@ Salle Pasteur, Polytech Lille Monday, 17:00-19:00

MULTI-SCALE UNFOLDING HOMOGENIZATION METHOD
APPLIED TO BIDOMAIN AND TRIDOMAIN
ELECTROCARDIOLOGY MODELS

Fakhrielddine BADER,

University of Rennes 1

fakhrielddine.bader@univ-rennesl.fr

Mostafa BENDAHMANE

University of Bordeaux
mostafa.bendahmaneQu-bordeaux.fr

Mazen SAAD

Centrale Nantes
mazen.saad@ec-nantes.fr

Raafat TALHOUK

Lebanese university
rtalhouk@ul.edu.1lb

Keywords: Tridomain model, reaction-diffusion system, Faedo-Galerkin technique, ho-
mogenization theory, time-periodic unfolding method, gap junctions, cardiac electric field

In this work [I], 2], we present a novel microscopic tridomain model describing the
electrical activity in cardiac tissue with dynamical gap junctions and then we apply the
periodic unfolding method to derive the macroscopic tridomain model.

For this, we assume that the periodic domain €2 occupied by the cardiac tissue is con-
stituted by two intracellular media QF_ for k = 1,2 connected by gap junctions I'? and by
an extracellular medium €2, ., from which comes the name tridomain- Each intracellular
medium QF_ and the extracellular medium €. . are separated by a cell membrane I'* (the
sarcolemma).

In this case, we add some additional equations to this model, as well as several con-
ditions on these gap junctions. After a scaling procedure, we obtain the microscopic
tridomain model composed of:

k.

1,€7

e a quasi-stationary conduction equation for each intracellular electric potential u
e another one for the extracellular electric potential . .;

e while on the interface of the cell membrane and gap junctions, certain conditions of
continuity and dynamic coupling are prescribed and satisfied by the transmembrane

potential v* = (uﬁg—ueys)m, the junction potential 5. = (u;.—u;.) and the recovery

variable w* for k = 1,2.

As a first step [I], we establish the global existence and uniqueness of the weak solutions
to our microscopic tridomain model using the Faedo-Galerkin method, and an appropri-
ate compactness argument. As a second step [2], we derive the macroscopic tridomain
model using the unfolding homogenization method [3]. To prove the convergence of the
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nonlinear terms, we use the unfolding boundary operator and the Kolmogorov-Riesz type
compactness argument. At the limit when ¢ — 0, we show that the solution of the micro—
scopic model converges, in an appropriate sense to the unique solution (u}, u}, ue, w', w?),

with v¥ = uf —u, (k = 1,2) and s = u} — u?, of the macroscopic tridomain system (of

reaction-diffusion type):

Z /LJ(?tU +V- (M Vue> Z e TLion (0", W) = Z 1L app, in Qp :=(0,7) x Q,
k=

k=1,2 k=1,2

110" + 1,5 — V - (MiVuZ) F i Tion (08 01) 4 iy Tyep(s) = Il in Q.

20i0* — pgOrs — V- (MZVu12> + 19 Tion (V¥ %) = pgLyap(s) = paI,,, in Qrp,
ok — H(w* w*) = 0, in Qr,

completed with appropriate initial and edge conditions where pu, = |T'y|/|Y], & = 1,2
(resp. py, = |T?/2]Y]) is the ratio between the surface membrane (resp. the gap junc-
tion) and the volume of the reference cell. In addition, 1\//TJ for 7 = i,e represent the
homogenized conductivity matrices while Z;,,, Zyqp, Zapp, denote ionic, gap and applied
currents, respectively.

References

[1] F. Bader, M. Bendahmane, M. Saad, and R. Talhouk. Microscopic tridomain model
of electrical activity in the heart with dynamical gap junctions. part 1-modeling and
well-posedness. Acta Applicandae Mathematicae, 179(11):743-766, 2022.

[2] F. Bader, M. Bendahmane, M. Saad, and R. Talhouk. Microscopic tridomain model
of electrical activity in the heart with dynamical gap junctions. part 2-derivation of

the macroscopic tridomain model by unfolding homogenization method. Asymptotic
Analysis, 132(3-4):575-606, 2023.

[3] D. Cioranescu, A. Damlamian, P. Donato, G. Griso, and R. Zaki. The periodic un-
folding method in domains with holes. SIAM Journal on Mathematical Analysis,
44(2):718-760, 2012.

[4] A. Tveito, K. H. Jaeger, M. Kuchta, K.-A. Mardal, and M. E. Rognes. A cell-based
framework for numerical modeling of electrical conduction in cardiac tissue. Frontiers
in Physics, 5(2):48, 2017.

L Université s, o @
ABPDE 5 LL delile  {reezia— G TTEET June 5-9, 2023
I,al)orzll.uirc Q CEMP | — e LIL ,

@ Paul Painlevé



