) no ionic current inside the EP area.
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Figure 1: Left: cardiac domain including an EP area of thickness ". Right: limit domain when " = 0.

close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.
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Existence & Uniqueness: under conditions on the ionic term.
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Figure 1: Left: cardiac domain including an EP area of thickness ". Right: limit domain when " = 0.

close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.
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Figure 1: Left: cardiac domain including an EP area of thickness ". Right: limit domain when " = 0.

close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.

2
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Figure 1: Left: cardiac domain including an EP area of thickness ". Right: limit domain when " = 0.

close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.
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close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.
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close this system, homogeneous Neumann boundary conditions and a Gauge condition
R
⌦
ue = 0 are

often considered.
We would like to modify this model in order to integrate in the cardiac domain ⌦ an ablated

region by PFA. To do so, we assume the three following points: (1) the EP area ⌦ep ⇢ ⌦ is
small compared with the whole domain, implying the introduction of a dimensionless parameter
called ", (2) the intra-cellular conductivity �i within the electroporated zone is scaled by "

2, and
(3) a linearization of the ionic current Iion around the minimum value of vm – corresponding to the
resting potential – is always imposed in the EP area. These last two assumptions can be explained
by the fact that the ablated tissue contains few cells and that the gap junctions connecting the cells
are severely compromised. This leads to a model depending of the small parameter " that could lead
to numerical issues.

To deal with that, an asymptotic analysis is formally performed in the static context and the con-
vergence analysis is studied when " tends to 0. The strategy will allow to determine the transmission
conditions at the interface between the two regions, which will allow proper modeling of a cardiac
domain containing an ablation region by PFA. Well-designed Schwarz algorithms are developed to
numerically solve the obtained PDE system [10].

In Section 2 we introduce mathematical modeling in a static context by presenting the assump-
tions necessary to model an electroporated area and the mathematical tools to prove the existence
and uniqueness of a solution and to obtain an a-priori estimate. In Section 3, the asymptotic analysis
– always in a static context – is performed, as well as a proof of the expansion. Finally, Section 4
presents some numerical results in the dynamic context.

2 Mathematical modeling in a static context

This section is devoted to the development of an electrophysiological model including an EP area.
For simplicity, we work in a static context. It is then natural to assume that the ionic current Iion

does not depend on the state variables w. Always for simplicity, we will consider the conductivities
�i and �e as constant parameters. Note that this assumption greatly simplifies the analysis because
it does not take into account the fibrous architecture of the myocardium, which allows the potential
to propagate in di↵erent directions.

In Section 2.1, we introduce the considered model after giving the modeling hypothesis whereas
in Section 2.2, we prove the existence and uniqueness of a solution of this model.

2.1 Modeling a thin electroporated area

2.1.1 The thickness of the electroporated area

We consider that the cardiac domain ⌦ contains a EP area. We assume that the EP area is small
compared to the whole domain ⌦. More precisely, we introduce a dimensionless thickness parameter
" defined as the ratio between the small thickness of the EP subdomain and the characteristic
length of ⌦ and assumed to be small i.e. " ⌧ 1. Figure 1-Left illustrates the following notations.

2

CLASSICAL BIDOMAIN MODEL
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Solutions at any order are then determined by induction.
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[1] A. Collin, S. Nati Poltri, C. Poignard. Electrocardiology modeling after pulsed field 
ablation relying on asymptotic analysis. To be submitted. 2023.

THEOREM [1]


Assuming the well-posedness of all the PDE systems and let  be the 
functions defined by 


for all  , there exists a constant  independent of  such that
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i ∥H1(ΩL∪Ωε
R) + ∥uε

e − uε,N
e ∥H1(Ω) + ε∥∇(uε
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• Bidomain model

Am(Cm∂tvm + Iion(vm, w)) − ∇ ⋅ (σi ⋅ ∇ui) = 0, Ω,
Am(Cm∂tvm + Iion(vm, w)) + ∇ ⋅ (σe ⋅ ∇ue) = 0, Ω,

∂tw + g(vm, w) = 0, Ω,
∂nui|∂Ω∖Γ

= ∂nue|∂Ω∖Γ
= 0.

∫Ω
ue = 0.

[ue]|Γ
= 0, [∂nue]|Γ

= 0.

• Neumann Boundary Condition on intra-cellular potential
∂nui|Γ

= 0.

• Continuity on extra-cellular potential

Γ

Ω
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• Bidomain model

Am(Cm∂tvm + Iion(vm, w)) − ∇ ⋅ (σi ⋅ ∇ui) = 0, Ω,
Am(Cm∂tvm + Iion(vm, w)) + ∇ ⋅ (σe ⋅ ∇ue) = 0, Ω,

∂tw + g(vm, w) = 0, Ω,
∂nui|∂Ω∖Γ

= ∂nue|∂Ω∖Γ
= 0.

∫Ω
ue = 0.

• Kedem–Katchalsky transmission condition 
α[ue]|Γ

= ∂nue|Γ−
= ∂nue|Γ+

α[ui]|Γ
= ∂nui|Γ−

= ∂nui|Γ+

Γ

Ω

 homogeneous to a surface conductance 
models the fact that treated region has a higher 
resistance due to RFA than the healthy tissue.

α > 0 α = 0
0 < α ≪ 1

α ≫ 1

Isolation (perfect RFA)
Fibrosis

Continuity
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• Very realistic left atrium

x x

c

c
S1 (BB)

S1 (FO)

S2

Title Suppressed Due to Excessive Length 3

the identity tensor in the tangential plane. ⌧̄0 denotes a unit vector, linked to
the fiber direction of the midsurface of the atria, and ⌧̄?0 is such that (⌧̄0, ⌧̄?0 )
gives an orthonormal basis to the tangential plane. Eventually, functions I0(✓) =
1
2 + 1

4✓ sin(2✓) and J(✓) = 1�I0(✓) describe the effect of a variation of a 2✓ angle
of the direction of the fibers across the wall. The well-posedness of the system is
ensured by adding some initial conditions for vm, ue and w at time t = 0.

To close the system, appropriate transmission conditions on the interface �
has to be written. They depend on the ablation that we consider and they are
presented in the following subsections. We will denote by �+ (resp. ��) the side
of DLA (resp. DPV).

2.2 Radiofrequency Ablation

To represent RFA without fibrosis, we will consider a full separation between
the two cardiac parts DLA and DPV. The transmission conditions are in fact
degenerated and read as follows

�
(¯̄�e ·rue) · n̄

�
|�+

=
�
(¯̄�e ·rue) · n̄

�
|��

= 0,
�
(¯̄�i ·r(ue + vm)) · n̄

�
|�+

=
�
(¯̄�i ·r(ue + vm)) · n̄

�
|��

= 0.

(3a)

(3b)

However, fibrosis is known to appear in some cases after RFA [ajouter 1 citation].
To model that, we will consider the well-known Kedem–Katchalsky transmission
conditions – initially introduced in [11] – which write

↵JueK|� =
�
(¯̄�e ·rue) · n̄

�
|�+

=
�
(¯̄�e ·rue) · n̄

�
|��

,

↵Jvm + ueK|� =
�
(¯̄�i ·r(ue + vm)) · n̄

�
|�+

=
�
(¯̄�i ·r(ue + vm)) · n̄

�
|��

.

(4a)

(4b)

The considered coefficient ↵ is a positive constant which must be chosen carefully.
Indeed by varying the parameter, the transmembrane potential wave will be able
or not to overtake the interface � . In particular, when ↵ = 0, it is equivalent to
the conditions (3) corresponding to RFA without fibrosis. When ↵ >> 1, it can
be seen as a penalty method [13] for weak imposition of the continuity conditions
between the both parts meaning it corresponds to have the classical bidomain
model in the full domain.

Annabelle : j’hésite à virer Equation (3) en couplant directement (3) et (4).

2.3 Pulsed Field Ablation

Unlike RFA, the PFA method has been proven to be non-invasive, only destroy-
ing cells, by ensuring tissue specificity, specifically targeting the myocardium
thanks to its non-thermal approach. Therefore, the extra-cellular potential is
revealed to be continue with its derivative at the interface � . Concerning the
intra-cellular potential, we consider a Neumann boundary condition. We then
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2 Modeling

2.1 Bidomain model

We consider two parts of the cardiac tissue that should have be isolated during
ablation (RFA or PFA). We denote by DPV one of the pulmonary vein domain
and by DLA the rest of the left atrium. In our modeling the ablated area is
assumed to be small and we consider that it is represented only by the interface
between the two domains � = DLA \ DPV. PFA, RFA and fibrosis after RFA
will be modeled through the transmission conditions on � . We also define the
exterior boundaries �LA = @DLA \ � and �PV = @DPV \ � .

Inside the cardiac tissue, we will consider the well-known bidomain model [1],
widely studied in literature. This is a non linear reaction-diffusion partial differ-
ential equation (PDE), coupled with an ordinary differential equation (ODE),
representing the cellular activity. In particular, considering a quite simple phe-
nomenological ionic model, equations can be rewritten in terms of the intra-
cellular potential (ue +vm), the extra-cellular potential ue and the ionic variable
w. Moreover, in order to simplify notations, a transmembrane potential vm can
be introduced and defined as vm := (ue + vm) � ue. The system of equations
reads as

Am(Cm@tvm + Iion) �r · (¯̄�i ·r(vm + ue)) = 0, DLA [DPV ⇥ (0, T ),

r · ((¯̄�i + ¯̄�e)rue) + r · (¯̄�i ·rvm) = 0, DLA [DPV ⇥ (0, T ),

@tw + g(vm, w) = 0, D ⇥ (0, T ),

(1a)

(1b)
(1c)

where the functions Iion and g are defined as in the model proposed by Mitchell
and Schaeffer [4], Am, the fraction of membrane area per unit volume and Cm,
the membrane capacitance per unit surface. We assume that the heart is iso-
lated, so we make the standard assumption that the extra- and intra- cellular
currents do not propagate outside the heart meaning that we consider Neumann
homogeneous boundary conditions on �LA [ �PV,

(¯̄�i ·rvm) · n̄ = �(¯̄�i ·rue) · n̄, �LA [ �PV ⇥ (0, T ),

(¯̄�e ·rue) · n̄ = 0, �LA [ �PV ⇥ (0, T ),

(1d)

(1e)

where n̄ is the outside normal of �LA [ �PV. More precisely, we consider here
the surface bidomain model proposed in [5], particularly well-suited to the atria
very thin walls. This amounts to considering DLA (resp. DPV) as the midsurface
of the left atrium (resp. one of the pulmonary vein) and the following description
for the anisotropic intra- and extra-cellular conductivity tensors,

¯̄�i,e = �t
i,e

¯̄I + (�t
i,e � �l

i,e)
⇥
I0(✓)⌧̄0 ⌦ ⌧̄0 + J0(✓)⌧̄

?
0 ⌦ ⌧̄?0

⇤
, (2)

where �t
i,e and �l

i,e denote the conductivity coefficients in the intra-cellular
medium measured along and across the fiber direction, respectively and ¯̄I is
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• Bidomain surface model [1]

[1] Chapelle, D., Collin, A., & Gerbeau, J. F. (2013). A surface-based 
electrophysiology model relying on asymptotic analysis and motivated 
by cardiac atria modeling. Mathematical Models and Methods in Applied 
Sciences, 23(14), 2749-2776.

σi,e = σt
i,eId + (σl

i,e − σt
i,e)( f(θ) τ0 ⊗ τ0 + (1 − f(θ)) τ⊥

0 ⊗ τ⊥
0 )

τ0
τ⊥

0

+θ

−θ
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• Fibers architecture 

Computational mesh Fiber orientation at the 
endocardium, see [1]

Fiber orientation at the 
epicardium, see [1]

[1] Ho, S. Y., Anderson, R. H., & Sánchez-Quintana, D. (2002). Atrial 
structure and fibres: morphologic bases of atrial conduction. 
Cardiovascular research, 54(2), 325-336.
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• Numerical resolution: Finite Element Method, BDF 2, FreeFEM++


• Non-overlapping Schwarz-type algorithm for PFA  
(penalty parameter chosen very carefully through a mathematical study)


• Weak coupling for RFA


• Mesh, fibers and codes are available here:  
https://gitlab.inria.fr/snatipol/af-pfa-rfa 

https://gitlab.inria.fr/snatipol/af-pfa-rfa
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PFA (long term)RFA (long term)

Electrocardiology Modeling after Catheter Ablations for Atrial Fibrillation 7

Time

356 ms

200 ms

70 ms

44 ms

20 ms

430 ms

AF RFA PFA

500 ms

44 ms

-0.08 0.02 (V)vm

-0.025 0.035 (V)ue

Fig. 2. First column: before ablation. Second column: successful RFA (Equation (3),
↵ = 10�4). Third column: successful PFA. Lines 1 to 7: Snapshots of transmembrane
potential vm. Last line: Snapshot of extracellular potential ue.

the success of the ablation. However and contrary to RFA (second column), the
PFA maintains the continuity of the extracellular potential ue, see the last line
of Figure 2.

The effects of the ↵ parameter are shown in Figure 3. One can see that as it
increases – see the second and the third columns (↵ = 10�3 and ↵ = 10�2) – the

Well-designed transmission  
conditions

[1] Electrocardiology Modeling after Catheter Ablations for Atrial 
Fibrillation. S. Nati Poltri, G. Caluori, P. Jaïs, A. Collin, C. Poignard. 
FIMH 2023.
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Well-designed transmission  
conditions

[1] Electrocardiology Modeling after Catheter Ablations for Atrial 
Fibrillation. S. Nati Poltri, G. Caluori, P. Jaïs, A. Collin, C. Poignard. 
FIMH 2023.
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Fig. 2. First column: before ablation. Second column: successful RFA (Equation (3),
↵ = 10�4). Third column: successful PFA. Lines 1 to 7: Snapshots of transmembrane
potential vm. Last line: Snapshot of extracellular potential ue.

the success of the ablation. However and contrary to RFA (second column), the
PFA maintains the continuity of the extracellular potential ue, see the last line
of Figure 2.

The effects of the ↵ parameter are shown in Figure 3. One can see that as it
increases – see the second and the third columns (↵ = 10�3 and ↵ = 10�2) – the
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PFA: continuity of extracellular potential  
(Only the cardiomyocytes are impacted)
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two domains for all potentials  

(intra- and extra-cellular potentials)

Well-designed transmission  
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RFA with fibrosis
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• Novel non-thermal promising technique: Pulsed electric Field Ablation (PFA),  
which takes advantage of irreversible electroporation to perform cardiac ablation.


• General context: well-designed mathematical models:  
(1) to improve understanding of irreversible electroporation on cardiac signal,  
(2) to develop numerical criteria for treatment evaluation based on clinical data.
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Atrial fibrillation MonthsSurgery
Study analysis after 


RFA or PFA

• Main results:  
(1) Derive a cardiac electrophysiological model of a cardiac domain containing an 
ablated region by PFA (and by RFA). 
(2) Propose a mathematical explanation for the lower recurrence of AF after PFA 
compared with RFA. 
(3) Both RFA and PFA lead to isolation of the pulmonary veins with respect to the 
electrical signal, but the nature of these isolations is very different.
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First perspective: ventricular tachycardia (3D geometry).


• Impacts of:

• wall thickness of the EP area,

• fiber orientation within the EP area,

on recurrence.


• Perform a numerical comparison between PFA and RFA to predict whether the 
difference in recurrence observed for AF would also be expected for ventricular 
tachycardia.


Second perspective: validate modeling with clinical or animal data (MRI 
geometry, depolarization maps, impedance data)

-> Inverse problem
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