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The promise of quantum computers is that certain computational tasks might be 
executed exponentially faster on a quantum processor than on a classical processor1. A 
fundamental challenge is to build a high-!delity processor capable of running quantum 
algorithms in an exponentially large computational space. Here we report the use of a 
processor with programmable superconducting qubits2–7 to create quantum states on 
53 qubits, corresponding to a computational state-space of dimension 253 (about 1016). 
Measurements from repeated experiments sample the resulting probability 
distribution, which we verify using classical simulations. Our Sycamore processor takes 
about 200 seconds to sample one instance of a quantum circuit a million times—our 
benchmarks currently indicate that the equivalent task for a state-of-the-art classical 
supercomputer would take approximately 10,000 years. This dramatic increase in 
speed compared to all known classical algorithms is an experimental realization of 
quantum supremacy8–14 for this speci!c computational task, heralding a much-
anticipated computing paradigm.

In the early 1980s, Richard Feynman proposed that a quantum computer 
would be an effective tool with which to solve problems in physics 
and chemistry, given that it is exponentially costly to simulate large 
quantum systems with classical computers1. Realizing Feynman’s vision 
poses substantial experimental and theoretical challenges. First, can 
a quantum system be engineered to perform a computation in a large 
enough computational (Hilbert) space and with a low enough error 
rate to provide a quantum speedup? Second, can we formulate a prob-
lem that is hard for a classical computer but easy for a quantum com-
puter? By computing such a benchmark task on our superconducting 
qubit processor, we tackle both questions. Our experiment achieves 
quantum supremacy, a milestone on the path to full-scale quantum 
computing8–14.

In reaching this milestone, we show that quantum speedup is achiev-
able in a real-world system and is not precluded by any hidden physical 
laws. Quantum supremacy also heralds the era of noisy intermediate-
scale quantum (NISQ) technologies15. The benchmark task we demon-
strate has an immediate application in generating certifiable random 
numbers (S. Aaronson, manuscript in preparation); other initial uses 
for this new computational capability may include optimization16,17, 
machine learning18–21, materials science and chemistry22–24. However, 
realizing the full promise of quantum computing (using Shor’s algorithm 
for factoring, for example) still requires technical leaps to engineer 
fault-tolerant logical qubits25–29.

To achieve quantum supremacy, we made a number of techni-
cal advances which also pave the way towards error correction. We 
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Thermopower of a Kondo Spin-Correlated Quantum Dot
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The thermopower of a Kondo-correlated gate-defined quantum dot is studied using a current heating
technique. In the presence of spin correlations, the thermopower shows a clear deviation from the
semiclassical Mott relation between thermopower and conductivity. The strong thermopower signal
indicates a significant asymmetry in the spectral density of states of the Kondo resonance with respect
to the Fermi energies of the reservoirs. The observed behavior can be explained within the framework of
an Anderson-impurity model.

DOI: 10.1103/PhysRevLett.95.176602 PACS numbers: 72.20.Pa, 73.23.Hk, 73.63.Kv

The Kondo effect due to magnetic impurity scattering in
metals is a well known and widely studied phenomenon
[1]. The effect has recently received much renewed atten-
tion since it was demonstrated [2,3] that the Kondo effect
can significantly influence transport through a semicon-
ductor quantum dot (QD). In a gate-defined QD, the elec-
tronic states can be controlled externally, which allows
experimenters to address many questions concerning
Kondo physics [4] that were previously inaccessible. As
yet unexplored are the thermoelectric properties of a QD in
the presence of Kondo correlations. This is unfortunate,
since these properties often yield valuable additional in-
formation concerning transport phenomena. For example,
the thermopower (TP) S is related to the average energy
hEi with respect to the Fermi energy EF of the particles
contributing to the transport by [5,6]

S ! " lim
!T!0

VT

!T

!!!!!!!!I#0
# " hEi

eT
; (1)

where VT is the thermovoltage, !T is the applied tempera-
ture difference, and e is the elementary charge. S is, there-
fore, a direct measure of the weighted spectral density of
states in a correlated system with respect to the Fermi
energy EF. Moreover, the TP can be used to determine
the spin-entropy flux accompanying electron transport,
which sets boundaries on the operating regime of spin-
based quantum computers [7]. Spin entropy was recently
shown to be the origin of the giant thermoelectric power of
layered cobalt oxides [8], and one may anticipate similarly
large effects for single quantum dots.

In this Letter, we present TP measurements on a lateral
QD in the presence of Kondo correlations in comparison
with results obtained for the weak coupling Coulomb
blockade (CB) regime. The experiments show a clear
breakdown of transport electron-hole symmetry in the
vicinity of Kondo spin correlations, accompanied by devi-
ations from the semiclassical Mott relation [5]

SMott # "
!2

3

k2T
e

@ lnG$E%
@E

; (2)

where kB is Boltzmann’s constant, and G$E% is the energy-
dependent conductance of the QD.

Figure 1 shows a scanning electron microscopy (SEM)
photograph of the sample structure. This structure is fabri-
cated by electron-beam lithography on a $Al;Ga%As=GaAs
heterostructure containing a two-dimensional electron gas
(2DEG) with carrier density ns # 2:3& 1015 m"2 and
mobility " # 100 m2=$VM s%. Gates A, D, E, and F
form the QD and gates A, B, C, and D are the boundaries
of the electron-heating channel, which is 20 "m long and
2 "m wide. The QD has a lithographical diameter of
approximately 250 nm and has a design [9] that allows
great flexibility in the number of electrons on the dot. For
the present experiment, the barriers are adjusted such that
the number of electrons can be varied conveniently (i.e., by
changing only the voltage VE applied to plunger gate E)
between 20 and 40, as can be deduced from the magnetic-
field evolution of the CB peaks. The sample is mounted in a
top loading dilution cryostat with a base temperature Tbath
below 50 mK. For conductance measurements, gates B and
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FIG. 1. SEM photograph of the quantum dot and the central
part of the 20 "m long heating channel. The labels V1;2 and I1;2
indicate the 2DEG areas with Ohmic contacts.
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Quantum-dot heat engine: device
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Quantum-dot heat engine:  
70% of Carnot efficiency demonstrated
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Quantum-dot heat engine achieves Curzon-Ahlborn efficiency at maximum power 
and about 70 % of Carnot efficiency with finite power output
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Cyclical heat engines are a paradigm of classical thermodynamics, but are impractical for 
miniaturization because they rely on moving parts. A more recent concept is particle-
exchange (PE) heat engines, which uses energy filtering to control a thermally driven 
particle flow between two heat reservoirs [1,2]. Because they don’t require moving parts, 
and can be realized in solid-state materials, they are suitable for low-power applications 
and miniaturization. It has been predicted that PE engines can reach the same 
thermodynamically ideal efficiency limits as those accessible to cyclical engines [3,4,5,6], but 
this prediction has never been experimentally verified. Here we demonstrate a PE heat 
engine based on a quantum dot (QD) embedded into a semiconductor nanowire. We 
directly measure the engine’s steady state electric power output and combine it with the 
calculated electronic heat flow to determine the electronic efficiency h. We find that at 
maximum power conditions h is in agreement with the Curzon-Ahlborn efficiency [6,7,8,9] 
and that the overall maximum h is in excess of 70% of Carnot efficiency while maintaining 
a finite power output. Our results demonstrate that thermoelectric power conversion can in 
principle be achieved close to the thermodynamic limits, with direct relevance for future 
hot-carrier photovoltaics [10], on-chip coolers or energy harvesters for quantum 
technologies. 

  



• Spin-1/2	Kondo	effect	

• Single-level	Anderson	model,	NRG,	U/Γ=20	
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Local electrical gating can shift in energy the localized orbital
and thus break particle-hole symmetry. This drives strong
thermoelectric effects in the tunneling current, associated with
spectral asymmetries in the tunneling spectrum. However, in
the standard picture of the Kondo resonance, it is schemati-
cally assumed that the Kondo peak is pinned exactly at the
Fermi level, independently on the depth ε0 of the localized
state. While this picture is approximately true and amply
sufficient to understand roughly the temperature dependence
of the linear conductance in the Kondo regime, it is in fact
totally inadequate for describing the thermopower of quantum
dots.30 For gate voltages close to the middle of odd charge
Coulomb diamonds, the Kondo resonance peak energy differs
very little from EF (by much less than kBTK) due to nearly
complete realization of particle-hole symmetry. In this regime,
thermal transport also nearly vanishes due to compensating
contributions from electron and hole states. However, this
energy shift of the Kondo resonance increases to reach as
much as about kBTK for gate voltages approaching the mixed
valence regime in which the charge on the dot can freely
fluctuate and where one can also anticipate enhanced
thermoelectric effects (Figure 1d).31

This asymmetry of the Kondo resonance about the Fermi
level, along with its strong temperature dependence, are crucial
for understanding the low-temperature thermopower of
Kondo-correlated quantum dots.30,32 Although well established
in theory,33 these properties have not been directly observed
by experiments to date. This is mainly because parasitic voltage
offsets are unavoidable in low-temperature transport experi-

ments, due to the signal amplification chain or thermo-
electricity in the wiring, rendering the precise determination of
the Fermi level EF, and thus the relative position of the Kondo
peak with respect to EF, difficult. The situation is different
when, in addition to a voltage bias, a temperature bias ΔT can
be applied across a junction hosting the Kondo resonance,
leading to thermoelectric effects. Experimentally, the Seebeck
coefficient (or thermopower) is defined as S = −VTh/ΔT in the
linear regime with VTh the thermovoltage established at zero
direct current (dc) flowing. While the low-temperature linear
conductance probes the amplitude of the junction spectral
function A(E) at EF, the low-temperature thermopower is
related to the spectral function derivative, S ∝ dA/dE|EF. More
generally, a nonzero Seebeck coefficient in the Kondo state
implies that the Kondo resonance must be asymmetric about
the Fermi level within a temperature window ±kBT. Yet,
thermoelectric measurements in the presence of Kondo
correlations have remained rare to date34 and have either
focused on the mixed valence regime15 or on measurements of
the thermocurrent rather than Seebeck coefficient.35

Here, we report on a direct measurement of the Seebeck
coefficient from the Coulomb blockade to the Kondo regimes,
using combined transport and thermopower measurements in
a single quantum dot junction. From the variations of the
thermopower with level depth at different temperatures, we
experimentally verify two hallmarks of Kondo correlations in
thermal transport. First, we report on a Seebeck signal that is
breaking the 1e-periodicity with respect to the quantum dot
charge state, which gives strong indication for single-spin
induced effects on thermoelectric properties. Second, we find
sign changes in the thermopower upon increasing temperature
for fixed gate voltages in the Kondo-dominated odd-charge
diamonds, while no such sign change is observed in the non-
Kondo even-charge Coulomb diamonds (for fixed gate
voltage). The former reflects the intricate spectral weight
rearrangement of the asymmetric Kondo resonance from low
to high energies as the Kondo peak is destroyed upon
increasing temperature (see Figure 1, as well as Figure S6 in
the Supporting Information). These observations are found in
good agreement with predictions from NRG calculations on
the Anderson model described in ref 30 and further developed
in this work.
Our junctions are realized using the electromigration

technique, which has been successfully applied for studying
the Kondo effect in a variety of single quantum dot systems,
such as single molecules and metallic nanoparticles.26,36,37

Using electron-beam lithography and a three-angle shadow
evaporation we fabricate devices such as pictured in Figure 1a
on top of a local back gate. After lift-off, inspection, and thus
exposure to air, we again evaporate a 1−1.5 nm gold layer over
the entire sample surface. Because of its extreme thinness, this
layer segregates into a discontinuous film of Au nano-
particles.38 After cooling to 4.2 K, we form a nanometer-
scale gap in the platinum constriction visible in Figure 1b by
controlled electromigration. Devices displaying reproducible
gate-dependent conductance features are then investigated at
temperatures down to 60 mK in a thoroughly filtered dilution
cryostat. The transport properties are determined by
measuring the junction current IQD as a function of the bias
voltage Vb and a gate voltage Vg, applied from a local back gate.
One lead of the quantum dot junction, defined as the drain in
what follows, rapidly widens away from the electromigration

Figure 1. (a) False color scanning electron micrograph of the device,
displaying the drain (green) and source (red) contacts to the
quantum dot. Four superconducting aluminum leads (cyan) are
connected to the source, for heating and biasing the junction. (b)
Zoom-in of an electromigrated quantum dot junction between the
source and the drain. (c) Sketch of the spectral function of the
quantum dot (right) induced by the coupling to the lead (left), both
at high (red) and low (blue) temperatures. The Kondo effect arises as
a sharp resonance near yet not exactly at the Fermi level EF at low
temperatures. (d) Numerical renormalization group (NRG) calcu-
lation on the single level Anderson model with on-site Coulomb
interaction U and level position ε0. Here is shown the junction
spectral function A(E) at different temperatures T/TK = 0.01, 2.8, 5,
10, 20 (from blue to red), for an asymmetric impurity level and a fixed
Kondo temperature TK, showing the spectral offset and asymmetry of
the Kondo resonance.
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ABSTRACT: We report on the first measurement of the Seebeck
coefficient in a tunnel-contacted and gate-tunable individual single-
quantum dot junction in the Kondo regime, fabricated using the
electromigration technique. This fundamental thermoelectric
parameter is obtained by directly monitoring the magnitude of
the voltage induced in response to a temperature difference across
the junction, while keeping a zero net tunneling current through
the device. In contrast to bulk materials and single molecules
probed in a scanning tunneling microscopy (STM) configuration,
investigating the thermopower in nanoscale electronic transistors
benefits from the electric tunability to showcase prominent quantum effects. Here, striking sign changes of the Seebeck
coefficient are induced by varying the temperature, depending on the spin configuration in the quantum dot. The comparison
with numerical renormalization group (NRG) calculations demonstrates that the tunneling density of states is generically
asymmetric around the Fermi level in the leads, both in the cotunneling and Kondo regimes.
KEYWORDS: Thermoelectricity, quantum transport, Kondo effect

Exploring charge and heat transport at the level of single
atoms or molecules in contact with voltage and temper-

ature biased reservoirs constitutes the most fundamental probe
of energy transfer at the nanoscale.1,2 While purely electrical
conductance measurements in various quantum dot junctions
are by now well established, both experimentally and
theoretically,3−5 probing electrical and thermal current in
fully controlled nanostructures under temperature gradients
still constitutes a great experimental challenge. The two central
thermoelectric quantities are the thermal conductance and the
thermopower (also known as the Seebeck coefficient). These
relate respectively to the heat current and the voltage resulting
from a thermal imbalance in reservoirs tunnel-coupled through
a nano-object under the condition of zero net electrical
current. Both quantities have been investigated at the
nanoscale in metallic tunnel contacts6−9 and in single
molecules probed by an STM tip.10−13 Gate-tunable thermo-
electric experiments, allowing to assess and control the
electronic structure of individual quantum dots, have been
conducted so far essentially using semiconducting struc-
tures.14−17 Conversely, only very few studies in a molecular
or nanoparticle transistor geometry have been performed18,19

and only with limited gate coupling.
The rise in nanofabrication techniques has allowed

connecting single quantum dots, small enough to display
experimentally reachable level quantization, such as provided

by electrostatically defined regions in two-dimensional (2D)
electron gases, carbon nanotubes, single molecules and
nanoparticles. This progress has led in recent years to
quantitative understanding of electronic correlations at the
nanoscale.20−28 Because of the universal and robust nature of
Coulomb blockade and Kondo effects in single quantum dot
electronic junctions, the full characterization of thermoelectric
properties of quantum dots still constitutes a milestone in the
field of nanoscale charge and heat transfer, which delineates
the central investigation in this Letter. In particular, the Kondo
effect is a paradigmatic many-body effect of electrons in bulk
metals with magnetic dopants,29 also taking place in
nanostructures in the regime of Coulomb blockade of the
charge with an unpaired magnetic moment. Driven by the
magnetic exchange interaction between the localized electronic
orbital and the conduction electrons near the Fermi level EF, a
hybrid tunneling resonance of width kBTK develops at low
temperature in the spectral function near EF due to the
entanglement of conduction electrons to the quantum dot
electronic degrees of freedom below a characteristic Kondo
temperature TK.
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Vb such that VTh = 0 in the center of the evenly occupied
diamond. The result is shown as the black line on the same
figure. Strikingly, the thermovoltage changes sign at consec-
utive integer charge states, resulting in a 2e-periodicity of the
thermopower response, that directly follows from the presence
of Kondo anomalies in odd charge diamonds. In more detail,
the 2e-periodicity reflects the fact that the junction spectral
function has its maximal weight alternating above and below
the Fermi level depending on if the level depth ε0 of the
doublet spin state is either approaching EF from below (in
which case the dot transits from single to zero occupancy in
the active orbital), or EF − U from above (in which case the
highest occupied electronic orbital starts to become singly
occupied and develops the next Kondo ridge).
While this 2e-periodic response of thermopower with the

quantum dot charge state is in good agreement with what is
expected for the Kondo effect, it is not by itself a proof thereof.
Indeed, in a quantum description of the level hybridization, the
inclusion of the electron spin degree of freedom leads to a
doubling of the spectral function width when the charge states
changes parity,40 breaking thus the 1e periodicity naively
expected from a sequential or cotunneling description
neglecting the spin.42,43

A much more characteristic signature of the singlet nature of
the Kondo state resides in multiple sign changes of the
thermopower as a function of gate voltage, occurring both in
the center of Coulomb-blockaded even and odd charge states,
but also at the onset of the Kondo regime within the odd
charge diamond. This Kondo-related sign change takes place as
temperature is increased from below to above a characteristic
temperature T1, which is a weak function of gate voltage in the
Kondo regime (see Figure S5 of the Supporting Information
and ref 30). The other Coulomb-related sign changes are
temperature independent and occur when the bare quantum
dot energy level is such that ε0 + U/2 = 0 (for a single orbital
model). In Figure 4a, we show the gate traces of the Seebeck
coefficient of the same device at different temperatures. At the
lowest temperature Tlow (such that kBTlow/Γ < 0.015), the
thermopower inside the Kondo-correlated Coulomb diamonds
(for Vg < −4.1 V and Vg > −0.9 V) has a markedly different
behavior with respect to the higher temperature data,
confirming this sign change.

Our data can be compared with NRG predictions30 of the
Seebeck coefficient of a quantum dot with the parameter value
U/Γ ≃ 22 taken from the experiment. The simulations are
performed within a two-leads single orbital Anderson impurity
model with Hamiltonian

H d d Ud d d d c c t c d H c( . . )
k

k k k
k

k0∑ ∑ ∑ε= + + ϵ + +
σ

σ σ
ασ

σ ασ ασ
ασ

α ασ σ
†

↑
†

↑ ↓
†

↓
† †

(1)

The first term describes the quantum dot level energy ε0
(measured relative to the Fermi level EF, which is set to zero in
our calculations). The dot level is controlled in the experiment
with the gate voltage Vg. The second term with charging
energy U is the local Coulomb repulsion on the dot. The third
term describes the Fermi sea in the reservoirs, where α = L,R
labels the two contacts, and ϵkσ is the kinetic energy of the lead
electrons. The last term describes the tunneling of electrons
from the leads onto and off the dot with tunneling amplitudes
tα. By using even and odd combinations of lead electron states,
the odd channel decouples, resulting in a single-channel
Anderson model with an effective tunnel matrix element t
given by t2 = tL2 + tR2 . The hybridization is then characterized by

Figure 3. Current map for small applied biases in the presence of a
temperature gradient at intermediate temperature Tmid ≃ 1.5 K. The
black line follows the points of vanishing current; it is thus equal to −
VTh. The thermoresponse at about Vg = 0.7 V, associated with the
second, weakly coupled quantum dot, is grayed out for better
readability.

Figure 4. (a) Experimental thermopower S = −VTh/ΔT at the three
experimental device temperatures Tlow = 300 mK = 0.01Γ (blue), Tmid
= 1.5 K = 0.05Γ (orange), and Thigh = 4.4 K = 0.14Γ (red). The
arrows highlight the level depths in the Kondo regime near which the
thermopower changes sign at a temperature T1 ≈ Γ/(10kB). (b,c)
Corresponding NRG calculation using experimental parameters U =
58 meV, Γ = 2.6 meV and for the same set of temperatures T/Γ (with
the same color code). The calculation assumes a single orbital level,
predicting therefore correctly S = 0 in the center of an oddly occupied
Coulomb diamond (ϵ0 + U/2 = 0). For the sake of comparison with
the experimental data, the calculations at negative ϵ0 + U/2 are placed
to the right-hand panel. Neglecting higher orbital levels in the NRG
calculation does not allow to map the complete transition region in
the center of the even diamond so that the theoretical comparison is
done using two disjointed panels.
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ABSTRACT: We report on the first measurement of the Seebeck
coefficient in a tunnel-contacted and gate-tunable individual single-
quantum dot junction in the Kondo regime, fabricated using the
electromigration technique. This fundamental thermoelectric
parameter is obtained by directly monitoring the magnitude of
the voltage induced in response to a temperature difference across
the junction, while keeping a zero net tunneling current through
the device. In contrast to bulk materials and single molecules
probed in a scanning tunneling microscopy (STM) configuration,
investigating the thermopower in nanoscale electronic transistors
benefits from the electric tunability to showcase prominent quantum effects. Here, striking sign changes of the Seebeck
coefficient are induced by varying the temperature, depending on the spin configuration in the quantum dot. The comparison
with numerical renormalization group (NRG) calculations demonstrates that the tunneling density of states is generically
asymmetric around the Fermi level in the leads, both in the cotunneling and Kondo regimes.

KEYWORDS: Thermoelectricity, quantum transport, Kondo effect

Exploring charge and heat transport at the level of single
atoms or molecules in contact with voltage and temper-

ature biased reservoirs constitutes the most fundamental probe
of energy transfer at the nanoscale.1,2 While purely electrical
conductance measurements in various quantum dot junctions
are by now well established, both experimentally and
theoretically,3−5 probing electrical and thermal current in
fully controlled nanostructures under temperature gradients
still constitutes a great experimental challenge. The two central
thermoelectric quantities are the thermal conductance and the
thermopower (also known as the Seebeck coefficient). These
relate respectively to the heat current and the voltage resulting
from a thermal imbalance in reservoirs tunnel-coupled through
a nano-object under the condition of zero net electrical
current. Both quantities have been investigated at the
nanoscale in metallic tunnel contacts6−9 and in single
molecules probed by an STM tip.10−13 Gate-tunable thermo-
electric experiments, allowing to assess and control the
electronic structure of individual quantum dots, have been
conducted so far essentially using semiconducting struc-
tures.14−17 Conversely, only very few studies in a molecular
or nanoparticle transistor geometry have been performed18,19

and only with limited gate coupling.
The rise in nanofabrication techniques has allowed

connecting single quantum dots, small enough to display
experimentally reachable level quantization, such as provided

by electrostatically defined regions in two-dimensional (2D)
electron gases, carbon nanotubes, single molecules and
nanoparticles. This progress has led in recent years to
quantitative understanding of electronic correlations at the
nanoscale.20−28 Because of the universal and robust nature of
Coulomb blockade and Kondo effects in single quantum dot
electronic junctions, the full characterization of thermoelectric
properties of quantum dots still constitutes a milestone in the
field of nanoscale charge and heat transfer, which delineates
the central investigation in this Letter. In particular, the Kondo
effect is a paradigmatic many-body effect of electrons in bulk
metals with magnetic dopants,29 also taking place in
nanostructures in the regime of Coulomb blockade of the
charge with an unpaired magnetic moment. Driven by the
magnetic exchange interaction between the localized electronic
orbital and the conduction electrons near the Fermi level EF, a
hybrid tunneling resonance of width kBTK develops at low
temperature in the spectral function near EF due to the
entanglement of conduction electrons to the quantum dot
electronic degrees of freedom below a characteristic Kondo
temperature TK.
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FIG. 1. (color online). Measured device. (a) Measured
Hall resistance Rxy versus perpendicular magnetic field B.
(b) SEM micrograph of the sample. Surface metal gates ap-
pear brighter. Large and top right gates (not colorized) are
grounded. The large ohmic contacts indicated as black disks
or as a rectangle are located hundreds of microns away. At
filling factor � = 4�3, the electrical current propagates an-
ticlockwise along two edge channels (lines). The fractional
inner channel (yellow line) is locally heated up by voltage bi-
asing a quantum point contact (upstream HU , downstream
HD1 or HD2) using its split gate (colorized red) to set it to
half (fully) transmit the inner (outer) channel. The heating
induced in the inner channel is probed from the current ID
across the detector (D) set in the Coulomb blockade regime
using its split gate (colorized blue). (c) Test of electrical edge
paths, with HD2 and D set to perfectly transmitting the in-
teger outer channel, HD1 set to perfectly reflecting it, and
the fractional inner channel being fully reflected at the three
split gates. Symbols display outgoing currents, measured at
di�erent locations versus the gate voltage controlling HU , for
a current of 100 pA injected at the left top contact.

ness of the two copropagating channels, the constrictions
labeled D and HD2 were tuned to fully transmitting (re-
flecting) the outer (inner) channel, and the constriction
HD1 was closed. In this regime, the vanishing currents
ID and IHD2 at positive split gate voltages show that the
electrical current IR is carried only by the inner channel,
with negligible charge tunneling toward the outer chan-
nel between HU and HD2. Similar tests were performed

in presence of the largest injected powers to establish the
counter-clockwise (chiral) propagation of the electrical
current as well as the absence of inter-channel tunneling
in all the experimental configurations investigated here-
after.

FIG. 2. (color online). Heaters and detector characteriza-
tions. (a) I � V characteristics of the heater quantum point
contacts (symbols), with IinH the measured DC current trans-
mitted in the inner edge channel and VH the applied voltage
bias. The continuous line (green) is a calculation for an ex-
actly half transmitted inner edge channel. (b) Representative
surface plot of ⌅ID�⌅VD ⇥ ⇥D�3RK+1�RK (higher is brighter)
versus the detector bias voltage VD and the split gate voltage
controlling D. Darkest areas correspond to the detector inner
edge channel transmission ⇥D = 0. (c) Measured ⇥D versus VD

for di�erent temperatures T ⇤ {40,100,150,200} mK, keeping
the detector split gate voltage fixed. (d) Symbols: measured
⇥D(VD = 0) versus T for the same detector settings as the
data in (c). Continuous line (red): fit assuming a metallic
quantum dot (see text).

Now that we have characterized charge transport, we
investigate heat transport by injecting power and probing
the resulting heating in the fractional inner edge channel.
Power is injected locally into the inner channel by ap-

plying a voltage bias VH across a constriction set to
transmit half (all) of the current carried by the inner
(outer) channel. These constrictions were tuned to have
little voltage dependence of their transmission, as shown
Fig. 2(a). At half transmission of the inner channel, the
injected power into edge excitations is PH � 0.25V 2

H�6RK

[17]. One heaterHU is located at an edge distance 1.8 µm
upstream the detector D, and two heaters HD1 and HD2

are located respectively at 1.4 and 2.2 µm downstream
the edge channel.
Heating in the fractional inner channel is detected

Chargeless heat transport in the fractional quantum Hall regime

C. Altimiras,1, � H. le Sueur,1, † U. Gennser,1 A. Anthore,1 A. Cavanna,1 D. Mailly,1 and F. Pierre1, ‡

1CNRS / Univ Paris Diderot (Sorbonne Paris Cité),
Laboratoire de Photonique et de Nanostructures (LPN), route de Nozay, 91460 Marcoussis, France

(Dated: February 29, 2012)

We demonstrate a direct approach to investigate heat transport in the fractional quantum Hall
regime. At filling factor � = 4�3, we inject power at quantum point contacts and detect the related
heating from the activated current through a quantum dot. The experiment reveals a chargeless heat
transport from a significant heating that occurs upstream of the power injection point, in absence
of a concomitant electrical current. By tuning in-situ the edge path, we show that the chargeless
heat transport does not follow the reverse direction of the electrical current path along the edge.
This unexpected heat conduction demonstrates a novel aspect, yet to be elucidated, of the physics
in fractional quantum Hall systems.

PACS numbers: 73.43.Fj, 73.43.Lp, 73.23.Hk

The quantum Hall e�ect arises for two-dimensional
electrons subjected to a strong perpendicular magnetic
field and involves gapless electronic excitations propagat-
ing in channels along the sample edge [1]. It is evidenced
from distinct plateaus in the Hall resistance RH = RK�⇥,
with RK = h�e2 the resistance quantum, accompanied by
a vanishing longitudinal resistance. At fractional values
of the filling factor ⇥, this e�ect is due to Coulomb inter-
action. It is associated with the formation of exotic elec-
tronic phases [2], with quasiparticle excitations markedly
di�erent from bosons and fermions and carrying a frac-
tion of the electron charge [3, 4]. Although the fractional
quantum Hall e�ect was discovered three decades ago [5],
the experimental investigation of many striking aspects
of this physics is still at an incipient stage. This includes
the predicted anyonic [1] and possibly non-abelian statis-
tics [6] of the fractional quasiparticles, and the presence
of correlated electronic edge modes carrying heat but no
charge [7–9].

It was pointed out since the mid-nineties that the
study of heat transport would provide decisive informa-
tion on the peculiar physics of the di�erent fractional
quantum Hall regimes [9–13]. Very recently, a non-chiral
heat transport at several fractional filling factors was ev-
idenced using noise measurements, and attributed to the
presence of upstream neutral edge modes [14–16]. In the
present work, we demonstrate a direct approach to in-
vestigate heat transport in the fractional quantum Hall
regime at the filling factor ⇥ = 4�3 (Fig. 1(a)). For this
purpose we controllably inject power at several locations
along the sample channel, using voltage biased quantum
point contacts, and detect the resulting heating from the
thermally activated current across a quantum dot located
at an intermediate edge position (Fig. 1(b)). With this
approach, we first evidence an unexpected heating up-
stream power injection, with respect to the chiral elec-
trical current along the edge. We then demonstrate that
this chargeless heat current flows in the bulk, further
away from the edge than the electrical path. The rel-

atively important upstream heating suggests the corre-
sponding chargeless heat transport mechanism may play
an important role in the physics of the fractional quan-
tum Hall regime.

The studied sample is tailored in a typical two-
dimensional electron gas of density 2 1015 m⇥2 and
mobility 250 m2V⇥1s⇥1, buried 105 nm deep in a
GaAs/Ga(Al)As heterojunction. Note that similar ob-
servations on a second sample confirmed the reported
findings. We performed the measurements either at DC
or by standard lock-in techniques at frequencies below
100 Hz, in a dilution refrigerator of base temperature
40 mK [17]. Heaters, detector and sample geometry are
tuned by field e�ect using capacitively coupled surface
metal gates (Fig. 1(b)). We applied a perpendicular
magnetic field B = 6.0 T to set the sample in the mid-
dle of the zero longitudinal resistance plateau at ⇥ = 4�3
(see Fig. 1(a) and [17], the extracted thermal activation
transport gap is ⇥ kB ⇥ 700 mK). According to the ef-
fective edge state theory [1], the electrical edge current
at this bulk filling factor is carried by two channels co-
propagating in the same direction. The ‘⇥ = 1’ outer
channel (white line in Fig. 1(b)) is associated to the inte-
ger quantum Hall physics, and the ‘⇥ = 1�3’ inner channel
to the fractional physics (yellow line in Fig. 1(b)).

The data in Fig. 1(c) confirms the reality of the above
edge picture. A bias of 1.9 µV ⇤ (3�4)RK ⇥100 pA is ap-
plied to the left top contact and the resulting currents are
measured at di�erent locations as a function of the split
gate voltage tuning the constriction HU . The current
IHU transmitted across HU is zero for gate voltages be-
low �0.5 V and increases up to the injected current above
0.3 V . Importantly, IHU shows a wide plateau, larger
than 0.3 V , at 3�4 of the injected current. This plateau
corresponds to the full transmission of the ‘⇥ = 1’ outer
channel, which carries three times more current than the
fully reflected fractional ‘⇥ = 1�3’ inner channel. Similar
behaviors are observed across all the studied constric-
tions of this sample. In order to establish the distinct-
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The Josephson heat interferometer
Francesco Giazotto1 & Marı́a José Martı́nez-Pérez1

The Josephson effect1 is perhaps the prototypical manifestation of
macroscopic phase coherence, and forms the basis of a widely used
electronic interferometer—the superconducting quantum inter-
ference device2 (SQUID). In 1965, Maki and Griffin predicted3

that the thermal current through a temperature-biased Josephson
tunnel junction coupling two superconductors should be a sta-
tionary periodic function of the quantum phase difference between
the superconductors: a temperature-biased SQUID should there-
fore allowheat currents to interfere4,5, resulting in a thermal version
of the electric Josephson interferometer. This phase-dependent
mechanism of thermal transport has been the subject of much dis-
cussion4,6–8 but, surprisingly, has yet to be realized experimentally.
Here we investigate heat exchange between two normal metal elec-
trodes kept at different temperatures and tunnel-coupled to each
other through a thermal ‘modulator’ (ref. 5) in the form of a direct-
current SQUID. We find that heat transport in the system is phase
dependent, in agreementwith the original prediction.Our Josephson
heat interferometer yields magnetic-flux-dependent temperature
oscillations of up to 21 millikelvin in amplitude, and provides a
flux-to-temperature transfer coefficient exceeding 60 millikelvin
per flux quantum at 235 millikelvin. In addition to confirming
the existence of a phase-dependent thermal current unique to
Josephson junctions, our results point the way towards the phase-
coherent manipulation of heat in solid-state nanocircuits.
To realize a Josephson heat interferometer we consider a symmetric

direct-current SQUID (that is, a superconducting loop comprising two
equal Josephson tunnel junctions with resistance RJ) composed of
two identical superconductors S1 and S2 in thermal steady state and
residing at temperatures T1 and T2, respectively (see Fig. 1a). For
definiteness, we assume T1$T2 so that the SQUID is temperature-
biased only. With this assumption, the total heat flow _QSQUID from S1
to S2 becomes stationary and is given by3,5,7,8

_QSQUID Wð Þ~2 _Qqp{2 _Qint cos
pW

W0

! "####

#### ð1Þ

whereW0< 2310215Wb is the flux quantum, the factor 2 accounts for
two identical SQUID junctions, andW is the appliedmagnetic flux thread-
ing the loop. W-dependence appears in equation (1) only through the
cosine term so that _QSQUID consists of a W0-periodic function superim-
posed on amagnetic-flux-independent component. In the above express-

ion _Qqp T1,T2ð Þ~ 2
e2RJ

ð?

0
eN 1 e,T1ð ÞN 2 e,T2ð Þ f1 e,T1ð Þ{f2 e,T2ð Þ½ $de

is the usual quasiparticle heat current3,9, whereas _Qint T1,T2ð Þ~
2

e2RJ

ð?

0
eM1 e,T1ð ÞM2 e,T2ð Þ f1 e,T1ð Þ{f2 e,T2ð Þ½ $de is the power flow

due to interference between quasiparticles and the Cooper-pairs con-
densate3,4,6–8. fi(e,Ti)5 [11 exp(e/kBTi)]

–1 is the Fermi–Dirac distri-

bution at temperature Ti (i5 1, 2), N i e,Tið Þ~ ej j
% ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2{Di Tið Þ2
q

H

e2{Di Tið Þ2
' (

is the Bardeen–Cooper–Schrieffer normalized den-
sity of states in the superconductors10, Mi e,Tið Þ~

Di Tið Þ
% ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2{Di Tið Þ2
q

H e2{Di Tið Þ2
' (

(refs 3, 4, 6–8), Di(Ti) is the

temperature-dependent energy gap10,H(x) is theHeaviside function, kB
is the Boltzmann constant, e is the energy relative to the chemical
potential in the superconductors and e is the charge of the electron.
We note that both _Qqp and _Qint vanish for T15T2, whereas _Qint also
vanisheswhen at least one of the superconductors is in the normal state.
The implementation of our heat interferometer is shown in Fig. 1b.

The structure has been fabricated with electron-beam lithography and
three-angle shadow-mask evaporation. It consists of source and drain
copper (Cu) electrodes tunnel-coupled to a superconducting alumi-
nium (Al) island (S1), defining one branch of a direct-current SQUID.
The normal-state resistances of the source and drain junctions are
Rsource< 1.5 kV and Rdrain< 1 kV, respectively, whereas the resistance
of each SQUID junction is RJ< 1.3 kV. S1 is also contacted by an extra
Al probe (S3) via a tunnel junction with normal-state resistance
Rprobe< 0.55 kV. This tunnel junction was designed so to have a cri-
tical current larger than that of the SQUID, thereby allowing an exact
determination of the interferometer critical current. Moreover, the
contact with S3 was explicitly made tunnel-like so to limit heat leakage
out of S1. Both source and drain are tunnel-coupled to a few external Al
probes (vertical wires in Fig. 1b) so to realize normal metal–insulator–
superconductor (NIS) junctions, with normal-state resistance of about
25 kV each, which allow Joule heating and thermometry9.
Below the critical temperature of Al (about 1.4K) Josephson coupling

allows dissipation-free charge transport through the SQUID. The
SQUIDvoltage–current characteristics at 240mK for two representative
magnetic-flux values are shown in Fig. 1c. In particular, a well-defined
Josephson current with maximum amplitude of Ic(0)< 226nA is
observed atW5 0. Finite-bias switching steps appearing atW0/2 repres-
ent the critical current of the S3IS1 Josephson junctionwhen the SQUID
is driven into the dissipative regime11. The magnetic-flux pattern of
the SQUID total critical current Ic(W) along with the theoretical
prediction2,10 is displayed in Fig. 1d, and shows a nearly complete
supercurrent modulation which confirms the good symmetry of the
SQUID. The SQUID screening parameter is bL~Ic 0ð ÞL=W0 < 1.6
3 1023 where L<15 pH is the estimated geometric inductance of
the loop.
Thermal transport, and hence heat interference in the structure,

arises from heating electrons in the source above the lattice tem-
perature (which is the bath temperature, Tbath) so as to elevate the
quasiparticle temperature in S1 (T1) and create a temperature gradient
across the SQUID. This hypothesis is expected to hold because the
second branch of the SQUID (S2) extends into a large-volume lead,
providing efficient thermalization of its quasiparticles at Tbath. _QSQUID
will thus appear, leading to aW0-periodicmodulation of drain electron
temperature (Tdrain).
Investigation of heat transport in our system is performed as

follows. One pair of NIS junctions in the source is operated as a heater,
and a second pair of NIS junctions is used to measure electron tem-
perature (Tsource) in the source by applying a small direct-current bias
current and recording the corresponding temperature-dependent
voltage drop Vth (refs 9,12). Analogously, another pair of NIS junc-
tions is used to perform thermometry in the drain (see Fig. 1b).
Thermometer bias currents were optimized to achieve high sensitivity
while limiting the impact of self-heating or self-cooling9. Figure 1e

1NEST, Istituto Nanoscienze—CNR and Scuola Normale Superiore, Piazza San Silvestro 12, I-56127 Pisa, Italy.
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electronic interferometer—the superconducting quantum inter-
ference device2 (SQUID). In 1965, Maki and Griffin predicted3

that the thermal current through a temperature-biased Josephson
tunnel junction coupling two superconductors should be a sta-
tionary periodic function of the quantum phase difference between
the superconductors: a temperature-biased SQUID should there-
fore allowheat currents to interfere4,5, resulting in a thermal version
of the electric Josephson interferometer. This phase-dependent
mechanism of thermal transport has been the subject of much dis-
cussion4,6–8 but, surprisingly, has yet to be realized experimentally.
Here we investigate heat exchange between two normal metal elec-
trodes kept at different temperatures and tunnel-coupled to each
other through a thermal ‘modulator’ (ref. 5) in the form of a direct-
current SQUID. We find that heat transport in the system is phase
dependent, in agreementwith the original prediction.Our Josephson
heat interferometer yields magnetic-flux-dependent temperature
oscillations of up to 21 millikelvin in amplitude, and provides a
flux-to-temperature transfer coefficient exceeding 60 millikelvin
per flux quantum at 235 millikelvin. In addition to confirming
the existence of a phase-dependent thermal current unique to
Josephson junctions, our results point the way towards the phase-
coherent manipulation of heat in solid-state nanocircuits.
To realize a Josephson heat interferometer we consider a symmetric

direct-current SQUID (that is, a superconducting loop comprising two
equal Josephson tunnel junctions with resistance RJ) composed of
two identical superconductors S1 and S2 in thermal steady state and
residing at temperatures T1 and T2, respectively (see Fig. 1a). For
definiteness, we assume T1$T2 so that the SQUID is temperature-
biased only. With this assumption, the total heat flow _QSQUID from S1
to S2 becomes stationary and is given by3,5,7,8

_QSQUID Wð Þ~2 _Qqp{2 _Qint cos
pW

W0

! "####

#### ð1Þ

whereW0< 2310215Wb is the flux quantum, the factor 2 accounts for
two identical SQUID junctions, andW is the appliedmagnetic flux thread-
ing the loop. W-dependence appears in equation (1) only through the
cosine term so that _QSQUID consists of a W0-periodic function superim-
posed on amagnetic-flux-independent component. In the above express-

ion _Qqp T1,T2ð Þ~ 2
e2RJ
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is the usual quasiparticle heat current3,9, whereas _Qint T1,T2ð Þ~
2
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due to interference between quasiparticles and the Cooper-pairs con-
densate3,4,6–8. fi(e,Ti)5 [11 exp(e/kBTi)]

–1 is the Fermi–Dirac distri-
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is the Bardeen–Cooper–Schrieffer normalized den-
sity of states in the superconductors10, Mi e,Tið Þ~
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(refs 3, 4, 6–8), Di(Ti) is the

temperature-dependent energy gap10,H(x) is theHeaviside function, kB
is the Boltzmann constant, e is the energy relative to the chemical
potential in the superconductors and e is the charge of the electron.
We note that both _Qqp and _Qint vanish for T15T2, whereas _Qint also
vanisheswhen at least one of the superconductors is in the normal state.
The implementation of our heat interferometer is shown in Fig. 1b.

The structure has been fabricated with electron-beam lithography and
three-angle shadow-mask evaporation. It consists of source and drain
copper (Cu) electrodes tunnel-coupled to a superconducting alumi-
nium (Al) island (S1), defining one branch of a direct-current SQUID.
The normal-state resistances of the source and drain junctions are
Rsource< 1.5 kV and Rdrain< 1 kV, respectively, whereas the resistance
of each SQUID junction is RJ< 1.3 kV. S1 is also contacted by an extra
Al probe (S3) via a tunnel junction with normal-state resistance
Rprobe< 0.55 kV. This tunnel junction was designed so to have a cri-
tical current larger than that of the SQUID, thereby allowing an exact
determination of the interferometer critical current. Moreover, the
contact with S3 was explicitly made tunnel-like so to limit heat leakage
out of S1. Both source and drain are tunnel-coupled to a few external Al
probes (vertical wires in Fig. 1b) so to realize normal metal–insulator–
superconductor (NIS) junctions, with normal-state resistance of about
25 kV each, which allow Joule heating and thermometry9.
Below the critical temperature of Al (about 1.4K) Josephson coupling

allows dissipation-free charge transport through the SQUID. The
SQUIDvoltage–current characteristics at 240mK for two representative
magnetic-flux values are shown in Fig. 1c. In particular, a well-defined
Josephson current with maximum amplitude of Ic(0)< 226nA is
observed atW5 0. Finite-bias switching steps appearing atW0/2 repres-
ent the critical current of the S3IS1 Josephson junctionwhen the SQUID
is driven into the dissipative regime11. The magnetic-flux pattern of
the SQUID total critical current Ic(W) along with the theoretical
prediction2,10 is displayed in Fig. 1d, and shows a nearly complete
supercurrent modulation which confirms the good symmetry of the
SQUID. The SQUID screening parameter is bL~Ic 0ð ÞL=W0 < 1.6
3 1023 where L<15 pH is the estimated geometric inductance of
the loop.
Thermal transport, and hence heat interference in the structure,

arises from heating electrons in the source above the lattice tem-
perature (which is the bath temperature, Tbath) so as to elevate the
quasiparticle temperature in S1 (T1) and create a temperature gradient
across the SQUID. This hypothesis is expected to hold because the
second branch of the SQUID (S2) extends into a large-volume lead,
providing efficient thermalization of its quasiparticles at Tbath. _QSQUID
will thus appear, leading to aW0-periodicmodulation of drain electron
temperature (Tdrain).
Investigation of heat transport in our system is performed as

follows. One pair of NIS junctions in the source is operated as a heater,
and a second pair of NIS junctions is used to measure electron tem-
perature (Tsource) in the source by applying a small direct-current bias
current and recording the corresponding temperature-dependent
voltage drop Vth (refs 9,12). Analogously, another pair of NIS junc-
tions is used to perform thermometry in the drain (see Fig. 1b).
Thermometer bias currents were optimized to achieve high sensitivity
while limiting the impact of self-heating or self-cooling9. Figure 1e
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Quantum thermodynamics is emerging both as a topic of 
fundamental research and as a means to understand and 
potentially improve the performance of quantum devices1–10. 
A prominent platform for achieving the necessary manipula-
tion of quantum states is superconducting circuit quantum 
electrodynamics (QED)11. In this platform, thermalization of a 
quantum system12–15 can be achieved by interfacing the circuit 
QED subsystem with a thermal reservoir of appropriate Hilbert 
dimensionality. Here we study heat transport through an 
assembly consisting of a superconducting qubit16 capacitively 
coupled between two nominally identical coplanar waveguide 
resonators, each equipped with a heat reservoir in the form of 
a normal-metal mesoscopic resistor termination. We report 
the observation of tunable photonic heat transport through the 
resonator–qubit–resonator assembly, showing that the reser-
voir-to-reservoir heat flux depends on the interplay between 
the qubit–resonator and the resonator–reservoir couplings, 
yielding qualitatively dissimilar results in different coupling 
regimes. Our quantum heat valve is relevant for the realiza-
tion of quantum heat engines17 and refrigerators, which can be 
obtained, for example, by exploiting the time-domain dynamics 
and coherence of driven superconducting qubits18,19. This effort 
would ultimately bridge the gap between the fields of quantum 
information and thermodynamics of mesoscopic systems.

Mesoscopic normal-metal (N) resistors are natural candidates 
for the role of heat reservoirs for superconducting circuit QED 
experiments. Their geometry and transport properties can be 
adapted to provide a controllable amount of dissipation by virtue 
of the electron–photon interaction20–22. Furthermore, either clean 
or tunnel-type interfaces with the surrounding circuit elements 
enable control of the impedance mismatch for a given microwave 
design. With their fast internal thermalization timescales23 and 
slow electron–phonon relaxation11,24 at subkelvin temperatures, 
reservoirs formed of normal metal electrodes have been demon-
strated as effective broadband microwave detectors25 and sources26. 
Their thermal properties, as well as the experimental techniques 
required for temperature manipulation and readout, are well estab-
lished and understood27.

In this work we consider heat transmitted between two such 
mesoscopic reservoirs, each of which is tied to the photon occupa-
tion number of a microwave resonator by the temperature-depen-
dent Johnson–Nyquist current fluctuations of the resistor. Here, the 
two resonators are designed to have identical resonant frequencies 
fr and are coupled to each other via a tunable oscillator, a transmon-
type qubit. This resonator–qubit–resonator assembly constitutes a 
quantum heat valve (QHV). The thermal conductance of the QHV, 

conceptually depicted in Fig. 1a, is expected to depend on the res-
ervoir–resonator and resonator–qubit couplings (respectively γ and 
g, both normalized with respect to fr) and on the ratio r between 
the level spacing of the qubit and the eigenfrequency of the resona-
tors (fq ≡  rfr). For the transmon qubit, fq depends on the magnetic  
flux Φ as

Φ
Φ

=
−

f
E E E

h
( )

8 ( ) (1)J C C
q

where EC and EJ(Φ) =  πΦ Φ∣ ∕ ∣E cos( )J0 0  πΦ Φ+ ∕d1 tan ( )2 2
0  are 

the charging and Josephson energies of the transmon, respectively; 
here, Φ0 =  h/2e is the magnetic flux quantum, and critical current 
asymmetry in the superconducting quantum interference device 
(SQUID) junctions is accounted for by the parameter d. The static 
dependence of the electron temperature TD in the drain (D) reser-
voir is determined by the temperature of the source (S) reservoir TS 
and the qubit detuning with respect to the resonators.

Figure 1b summarizes the thermal model between the source 
and drain reservoirs. By voltage-biasing a pair of normal metal–
insulator–superconductor junctions (SINIS) attached to the source 
reservoir, one can control its temperature. At sub-gap voltages, 
evacuation of hot quasiparticles from the source reservoir lowers 
TS below its unbiased value, while, above it, the biasing provides 
conventional Joule heating27. Under fixed experimental conditions, 
the electrons in each normal-metal reservoir are in local thermal 
equilibrium. In the detailed thermal balance we consider the inter-
action of the electron system (of temperature Tel) with the envi-
ronment (resulting in an effective power Penv which includes the 
influence of SINIS biasing where appropriate) and with the phonon 
bath (whose temperature Tph is assumed to be uniform and equal to 
the temperature of the cryostat). The latter mechanism is modelled 
by the conventional normal-metal electron–phonon interaction 

Σ= −− VP T T( )el ph el
5

ph
5  that for small temperature differences can 

be linearized with the thermal conductance Σ=− VG T5el ph el
4. Here, 

V  is the volume of the normal-metal reservoir and Σ is the corre-
sponding electron–phonon coupling constant. In the experiment, 
the source-to-drain heating power (PD =  − PS by energy conserva-
tion) is determined by the response in TD under the assumption of 
the electron–phonon interaction dominating the thermal relaxation 
of the electrons in the drain reservoir. The lumped-element circuit 
representing the device is schematically illustrated in Fig. 1c. Each 
resonator is terminated at one end by a capacitor to the transmon 
(Cg ≈  8.6 fF) and at the other end by the normal-metal resistor to the 
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We introduce and realize demons that follow a customary gambling strategy to stop a nonequilibrium
process at stochastic times. We derive second-law-like inequalities for the average work done in the
presence of gambling, and universal stopping-time fluctuation relations for classical and quantum
nonstationary stochastic processes. We test experimentally our results in a single-electron box, where
an electrostatic potential drives the dynamics of individual electrons tunneling into a metallic island. We
also discuss the role of coherence in gambling demons measuring quantum jump trajectories.
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Maxwell’s demon, as introduced in 1867 [1], is a little
intelligent being who acquires information about the
microscopic degrees of freedom of two gases held in
two containers at different temperatures, and separated
by a rigid wall. The demon is able to control a tiny door,
which can be opened at stochastic times, allowing fast
particles from the cold container pass to the hotter one, and
hence generating a heat current against a temperature
gradient. This paradoxical behavior challenging the second
law of thermodynamics, has its roots in the link between
information and thermodynamics, which has fascinated
scientists from more than a century [2]. Maxwell’s demon
is nowadays considered a paradigmatic example of feed-
back control, for which modified thermodynamic laws
apply [3–6] which have been tested experimentally in
classical [7–9] and quantum systems [10,11].
Here, we propose and realize a “gambling demon”which

can be seen as a variant of the original Maxwell’s thought
experiment (Fig. 1). Such gambling demon invests work by
performing a nonequilibrium thermodynamic process and
acquires information about the response of the system
during its evolution. Based on that information, the demon
decides whether to stop the process or not following a given
set of stopping rules and, as a result, may recover more
work from the system than what was invested. However,
differently to Maxwell’s demon, a gambling demon does
not control the system’s dynamics, hence excluding the
possibility of proper feedback control. This is analogous to
a gambler who invests coins in a slot machine hoping to
obtain a positive payoff. Depending on the sequence of
outputs from the slot machine, the gambler may decide to
either continue playing or stop the game (e.g., to avoid
major losses), according to some prescribed strategy. How
much work may the gambling demon save or extract on

average in a given transformation by implementing a
prescribed gambling strategy?
In this Letter, we derive and test experimentally universal

equalities and inequalities for the work and entropy
production fluctuations in Markovian nonequilibrium proc-
esses subject to gambling strategies that stop the process at
a finite time during an arbitrary deterministic driving
protocol. Our results apply to both classical and quantum

FIG. 1. Illustration of a gambling demon. The demon spends
work (W, silver coins) on a physical system (slot machine)
hoping to collect free energy (F, gold coins) by executing a
gambling strategy. In each time step, the demon does work on the
system (introduces a coin in the machine) and decides whether to
continue (“play” sign) or to quit gambling and collect the prize
(“stop” sign) at a stochastic time T following a prescribed
strategy. In the illustration, the demon plays the slot machine until
a fixed time T ¼ 3 (top row) unless the outcome of the game is
beneficial at a previous time, e.g., T ¼ 2 (bottom row). Under
specific gambling schemes, the demon can extract on average
more free energy than the work spent over many iterations, a
scenario that is forbidden by the standard second-law inequality.
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as an electrometer biased with a low voltage: through
capacitive coupling to the box, its output current is sensitive
to the box charge state, taking two values corresponding to
the system states. The tunneling of an electron into
the island corresponds to a jump between the states
n ¼ 0 and n ¼ 1 and is associated with an energy cost
ϵðngÞ ¼ Ecð1 − 2ngÞ. Through continuous monitoring of
the box state nðtÞ [see Fig. 2(b)], we experimentally
evaluate at real time the heat exchange between the system
and the bath during a driving protocol of the gate voltage
ngðtÞ ¼ λðtÞ. The tunneling (i.e., heat exchange) events
occur at rates of order Γd ∼ 230 Hz. If a jump occurs at time
t within a sampling time Δt ¼ 20 μs ≪ Γ−1

d at gate voltage
ng, the work increment is δW ¼ 0 and the heat increment is
δQ ¼ ϵðngÞ [δQ ¼ −ϵðngÞ] for an electron tunneling into
(out) of the island. Conversely, if no jump occurs, δQ ¼ 0
and δW ¼ 2Ecðng − nÞ _ngδt.
The experimental driving protocol Λ of duration τ is

depicted in Fig. 2(b). The system is initially prepared at
charge degeneracy, i.e., ngð0Þ ¼ 1=2 at thermal equilibrium
where the initial energies of states are equal, following a
uniform distribution. Then the energy splitting is tuned
according to a linear ramp, ngðtÞ ¼ 1=2þ Δngt=τ, with
Δng ¼ 0.1 fixed throughout the experiment. The protocol
is repeated several times (∼500–1000) to acquire sufficient

statistics. The gambling strategy that we chose consists of
stopping the dynamics at stochastic times T when the work
exceeds a threshold value Wth (red dashed line) or at τ
otherwise. The gambling strategy was applied a posteriori
on the data: for the same set of traces taken for the full
protocol duration, the stopping condition (threshold work
Wth) was varied between 10−4Ec and 10−1Ec. In Fig. 2(c)
we present two examples of stopped work trajectories
where one reaches the threshold value at a time T < τ
(black line), while the other remains below the threshold
until the final time τ (blue line).
Experimental values of hWiT − hΔFiT and −kBThδiT

are shown in Figs. 3(a) and 3(d) for two different ramps
of durations τ ¼ 0.05 s (a) and τ ¼ 0.2 s (d) as a function of
thework thresholdWth. These results are validated and are in
good agreement with numerical simulations over the entire
threshold range when including the experimental uncer-
tainty. For both ramp durations hWiT − hΔFiT is negative at
smallWth, defying the conventional second law but is yet in
agreement with Eq. (1) within experimental errors. We
find that the faster is the protocol, the more negative
hWiT − hΔFiT becomes, which can be understood as a
consequence of the irreversibility (and hence hδiT ) asso-
ciated with the ramp driving speed. For large values of Wth,
almost all trajectories are stopped at τ and the conventional
second law is recovered, as hδiT becomes small.
Furthermore, Figs. 3(b) and 3(e) report the exponential
averages he−βðW−ΔFÞiT and he−βðW−ΔFÞ−δiT evaluated at
the stopping times. Notably, the conventional work fluc-
tuation theorem he−βðW−ΔFÞiT ¼ 1 only holds for largeWth,
while for small Wth, he−βðW−ΔFÞiT is significantly greater
than one within experimental errors. On the other hand, we
obtain an excellent agreement (with accuracy ∼99.5%) of
our fluctuation relation (3) for all values of Wth and both
ramp speeds. To gain further insights, in Figs. 3(c) and 3(f)
we show histograms of the stopping times T and the value of
thework at the stopping timeWðT Þ. For small thresholds we
observe that the distribution of T is broad and includes
stopping events that take place at short times T ≲ Γ−1

d
[Fig. 3(c), top panel]. Its corresponding distribution ofWðT Þ
[Fig. 3(f), top panel] has a peak at Wth arising from
trajectories stopped before τ and a tail WðT Þ < hΔFiT
from trajectories ending at the end of the protocol. By
increasing the threshold value [Figs. 3(c) and 3(f), middle
panels] we reduce the number of trajectories that stop before
τ hence the distribution of T becomes narrower [Fig. 3(c),
bottom panel]. This effect is accompanied by a broadening
of the WðT Þ distribution recovering a Gaussian-like shape
with mean above the free energy change for large enough
Wth (i.e., typically far outside the standard fluctuation
interval of W), Fig. 3(f) bottom panel.
Quantum gambling.—The gambling demon can also be

extended to the quantum realm by considering quantum
jump trajectories [45]. Here, the pure state of the system
jψðtÞi follows stochastic evolution conditioned on the

(a) (b)

(c)

FIG. 2. (a) Scanning electron micrograph of the single-electron
box (SEB) with false-color highlight on the Cu island (red) and
the Al superconducting lead (turquoise). The superconducting
leads are tunnel coupled through thin oxide barriers (yellow) to
the island. The dc SET electrometer is coupled capacitively to the
box through a bottom electrode (blue) which detects the excess
charge of the box nðtÞ. (b) Representative time traces of the
current measured through the electrometer (red solid line) and its
digitized version (black solid line). The blue dashed line
corresponds to the driving protocol ngðtÞ of duration
τ ¼ 0.05 s. (c) Example traces of the stochastic work done on
the box as a function of time. We execute the following gambling
strategy: the process is stopped at T < τ (black line) only when
the work reaches a threshold valueWth (red dashed line) before τ.
On the contrary, the process is stopped at final protocol time
T ¼ τ if the work threshold is never reached during the driving
protocol (blue line).
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microscopic degrees of freedom of two gases held in
two containers at different temperatures, and separated
by a rigid wall. The demon is able to control a tiny door,
which can be opened at stochastic times, allowing fast
particles from the cold container pass to the hotter one, and
hence generating a heat current against a temperature
gradient. This paradoxical behavior challenging the second
law of thermodynamics, has its roots in the link between
information and thermodynamics, which has fascinated
scientists from more than a century [2]. Maxwell’s demon
is nowadays considered a paradigmatic example of feed-
back control, for which modified thermodynamic laws
apply [3–6] which have been tested experimentally in
classical [7–9] and quantum systems [10,11].
Here, we propose and realize a “gambling demon”which

can be seen as a variant of the original Maxwell’s thought
experiment (Fig. 1). Such gambling demon invests work by
performing a nonequilibrium thermodynamic process and
acquires information about the response of the system
during its evolution. Based on that information, the demon
decides whether to stop the process or not following a given
set of stopping rules and, as a result, may recover more
work from the system than what was invested. However,
differently to Maxwell’s demon, a gambling demon does
not control the system’s dynamics, hence excluding the
possibility of proper feedback control. This is analogous to
a gambler who invests coins in a slot machine hoping to
obtain a positive payoff. Depending on the sequence of
outputs from the slot machine, the gambler may decide to
either continue playing or stop the game (e.g., to avoid
major losses), according to some prescribed strategy. How
much work may the gambling demon save or extract on

average in a given transformation by implementing a
prescribed gambling strategy?
In this Letter, we derive and test experimentally universal

equalities and inequalities for the work and entropy
production fluctuations in Markovian nonequilibrium proc-
esses subject to gambling strategies that stop the process at
a finite time during an arbitrary deterministic driving
protocol. Our results apply to both classical and quantum

FIG. 1. Illustration of a gambling demon. The demon spends
work (W, silver coins) on a physical system (slot machine)
hoping to collect free energy (F, gold coins) by executing a
gambling strategy. In each time step, the demon does work on the
system (introduces a coin in the machine) and decides whether to
continue (“play” sign) or to quit gambling and collect the prize
(“stop” sign) at a stochastic time T following a prescribed
strategy. In the illustration, the demon plays the slot machine until
a fixed time T ¼ 3 (top row) unless the outcome of the game is
beneficial at a previous time, e.g., T ¼ 2 (bottom row). Under
specific gambling schemes, the demon can extract on average
more free energy than the work spent over many iterations, a
scenario that is forbidden by the standard second-law inequality.
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protocol. Our results apply to both classical and quantum

FIG. 1. Illustration of a gambling demon. The demon spends
work (W, silver coins) on a physical system (slot machine)
hoping to collect free energy (F, gold coins) by executing a
gambling strategy. In each time step, the demon does work on the
system (introduces a coin in the machine) and decides whether to
continue (“play” sign) or to quit gambling and collect the prize
(“stop” sign) at a stochastic time T following a prescribed
strategy. In the illustration, the demon plays the slot machine until
a fixed time T ¼ 3 (top row) unless the outcome of the game is
beneficial at a previous time, e.g., T ¼ 2 (bottom row). Under
specific gambling schemes, the demon can extract on average
more free energy than the work spent over many iterations, a
scenario that is forbidden by the standard second-law inequality.
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FIG. 1. (a) Heat engine setup composed of a single trapped ion (green), lasers for cooling, damping and observation of the
ion (blue), radio-frequency electrodes in funnel geometry (red), end-caps (gold) and outer electrodes (gray). The position of
the ion is imaged on an ICCD camera. Opposing voltage noise waveforms are additionally supplied to the outer electrodes,
in order to generate electric field noise without a↵ecting the trap frequencies. (b) Position of the ion (black) determined from
the average of more than 200 000 camera images at each time step. The error bars result from the uncertainty of Gaussian fits
to the recorded fluorescence images. The measured positions are described by a sinusoidal fit (green line). Background colors
indicate the periodic interaction with the hot (red) and cold (blue) reservoirs which give rise to a periodic driving force (blue
line) according to Eq. (1), shown relative to its mean value of 5.03⇥10�21. (c) Thermodynamic cycle of the engine for one radial
direction: trap frequencies in the radial direction !r are deduced directly from the measured z-positions. The temperature T
of the radial state of motion and thus the corresponding mean phonon number n̄r is determined from separate measurements
(see text and Fig. 2). The values of !r and n̄r are given with respect to the center of the cycle at !0r/2⇡ = 447.9(2) kHz
and n̄0r = 26160(445). The shaded area enclosed by the cycle reflects the work performed by the engine, where red and blue
colors indicate heating and cooling periods, respectively. The black line is the calculated trajectory of the cycle, see text. The
pictograms in the corners illustrate the di↵erent strokes of an idealized cycle.

with a temperature-dependent time-averaged width �r =p
kBT/m!2

r
, where kB is the Boltzmann constant. Ow-

ing to the geometry of the funnel potential, the ion ex-
periences an average force in axial direction given by,

Fz(T ) = �
Z 1

0

⇠r(r,�, T )
dU

dz
d�dr. (3)

The heat engine is driven by alternately heating and cool-
ing the ion in radial direction by switching the electric
noise on and o↵; the cooling laser is always on. Heat-
ing expands the width of the radial thermal state. As a
result, the ion moves along the z-axis to a weaker radial
confinement. We calculate a static displacement of 11 nm
for the relative change of Fz corresponding to Fig. 1.
During this first step of the engine, the axial potential
energy of the ion increases and work is produced. The
second step occurs during exposure to the cold reservoir
when the electric field noise is switched o↵. Here the
radial width �r and the corresponding force Fz decrease
as the temperature is reduced, and the ion moves back
to its initial position owing to the restoring force of the

axial potential. The combination of heating and cooling
give rise to a closed thermodynamic cycle and leads to a
periodic force Fz(T ) in the axial direction (see Fig. 1c).
When the cycle repeats itself at a rate which is close to
the axial trap frequency, the engine e↵ectively drives the
harmonic oscillation. The work produced in each radial
cycle is then transferred to the axial degree of freedom
and stored in the amplitude of the oscillation. The essen-
tially frictionless nature of the system leads to an ever-
increasing oscillation. The axial motion thus plays a role
similar to the flywheel of a mechanical engine.

In order to contain this oscillation, we provide ad-
justable damping by introducing an additional cooling
laser in the axial direction. Steady state operation is
reached when the work generated by the engine is bal-
anced by the energy dissipated by the damping. We mea-
sure the amplitude of the steady state oscillation of the
ion in the z-direction by recording fluorescence images
with the ICCD camera, using an exposure time of 700 ns
which is much shorter than the axial oscillation period.

A single-atom heat engine
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We report the experimental realization of a single-atom heat engine. An ion is confined in a
linear Paul trap with tapered geometry and driven thermally by coupling it alternately to hot and
cold reservoirs. The output power of the engine is used to drive a harmonic oscillation. From direct
measurements of the ion dynamics, we determine the thermodynamic cycles for various temperature
di↵erences of the reservoirs. We use these cycles to evaluate power P and e�ciency ⌘ of the engine,
obtaining up to P = 342 yJ and ⌘ = 2.8h, consistent with analytical estimations. Our results
demonstrate that thermal machines can be reduced to the ultimate limit of single atoms.

Heat engines have played a central role in our modern
society since the industrial revolution. Converting ther-
mal energy into mechanical work, they are ubiquitously
employed to generate motion, from cars to airplanes [1].
The working fluid of a macroscopic engine typically con-
tains of the order of 1024 particles. In the last decade,
dramatic experimental progress has lead to the miniatur-
ization of thermal machines down to the microscale, us-
ing microelectromechanical [2], piezoresistive [3] and cold
atom [4] systems, as well as single colloidal particles [5, 6]
and single molecules [7]. In his 1959 talk “There is plenty
of room at the bottom”, Richard Feynman already envi-
sioned tiny motors working at the atomic level [8]. How-
ever, to date no such device has been built.

Here we report the realization of a single-atom heat
engine whose working agent is an ion, held within a mod-
ified linear Paul trap. We use laser cooling and electric
field noise to engineer cold and hot reservoirs. We fur-
ther employ fast thermometry methods to determine the
temperature of the ion [9]. The thermodynamic cycle of
the engine is established for various temperature di↵er-
ences of the reservoirs, from which we deduce work and
heat, and thus power output and e�ciency. We addition-
ally show that the work produced by the engine can be
e↵ectively stored and used to drive an oscillator against
friction. Our device demonstrates the working principles
of a thermodynamic heat engine with a working agent re-
duced to the ultimate single particle limit, thus fulfilling
Feynman’s dream.

Trapped ions o↵er an exceptional degree of prepara-
tion, control and measurement of their parameters, al-
lowing for ground state cooling [10] and coupling to engi-
neered reservoirs [11]. Owing to their unique properties,
they have recently become invaluable tools for the in-
vestigation of quantum thermodynamics [12–17]. They
additionally provide an ideal setup to operate and char-
acterize a single particle heat engine.

In our experiment, a single 40Ca+ ion is trapped in a
linear Paul trap with a funnel-shaped electrode geome-
try, as shown in Fig. 1a [15]. The electrodes are driven

symmetrically at a radio-frequency voltage of 830Vpp

at 21MHz, resulting in a tapered harmonic pseudo-
potential [10] of the form U = (m/2)

P
i
!2

i
i2, where m

is the atomic mass and i 2 {x, y} denote the trap axes
as seen in Fig. 1a. The axial confinement is realized with
constant voltages on the two end-cap electrodes, resulting
in a trap frequency of !z/2⇡ = 81 kHz. The trap angle
✓ = 10� and the radial extent of the trap r0 = 1.1mm at
z = 0 characterize the geometry of the funnel. The re-
sulting radial trap frequencies !x,y decrease in the axial
z-direction as

!x,y =
!0x,0y

(1 + z tan ✓/r0)2
. (1)

The eigenfrequencies in the radial directions at the trap
minimum z = 0 are !0x/2⇡ = 447 kHz and !0y/2⇡ =
450 kHz, with the degeneracy lifted, but su�ciently close
to permit the approximation of cylindrical symmetry
with r2 = x2 + y2 and a mean radial trap frequency
!r. An additional set of outer electrodes is employed to
compensate for stray fields. The trapped ion is cooled
by a laser beam at 397 nm, which is red-detuned to the
internal electronic S1/2 � P1/2 transition [10], and the
resulting fluorescence is recorded by a rapidly-gated in-
tensified charge-coupled device (ICCD) camera.
The heating and cooling of the ion is designed such

that the ion thermalizes as if in contact with a thermal
reservoir. A cold bath interaction is realized by exposing
the ion to a laser cooling beam, leading to an equilibrium
temperature of TC = 3.4mK [9, 18]. A hot reservoir in-
teraction with finite temperature TH is designed by ad-
ditionally exposing the ion to white electric field noise.
The interplay of photon scattering and noise leads to a
thermal state of the ion at temperature T at any given
moment [9, 20, 21].
In our setup, heating and cooling act on the radial

degrees of freedom. The resulting time-averaged spatial
distribution of the thermal state is of the form,

⇠r(r,�, T ) =
1

2⇡�2
r

exp


�(r � r0)2

2�2
r

�
, (2)

ar
X

iv
:1

51
0.

03
68

1v
1 

 [c
on

d-
m

at
.st

at
-m

ec
h]

  1
3 

O
ct

 2
01

5

Science 352, 325 (2016)



27. A. Serafini, F. Illuminati, S. De Siena, J. Phys. B 37,
L21–L28 (2004).

28. W. P. Bowen, R. Schnabel, P. K. Lam, T. C. Ralph,
Phys. Rev. A 69, 012304 (2004).

29. G. Vidal, R. F. Werner, Phys. Rev. A 65, 032314
(2002).

30. M. M. Wolf, J. Eisert, M. B. Plenio, Phys. Rev. Lett. 90,
047904 (2003).

31. K. Audenaert, M. B. Plenio, J. Eisert, Phys. Rev. Lett. 90,
027901 (2003).

32. S. G. Hofer, D. V. Vasilyev, M. Aspelmeyer, K. Hammerer,
Phys. Rev. Lett. 111, 170404 (2013).

33. Y. Chen, J. Phys. B 46, 104001 (2013).

Acknowledgments: We thank H.-S. Ku, J. Kerckhoff,
J. Harlow, and S. Clancy for helpful discussions. This material
is based on work supported by the National Science
Foundation under grant 1125844, the Defense Advanced
Research Projects Agency QuEST program, and the Gordon and
Betty Moore Foundation through grant GBMF3503 to K.W.L.

Supplementary Materials
www.sciencemag.org/content/342/6159/710/suppl/DC1
Materials and Methods
Figs. S1 to S4
References (34–39)

12 August 2013; accepted 18 September 2013
Published online 3 October 2013;
10.1126/science.1244563

A Thermoelectric Heat Engine with
Ultracold Atoms
Jean-Philippe Brantut,1 Charles Grenier,2 Jakob Meineke,1* David Stadler,1 Sebastian Krinner,1

Corinna Kollath,3 Tilman Esslinger,1† Antoine Georges2,4,5

Thermoelectric effects, such as the generation of a particle current by a temperature gradient,
have their origin in a reversible coupling between heat and particle flows. These effects are
fundamental probes for materials and have applications to cooling and power generation. Here,
we demonstrate thermoelectricity in a fermionic cold atoms channel in the ballistic and diffusive
regimes, connected to two reservoirs. We show that the magnitude of the effect and the efficiency
of energy conversion can be optimized by controlling the geometry or disorder strength.
Our observations are in quantitative agreement with a theoretical model based on the
Landauer-Büttiker formalism. Our device provides a controllable model system to explore
mechanisms of energy conversion and realizes a cold atom–based heat engine.

Heat and charge transport in materials are
often coupled processes (1). This cou-
pling leads to thermoelectric effects: A

temperature gradient may lead to a voltage drop,
or vice versa. These effects are important for
probing elementary excitations in materials and
have practical applications to refrigeration and
power generation from waste-heat recovery (2, 3).
Recently, there has also been interest in thermo-
electric effects in nano- and molecular-scale
electronic devices (4, 5). The progress in mod-
eling solid-state physics with cold atoms (6, 7)
raises the question of whether thermoelectricity
can be observed in such a controlled setting (8–10),
where setups analogous to mesoscopic transport
devices have been realized (11–13). Although the
thermodynamic interplay between thermal and
density modes has been seen in a second sound
experiment (14) and studied in the theory of the
fountain effect (15, 16), thermoelectric transport
has so far not been investigated.

Here, we demonstrate a cold atoms device in
which a temperature bias generates a neutral atom
current, analogous to a charge current in con-
ductors. A schematic view of the experimental
setup is shown in Fig. 1A. It is based on our pre-
vious work (13, 17). Initially we prepare Ntot =

3.1(4) × 105 weakly interacting 6Li atoms at a
temperature of 250(9) nK in an elongated trap,
where the Fermi temperature of the cloud is TF =
931(44) nK. A repulsive laser beam (not shown)
having a nodal line at its center separates the
cloud into two identical reservoirs connected by a
quasi–two-dimensional channel. Tuning the pow-
er of the beam allows one to adjust the trap fre-
quency nz in the channel up to 10 kHz. We then
raise a gate potential in the channel, preventing
any exchange between the reservoirs. A heating
beam heats the left reservoir in a controlled way,
increasing its temperature by typically 200 nK.
Afterwards, the gate potential is removed abrupt-
ly, allowing heat and particle exchange between
the reservoirs for a variable time. Before deter-
mining the particle number and temperature in
each reservoir, they are separated by raising the
gate potential. The power of the laser beam cre-
ating the channel is then ramped to zero in 400ms,
and each reservoir is left to equilibrate indepen-
dently for 100 ms (18).

We measure the temperatures Th (Tc) and
atom number Nh (Nc) in the hot (cold) reservoir
using absorption images and reconstruct the time
evolution of the number imbalance ∆N =Nc −Nh

and temperature bias ∆T = Tc − Th. Figure 1, B
and C, show typical results. The temperatures
equilibrate fast, similar to the equilibration of atom
numbers observed in the case of pure atomic flow
(13). In contrast, the atom number difference in
Fig. 1C starts at zero and shows an initial build-
up driven by the thermopower of the channel. At
later times, when temperatures have equilibrated,
the imbalance results in a chemical potential bias,
which brings the imbalance back to zero. This
transient atomic current, created in response to a

temperature gradient, is the fingerprint of the in-
trinsic thermoelectric power of the channel. Be-
cause the compressible cloud in the hot reservoir
expands, one naïvely expects an initial particle
flow from the cold, denser side to the hot one. In
contrast, we observe the opposite effect: a net
particle current initially directed from the hot to
the cold side.

To explain quantitatively our observations,
we model the channel with its conductance G,
thermal conductanceGT, and thermopower ach,
which are the linear response coefficients for the
current and entropy current to temperature and
chemical potential bias. In this framework, the
particle and entropy currents flowing in the chan-
nel are given by

IN
IS

! "
¼ −G 1 ach

ach Lþ a2ch

! "
mc − mh
Tc − Th

! "
(1)

In this expression, IN = ∂∆N/∂t and IS =
∂∆S/∂t are the particle and entropy currents, with
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Fig. 1. Concept of the experiment. (A) A quasi–
two-dimensional channel connects two atomic
reservoirs. A gate beam intersects with the channel
and blocks particle and heat transport. A heating
beam traverses the left reservoir and heats it in a
controlled way. (B) Th (red) and Tc (blue) as a func-
tion of time. Dashed line: T at the initial time. (C)
∆N/Ntot as a function of time. In the channel, nz
was set to 3.5 kHz with a disorder of average
strength 542 nK (see text).
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Thermoelectric effects, such as the generation of a particle current by a temperature gradient,
have their origin in a reversible coupling between heat and particle flows. These effects are
fundamental probes for materials and have applications to cooling and power generation. Here,
we demonstrate thermoelectricity in a fermionic cold atoms channel in the ballistic and diffusive
regimes, connected to two reservoirs. We show that the magnitude of the effect and the efficiency
of energy conversion can be optimized by controlling the geometry or disorder strength.
Our observations are in quantitative agreement with a theoretical model based on the
Landauer-Büttiker formalism. Our device provides a controllable model system to explore
mechanisms of energy conversion and realizes a cold atom–based heat engine.

Heat and charge transport in materials are
often coupled processes (1). This cou-
pling leads to thermoelectric effects: A

temperature gradient may lead to a voltage drop,
or vice versa. These effects are important for
probing elementary excitations in materials and
have practical applications to refrigeration and
power generation from waste-heat recovery (2, 3).
Recently, there has also been interest in thermo-
electric effects in nano- and molecular-scale
electronic devices (4, 5). The progress in mod-
eling solid-state physics with cold atoms (6, 7)
raises the question of whether thermoelectricity
can be observed in such a controlled setting (8–10),
where setups analogous to mesoscopic transport
devices have been realized (11–13). Although the
thermodynamic interplay between thermal and
density modes has been seen in a second sound
experiment (14) and studied in the theory of the
fountain effect (15, 16), thermoelectric transport
has so far not been investigated.

Here, we demonstrate a cold atoms device in
which a temperature bias generates a neutral atom
current, analogous to a charge current in con-
ductors. A schematic view of the experimental
setup is shown in Fig. 1A. It is based on our pre-
vious work (13, 17). Initially we prepare Ntot =

3.1(4) × 105 weakly interacting 6Li atoms at a
temperature of 250(9) nK in an elongated trap,
where the Fermi temperature of the cloud is TF =
931(44) nK. A repulsive laser beam (not shown)
having a nodal line at its center separates the
cloud into two identical reservoirs connected by a
quasi–two-dimensional channel. Tuning the pow-
er of the beam allows one to adjust the trap fre-
quency nz in the channel up to 10 kHz. We then
raise a gate potential in the channel, preventing
any exchange between the reservoirs. A heating
beam heats the left reservoir in a controlled way,
increasing its temperature by typically 200 nK.
Afterwards, the gate potential is removed abrupt-
ly, allowing heat and particle exchange between
the reservoirs for a variable time. Before deter-
mining the particle number and temperature in
each reservoir, they are separated by raising the
gate potential. The power of the laser beam cre-
ating the channel is then ramped to zero in 400ms,
and each reservoir is left to equilibrate indepen-
dently for 100 ms (18).

We measure the temperatures Th (Tc) and
atom number Nh (Nc) in the hot (cold) reservoir
using absorption images and reconstruct the time
evolution of the number imbalance ∆N =Nc −Nh

and temperature bias ∆T = Tc − Th. Figure 1, B
and C, show typical results. The temperatures
equilibrate fast, similar to the equilibration of atom
numbers observed in the case of pure atomic flow
(13). In contrast, the atom number difference in
Fig. 1C starts at zero and shows an initial build-
up driven by the thermopower of the channel. At
later times, when temperatures have equilibrated,
the imbalance results in a chemical potential bias,
which brings the imbalance back to zero. This
transient atomic current, created in response to a

temperature gradient, is the fingerprint of the in-
trinsic thermoelectric power of the channel. Be-
cause the compressible cloud in the hot reservoir
expands, one naïvely expects an initial particle
flow from the cold, denser side to the hot one. In
contrast, we observe the opposite effect: a net
particle current initially directed from the hot to
the cold side.

To explain quantitatively our observations,
we model the channel with its conductance G,
thermal conductanceGT, and thermopower ach,
which are the linear response coefficients for the
current and entropy current to temperature and
chemical potential bias. In this framework, the
particle and entropy currents flowing in the chan-
nel are given by

IN
IS

! "
¼ −G 1 ach

ach Lþ a2ch

! "
mc − mh
Tc − Th

! "
(1)

In this expression, IN = ∂∆N/∂t and IS =
∂∆S/∂t are the particle and entropy currents, with
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Fig. 1. Concept of the experiment. (A) A quasi–
two-dimensional channel connects two atomic
reservoirs. A gate beam intersects with the channel
and blocks particle and heat transport. A heating
beam traverses the left reservoir and heats it in a
controlled way. (B) Th (red) and Tc (blue) as a func-
tion of time. Dashed line: T at the initial time. (C)
∆N/Ntot as a function of time. In the channel, nz
was set to 3.5 kHz with a disorder of average
strength 542 nK (see text).
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Conditions: 

Nanoscale + Low temperatures



Open questions

• Are quantum devices energetically efficient?  

• How is energy transported and dissipated? 

• Mechanisms of energy exchange and heat-work 
conversion? 

• Fluctuations?

Condensed matter

Statistical mechanics

Quantum optics

Quantum information

Cold atoms and ions



Plan of lectures: focus on heat-work conversion

• Lecture 1: Steady-state heat-work conversion. Quantum 
transport and thermoelectricity. 

• Lecture 2: Heat, work. Finite-time processes, entropy 
generation and dissipation. 

• Lecture 3: Cycles. Quasistatic and finite-time heat-work 
conversion.



The laws of thermodynamics



Zeroth law

If two systems are in thermal equilibrium with a third system, 
then they are in thermal equilibrium with each other.  



BIBEK BHANDARI et al. PHYSICAL REVIEW B 102, 155407 (2020)

FIG. 1. Geometrical thermal machine setup. A central, paramet-
rically driven quantum system described by the Hamiltonian HS

is coupled to macroscopic reservoirs. A cycle of the machine is
completely characterized by a closed path in the parameter space
X. After a complete cycle the averaged power P is dissipated as
heat in the reservoirs. The net transported energy JQ

tr flows from one
reservoir to the other.

space, and can be straightforwardly expressed in terms of a
line integral in this space. This representation is very useful
for identifying optimal protocols of heat-work conversion.
Furthermore, the symmetric component has a geometric in-
terpretation in terms of thermodynamic length and can also
be represented as a line integral for cyclic protocols, which is
useful in the design of efficient protocols.

Our approach does not only allow one to describe a whole
class of quantum machines in a unifying picture. It also has
practical implications such as improved ways to optimize their
performance, as we illustrate by two paradigmatic systems: a
qubit and a quantum dot.

Starting from the seminal works of Aharonov and Bohm
[77] as well as Berry [78], geometric effects have pervaded
many areas of physics. In quantum transport, distinct contri-
butions of geometric origin affect charge and energy currents.
In the absence of an additional dc bias, the pumped charge
in a periodically driven system was shown to be of geometric
origin, and can thus be expressed in terms of a closed-path
integral in parameter space [79–84], akin to the Berry phase
[78]. A similar approach was adopted to analyze heat trans-
port in a driven two-level system weakly coupled to bosonic
baths [85]. Closely related to these ideas is the geometric
description of driving-induced forces [86–94], including ge-
ometric magnetism [95,96], with the extension of geometric
response functions to open systems also being discussed in
relation to Cooper pair pumping [97]. Geometric concepts
like a thermodynamic metric and a thermodynamic length
were recently introduced as promising tools to characterize
the dissipated energy and to design optimal driving proto-
cols [98–103]. Similar ideas are behind the description of
the adiabatic time-evolution of many-body ground states of
closed systems in terms of a geometric tensor [104–106]. The
topological characterization of mixed thermal states is also
close to these concepts [107,108].

This large body of work linking geometry to transport nat-
urally hints at similar connections for thermal machines. First,
thermal machines involve periodic variations of parameters
and one may naturally expect geometric effects in the sense

of Berry to play an important role. Second, the efficiency with
which thermal machines operate is reduced by dissipation,
and thus geometry enters the physics of thermal machines
also in a second rather distinct way through the concept of
thermodynamic length. In the present paper, under quite gen-
eral assumptions, we will show that the operation of quantum
thermal machines and the underlying heat-work conversion is
fundamentally tied to such geometric effects. We formulate
a unified description in terms of a geometric tensor for all the
relevant energy fluxes, which we refer to as thermal geometric
tensor. Within this description, pumping and dissipation are,
respectively, associated with the antisymmetric and symmet-
ric components of this tensor. We also show that not only
heat pumping but also the dissipated heat can be character-
ized in terms of an integral over a closed path in parameter
space. These results apply universally to any periodically and
adiabatically driven quantum system in contact with various
reservoirs, irrespective of the statistics obeyed by the parti-
cles, the strength of the coupling between the system and the
reservoir, or the presence of many-body interactions.

The article is organized as follows. In Sec. II, we introduce
the model of an adiabatic thermal machine. We also introduce
the linear-response formalism to treat ac adiabatic and thermal
driving. Section III is devoted to the analysis of the thermo-
dynamic behavior of the heat engine. This section contains
the principal results of the present work and shows how the
performance characteristics of the engine (efficiency, output
power, etc.) are of geometric origin. The central results of
this approach are captured by Eqs. (17), (18), (26), and (28)
which show that the pumped heat, the concomitant heat-work
conversion and the dissipated power have a geometric inter-
pretation. In the same section we will also analyze several
classes of adiabatic machines depending on the various adi-
abatic drivings. Following this general formulation, Sec. IV
focuses on two specific examples of thermal machines, which
are particularly relevant for experimental implementations.
We first consider a driven qubit which is asymmetrically and
weakly coupled to two bosonic thermal baths. We then discuss
a driven quantum dot coupled to two electron reservoirs. Con-
clusions and some additional perspectives related to our work
are presented in Sec. V. The appendices contain further details
on the derivation of the main results of the paper and explicit
calculations for the examples presented in the main text.

II. MODEL OF A GEOMETRIC THERMAL MACHINE

A sketch of the geometric thermal machine that we analyze
throughout this paper is shown in Fig. 1. It consists of a
central region containing the working substance, constituted
by a few-level quantum system, coupled to two thermal baths.
The quantum system is periodically driven by a set of N
slowly-varying parameters !X (t ). The baths are macroscopic
reservoirs of bosonic excitations or fermionic particles. The
macroscopic variables characterizing the thermal environment
such as the bath temperatures can also slowly vary in time.
We parametrize the bath temperatures as Tα (t ) = T + δTα (t )
(with α = L, R referring to the left and right reservoirs) and
define #T (t ) = δTL(t ) − δTR(t ). A (possible) time depen-
dence in the bath temperatures is only included in δTα (t ). We
assume that the right reservoir R is the colder one.
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FIG. 1. Geometrical thermal machine setup. A central, paramet-
rically driven quantum system described by the Hamiltonian HS

is coupled to macroscopic reservoirs. A cycle of the machine is
completely characterized by a closed path in the parameter space
X. After a complete cycle the averaged power P is dissipated as
heat in the reservoirs. The net transported energy JQ

tr flows from one
reservoir to the other.

space, and can be straightforwardly expressed in terms of a
line integral in this space. This representation is very useful
for identifying optimal protocols of heat-work conversion.
Furthermore, the symmetric component has a geometric in-
terpretation in terms of thermodynamic length and can also
be represented as a line integral for cyclic protocols, which is
useful in the design of efficient protocols.

Our approach does not only allow one to describe a whole
class of quantum machines in a unifying picture. It also has
practical implications such as improved ways to optimize their
performance, as we illustrate by two paradigmatic systems: a
qubit and a quantum dot.

Starting from the seminal works of Aharonov and Bohm
[77] as well as Berry [78], geometric effects have pervaded
many areas of physics. In quantum transport, distinct contri-
butions of geometric origin affect charge and energy currents.
In the absence of an additional dc bias, the pumped charge
in a periodically driven system was shown to be of geometric
origin, and can thus be expressed in terms of a closed-path
integral in parameter space [79–84], akin to the Berry phase
[78]. A similar approach was adopted to analyze heat trans-
port in a driven two-level system weakly coupled to bosonic
baths [85]. Closely related to these ideas is the geometric
description of driving-induced forces [86–94], including ge-
ometric magnetism [95,96], with the extension of geometric
response functions to open systems also being discussed in
relation to Cooper pair pumping [97]. Geometric concepts
like a thermodynamic metric and a thermodynamic length
were recently introduced as promising tools to characterize
the dissipated energy and to design optimal driving proto-
cols [98–103]. Similar ideas are behind the description of
the adiabatic time-evolution of many-body ground states of
closed systems in terms of a geometric tensor [104–106]. The
topological characterization of mixed thermal states is also
close to these concepts [107,108].

This large body of work linking geometry to transport nat-
urally hints at similar connections for thermal machines. First,
thermal machines involve periodic variations of parameters
and one may naturally expect geometric effects in the sense

of Berry to play an important role. Second, the efficiency with
which thermal machines operate is reduced by dissipation,
and thus geometry enters the physics of thermal machines
also in a second rather distinct way through the concept of
thermodynamic length. In the present paper, under quite gen-
eral assumptions, we will show that the operation of quantum
thermal machines and the underlying heat-work conversion is
fundamentally tied to such geometric effects. We formulate
a unified description in terms of a geometric tensor for all the
relevant energy fluxes, which we refer to as thermal geometric
tensor. Within this description, pumping and dissipation are,
respectively, associated with the antisymmetric and symmet-
ric components of this tensor. We also show that not only
heat pumping but also the dissipated heat can be character-
ized in terms of an integral over a closed path in parameter
space. These results apply universally to any periodically and
adiabatically driven quantum system in contact with various
reservoirs, irrespective of the statistics obeyed by the parti-
cles, the strength of the coupling between the system and the
reservoir, or the presence of many-body interactions.

The article is organized as follows. In Sec. II, we introduce
the model of an adiabatic thermal machine. We also introduce
the linear-response formalism to treat ac adiabatic and thermal
driving. Section III is devoted to the analysis of the thermo-
dynamic behavior of the heat engine. This section contains
the principal results of the present work and shows how the
performance characteristics of the engine (efficiency, output
power, etc.) are of geometric origin. The central results of
this approach are captured by Eqs. (17), (18), (26), and (28)
which show that the pumped heat, the concomitant heat-work
conversion and the dissipated power have a geometric inter-
pretation. In the same section we will also analyze several
classes of adiabatic machines depending on the various adi-
abatic drivings. Following this general formulation, Sec. IV
focuses on two specific examples of thermal machines, which
are particularly relevant for experimental implementations.
We first consider a driven qubit which is asymmetrically and
weakly coupled to two bosonic thermal baths. We then discuss
a driven quantum dot coupled to two electron reservoirs. Con-
clusions and some additional perspectives related to our work
are presented in Sec. V. The appendices contain further details
on the derivation of the main results of the paper and explicit
calculations for the examples presented in the main text.

II. MODEL OF A GEOMETRIC THERMAL MACHINE

A sketch of the geometric thermal machine that we analyze
throughout this paper is shown in Fig. 1. It consists of a
central region containing the working substance, constituted
by a few-level quantum system, coupled to two thermal baths.
The quantum system is periodically driven by a set of N
slowly-varying parameters !X (t ). The baths are macroscopic
reservoirs of bosonic excitations or fermionic particles. The
macroscopic variables characterizing the thermal environment
such as the bath temperatures can also slowly vary in time.
We parametrize the bath temperatures as Tα (t ) = T + δTα (t )
(with α = L, R referring to the left and right reservoirs) and
define #T (t ) = δTL(t ) − δTR(t ). A (possible) time depen-
dence in the bath temperatures is only included in δTα (t ). We
assume that the right reservoir R is the colder one.
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FIG. 1. Geometrical thermal machine setup. A central, paramet-
rically driven quantum system described by the Hamiltonian HS

is coupled to macroscopic reservoirs. A cycle of the machine is
completely characterized by a closed path in the parameter space
X. After a complete cycle the averaged power P is dissipated as
heat in the reservoirs. The net transported energy JQ

tr flows from one
reservoir to the other.

space, and can be straightforwardly expressed in terms of a
line integral in this space. This representation is very useful
for identifying optimal protocols of heat-work conversion.
Furthermore, the symmetric component has a geometric in-
terpretation in terms of thermodynamic length and can also
be represented as a line integral for cyclic protocols, which is
useful in the design of efficient protocols.

Our approach does not only allow one to describe a whole
class of quantum machines in a unifying picture. It also has
practical implications such as improved ways to optimize their
performance, as we illustrate by two paradigmatic systems: a
qubit and a quantum dot.

Starting from the seminal works of Aharonov and Bohm
[77] as well as Berry [78], geometric effects have pervaded
many areas of physics. In quantum transport, distinct contri-
butions of geometric origin affect charge and energy currents.
In the absence of an additional dc bias, the pumped charge
in a periodically driven system was shown to be of geometric
origin, and can thus be expressed in terms of a closed-path
integral in parameter space [79–84], akin to the Berry phase
[78]. A similar approach was adopted to analyze heat trans-
port in a driven two-level system weakly coupled to bosonic
baths [85]. Closely related to these ideas is the geometric
description of driving-induced forces [86–94], including ge-
ometric magnetism [95,96], with the extension of geometric
response functions to open systems also being discussed in
relation to Cooper pair pumping [97]. Geometric concepts
like a thermodynamic metric and a thermodynamic length
were recently introduced as promising tools to characterize
the dissipated energy and to design optimal driving proto-
cols [98–103]. Similar ideas are behind the description of
the adiabatic time-evolution of many-body ground states of
closed systems in terms of a geometric tensor [104–106]. The
topological characterization of mixed thermal states is also
close to these concepts [107,108].

This large body of work linking geometry to transport nat-
urally hints at similar connections for thermal machines. First,
thermal machines involve periodic variations of parameters
and one may naturally expect geometric effects in the sense

of Berry to play an important role. Second, the efficiency with
which thermal machines operate is reduced by dissipation,
and thus geometry enters the physics of thermal machines
also in a second rather distinct way through the concept of
thermodynamic length. In the present paper, under quite gen-
eral assumptions, we will show that the operation of quantum
thermal machines and the underlying heat-work conversion is
fundamentally tied to such geometric effects. We formulate
a unified description in terms of a geometric tensor for all the
relevant energy fluxes, which we refer to as thermal geometric
tensor. Within this description, pumping and dissipation are,
respectively, associated with the antisymmetric and symmet-
ric components of this tensor. We also show that not only
heat pumping but also the dissipated heat can be character-
ized in terms of an integral over a closed path in parameter
space. These results apply universally to any periodically and
adiabatically driven quantum system in contact with various
reservoirs, irrespective of the statistics obeyed by the parti-
cles, the strength of the coupling between the system and the
reservoir, or the presence of many-body interactions.

The article is organized as follows. In Sec. II, we introduce
the model of an adiabatic thermal machine. We also introduce
the linear-response formalism to treat ac adiabatic and thermal
driving. Section III is devoted to the analysis of the thermo-
dynamic behavior of the heat engine. This section contains
the principal results of the present work and shows how the
performance characteristics of the engine (efficiency, output
power, etc.) are of geometric origin. The central results of
this approach are captured by Eqs. (17), (18), (26), and (28)
which show that the pumped heat, the concomitant heat-work
conversion and the dissipated power have a geometric inter-
pretation. In the same section we will also analyze several
classes of adiabatic machines depending on the various adi-
abatic drivings. Following this general formulation, Sec. IV
focuses on two specific examples of thermal machines, which
are particularly relevant for experimental implementations.
We first consider a driven qubit which is asymmetrically and
weakly coupled to two bosonic thermal baths. We then discuss
a driven quantum dot coupled to two electron reservoirs. Con-
clusions and some additional perspectives related to our work
are presented in Sec. V. The appendices contain further details
on the derivation of the main results of the paper and explicit
calculations for the examples presented in the main text.

II. MODEL OF A GEOMETRIC THERMAL MACHINE

A sketch of the geometric thermal machine that we analyze
throughout this paper is shown in Fig. 1. It consists of a
central region containing the working substance, constituted
by a few-level quantum system, coupled to two thermal baths.
The quantum system is periodically driven by a set of N
slowly-varying parameters !X (t ). The baths are macroscopic
reservoirs of bosonic excitations or fermionic particles. The
macroscopic variables characterizing the thermal environment
such as the bath temperatures can also slowly vary in time.
We parametrize the bath temperatures as Tα (t ) = T + δTα (t )
(with α = L, R referring to the left and right reservoirs) and
define #T (t ) = δTL(t ) − δTR(t ). A (possible) time depen-
dence in the bath temperatures is only included in δTα (t ). We
assume that the right reservoir R is the colder one.
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completely characterized by a closed path in the parameter space
X. After a complete cycle the averaged power P is dissipated as
heat in the reservoirs. The net transported energy JQ

tr flows from one
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space, and can be straightforwardly expressed in terms of a
line integral in this space. This representation is very useful
for identifying optimal protocols of heat-work conversion.
Furthermore, the symmetric component has a geometric in-
terpretation in terms of thermodynamic length and can also
be represented as a line integral for cyclic protocols, which is
useful in the design of efficient protocols.

Our approach does not only allow one to describe a whole
class of quantum machines in a unifying picture. It also has
practical implications such as improved ways to optimize their
performance, as we illustrate by two paradigmatic systems: a
qubit and a quantum dot.

Starting from the seminal works of Aharonov and Bohm
[77] as well as Berry [78], geometric effects have pervaded
many areas of physics. In quantum transport, distinct contri-
butions of geometric origin affect charge and energy currents.
In the absence of an additional dc bias, the pumped charge
in a periodically driven system was shown to be of geometric
origin, and can thus be expressed in terms of a closed-path
integral in parameter space [79–84], akin to the Berry phase
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port in a driven two-level system weakly coupled to bosonic
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description of driving-induced forces [86–94], including ge-
ometric magnetism [95,96], with the extension of geometric
response functions to open systems also being discussed in
relation to Cooper pair pumping [97]. Geometric concepts
like a thermodynamic metric and a thermodynamic length
were recently introduced as promising tools to characterize
the dissipated energy and to design optimal driving proto-
cols [98–103]. Similar ideas are behind the description of
the adiabatic time-evolution of many-body ground states of
closed systems in terms of a geometric tensor [104–106]. The
topological characterization of mixed thermal states is also
close to these concepts [107,108].

This large body of work linking geometry to transport nat-
urally hints at similar connections for thermal machines. First,
thermal machines involve periodic variations of parameters
and one may naturally expect geometric effects in the sense

of Berry to play an important role. Second, the efficiency with
which thermal machines operate is reduced by dissipation,
and thus geometry enters the physics of thermal machines
also in a second rather distinct way through the concept of
thermodynamic length. In the present paper, under quite gen-
eral assumptions, we will show that the operation of quantum
thermal machines and the underlying heat-work conversion is
fundamentally tied to such geometric effects. We formulate
a unified description in terms of a geometric tensor for all the
relevant energy fluxes, which we refer to as thermal geometric
tensor. Within this description, pumping and dissipation are,
respectively, associated with the antisymmetric and symmet-
ric components of this tensor. We also show that not only
heat pumping but also the dissipated heat can be character-
ized in terms of an integral over a closed path in parameter
space. These results apply universally to any periodically and
adiabatically driven quantum system in contact with various
reservoirs, irrespective of the statistics obeyed by the parti-
cles, the strength of the coupling between the system and the
reservoir, or the presence of many-body interactions.

The article is organized as follows. In Sec. II, we introduce
the model of an adiabatic thermal machine. We also introduce
the linear-response formalism to treat ac adiabatic and thermal
driving. Section III is devoted to the analysis of the thermo-
dynamic behavior of the heat engine. This section contains
the principal results of the present work and shows how the
performance characteristics of the engine (efficiency, output
power, etc.) are of geometric origin. The central results of
this approach are captured by Eqs. (17), (18), (26), and (28)
which show that the pumped heat, the concomitant heat-work
conversion and the dissipated power have a geometric inter-
pretation. In the same section we will also analyze several
classes of adiabatic machines depending on the various adi-
abatic drivings. Following this general formulation, Sec. IV
focuses on two specific examples of thermal machines, which
are particularly relevant for experimental implementations.
We first consider a driven qubit which is asymmetrically and
weakly coupled to two bosonic thermal baths. We then discuss
a driven quantum dot coupled to two electron reservoirs. Con-
clusions and some additional perspectives related to our work
are presented in Sec. V. The appendices contain further details
on the derivation of the main results of the paper and explicit
calculations for the examples presented in the main text.
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central region containing the working substance, constituted
by a few-level quantum system, coupled to two thermal baths.
The quantum system is periodically driven by a set of N
slowly-varying parameters !X (t ). The baths are macroscopic
reservoirs of bosonic excitations or fermionic particles. The
macroscopic variables characterizing the thermal environment
such as the bath temperatures can also slowly vary in time.
We parametrize the bath temperatures as Tα (t ) = T + δTα (t )
(with α = L, R referring to the left and right reservoirs) and
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completely characterized by a closed path in the parameter space
X. After a complete cycle the averaged power P is dissipated as
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space, and can be straightforwardly expressed in terms of a
line integral in this space. This representation is very useful
for identifying optimal protocols of heat-work conversion.
Furthermore, the symmetric component has a geometric in-
terpretation in terms of thermodynamic length and can also
be represented as a line integral for cyclic protocols, which is
useful in the design of efficient protocols.

Our approach does not only allow one to describe a whole
class of quantum machines in a unifying picture. It also has
practical implications such as improved ways to optimize their
performance, as we illustrate by two paradigmatic systems: a
qubit and a quantum dot.

Starting from the seminal works of Aharonov and Bohm
[77] as well as Berry [78], geometric effects have pervaded
many areas of physics. In quantum transport, distinct contri-
butions of geometric origin affect charge and energy currents.
In the absence of an additional dc bias, the pumped charge
in a periodically driven system was shown to be of geometric
origin, and can thus be expressed in terms of a closed-path
integral in parameter space [79–84], akin to the Berry phase
[78]. A similar approach was adopted to analyze heat trans-
port in a driven two-level system weakly coupled to bosonic
baths [85]. Closely related to these ideas is the geometric
description of driving-induced forces [86–94], including ge-
ometric magnetism [95,96], with the extension of geometric
response functions to open systems also being discussed in
relation to Cooper pair pumping [97]. Geometric concepts
like a thermodynamic metric and a thermodynamic length
were recently introduced as promising tools to characterize
the dissipated energy and to design optimal driving proto-
cols [98–103]. Similar ideas are behind the description of
the adiabatic time-evolution of many-body ground states of
closed systems in terms of a geometric tensor [104–106]. The
topological characterization of mixed thermal states is also
close to these concepts [107,108].

This large body of work linking geometry to transport nat-
urally hints at similar connections for thermal machines. First,
thermal machines involve periodic variations of parameters
and one may naturally expect geometric effects in the sense

of Berry to play an important role. Second, the efficiency with
which thermal machines operate is reduced by dissipation,
and thus geometry enters the physics of thermal machines
also in a second rather distinct way through the concept of
thermodynamic length. In the present paper, under quite gen-
eral assumptions, we will show that the operation of quantum
thermal machines and the underlying heat-work conversion is
fundamentally tied to such geometric effects. We formulate
a unified description in terms of a geometric tensor for all the
relevant energy fluxes, which we refer to as thermal geometric
tensor. Within this description, pumping and dissipation are,
respectively, associated with the antisymmetric and symmet-
ric components of this tensor. We also show that not only
heat pumping but also the dissipated heat can be character-
ized in terms of an integral over a closed path in parameter
space. These results apply universally to any periodically and
adiabatically driven quantum system in contact with various
reservoirs, irrespective of the statistics obeyed by the parti-
cles, the strength of the coupling between the system and the
reservoir, or the presence of many-body interactions.

The article is organized as follows. In Sec. II, we introduce
the model of an adiabatic thermal machine. We also introduce
the linear-response formalism to treat ac adiabatic and thermal
driving. Section III is devoted to the analysis of the thermo-
dynamic behavior of the heat engine. This section contains
the principal results of the present work and shows how the
performance characteristics of the engine (efficiency, output
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this approach are captured by Eqs. (17), (18), (26), and (28)
which show that the pumped heat, the concomitant heat-work
conversion and the dissipated power have a geometric inter-
pretation. In the same section we will also analyze several
classes of adiabatic machines depending on the various adi-
abatic drivings. Following this general formulation, Sec. IV
focuses on two specific examples of thermal machines, which
are particularly relevant for experimental implementations.
We first consider a driven qubit which is asymmetrically and
weakly coupled to two bosonic thermal baths. We then discuss
a driven quantum dot coupled to two electron reservoirs. Con-
clusions and some additional perspectives related to our work
are presented in Sec. V. The appendices contain further details
on the derivation of the main results of the paper and explicit
calculations for the examples presented in the main text.
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central region containing the working substance, constituted
by a few-level quantum system, coupled to two thermal baths.
The quantum system is periodically driven by a set of N
slowly-varying parameters !X (t ). The baths are macroscopic
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space, and can be straightforwardly expressed in terms of a
line integral in this space. This representation is very useful
for identifying optimal protocols of heat-work conversion.
Furthermore, the symmetric component has a geometric in-
terpretation in terms of thermodynamic length and can also
be represented as a line integral for cyclic protocols, which is
useful in the design of efficient protocols.

Our approach does not only allow one to describe a whole
class of quantum machines in a unifying picture. It also has
practical implications such as improved ways to optimize their
performance, as we illustrate by two paradigmatic systems: a
qubit and a quantum dot.
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many areas of physics. In quantum transport, distinct contri-
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in a periodically driven system was shown to be of geometric
origin, and can thus be expressed in terms of a closed-path
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baths [85]. Closely related to these ideas is the geometric
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relation to Cooper pair pumping [97]. Geometric concepts
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the dissipated energy and to design optimal driving proto-
cols [98–103]. Similar ideas are behind the description of
the adiabatic time-evolution of many-body ground states of
closed systems in terms of a geometric tensor [104–106]. The
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also in a second rather distinct way through the concept of
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fundamentally tied to such geometric effects. We formulate
a unified description in terms of a geometric tensor for all the
relevant energy fluxes, which we refer to as thermal geometric
tensor. Within this description, pumping and dissipation are,
respectively, associated with the antisymmetric and symmet-
ric components of this tensor. We also show that not only
heat pumping but also the dissipated heat can be character-
ized in terms of an integral over a closed path in parameter
space. These results apply universally to any periodically and
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a driven quantum dot coupled to two electron reservoirs. Con-
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central region containing the working substance, constituted
by a few-level quantum system, coupled to two thermal baths.
The quantum system is periodically driven by a set of N
slowly-varying parameters !X (t ). The baths are macroscopic
reservoirs of bosonic excitations or fermionic particles. The
macroscopic variables characterizing the thermal environment
such as the bath temperatures can also slowly vary in time.
We parametrize the bath temperatures as Tα (t ) = T + δTα (t )
(with α = L, R referring to the left and right reservoirs) and
define #T (t ) = δTL(t ) − δTR(t ). A (possible) time depen-
dence in the bath temperatures is only included in δTα (t ). We
assume that the right reservoir R is the colder one.

155407-2

T1

T2 TNΔSA→B =
N

∑
j=1

∫
B

A

δQ1

Tj
≥ 0

Third law
lim
T→0

ΔS → 0

Rudolf J E Clausius:

… as I hold it better to borrow terms for important magnitudes from the ancient
languages, so that they may be adopted unchanged in all modern languages, I propose to
call [it] the entropy of the body, from the Greek word ‘trope’ for ‘transformation’ I have
intentionally formed the word ‘entropy’ to be as similar as possible to the word ‘energy’;
for the two magnitudes to be denoted by these words are so nearly allied in their physical
meanings, that a certain similarity in designation appears to be desirable [4].

First law of thermodynamics
Before we move on to extensions of thermodynamics, however, we need to establish
a few more concepts and notions. In classical mechanics the central concept is the
energy of the system, since the complete dynamical behavior can be derived from it.
We also know from classical mechanics that in isolated systems the energy is
conserved, and that transformations of energy can depend on the path taken by the
system—think for instance of friction.

This leads naturally to the insight that

đ đ= +dE W Q, (1.2)

where E is the internal energy,W the work, andQ denotes the heat. In equation (1.2)
work, đW , is identified with the contribution to the change in internal energy that
can be controlled, whereas đQ denotes the amount of energy that is exchanged with a
potentially vast bath. Moreover, dE is an exact differential, which means that
changes of the internal energy do not depend on which path is taken on the
thermodynamic manifold. This makes sense, since we would expect energy to be
only dependent on the state of the system, and not how the system has reached a
state. In other words, E is a state function.

Quantum Thermodynamics

1-4



Fourth law
Lets assume a system with well defined: 

• Particle density  

• Energy density  

•  Local temperature  and chemical potential  

n( ⃗r, t)

e( ⃗r, t)

T( ⃗r, t) μ( ⃗r, t)
The variation of the local entropy density, defined as a function of extensive variables  : Ek

·s = ∑
k

∂s
∂Ek

dEk

dt Fluxes jk
Affinities Xk

Lars Onsager:

Now if we look at the condition of detailed balancing from the thermodynamic point of
view, it is quite analogous to the principle of least dissipation [40].

This means that the matrix of kinetic coefficients is symmetric. Therefore, to a
certain degree equation (1.14) is a thermodynamic equivalent of Newton’s third law.
This analogy becomes even clearer if we interpret equation (1.12) as a thermo-
dynamic equivalent of Newton’s second law.

It is interesting to consider when the above considerations break down.
Throughout this little exercise we have explicitly assumed that the considered
system is in a state of local equilibrium. This is justified as long as the flux and
affinities are small. Consider, for instance, a system with a temperature gradient. For
small temperature differences the flow is laminar, and the Onsager theorem (1.14) is
expected to hold. For large temperature differences the flow becomes turbulent, and
the fluxes can no longer be balanced.

1.1.2 Finite-time thermodynamics and endoreversibility

A standard exercise in thermodynamics is to compute the efficiency of cycles, i.e. to
determine the relative work output for devices undergoing cyclic transformations on
the thermodynamic manifold. However, all standard cycles, such as the Carnot,
Otto, Diesel, cycles, etc, have in common that they are comprised of only quasistatic
state transformations, and hence their power output is strictly zero.

This insight led Curzon and Ahlborn to ask a slightly different, yet a lot more
practical question [7]: ‘What is the efficiency of a Carnot engine at maximal power
output?’Obviously such a cycle can no longer be reversible, but we still would like to
be able to use the methods and notions from thermodynamics. This is possible if one
takes the aforementioned idea of local equilibrium one step further.

Imagine a device, whose working medium is in thermal equilibrium at temper-
ature Tw, but there is a temperature gradient over its boundaries to the environment

Quantum Thermodynamics
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In general, the fluxes are complicated functions of the affinities: 

jk(X1, …, XN), k = 1,…, N

Linear (leading) order: 

jk = ∑
j

Lk,jXj, k = 1,…, N

Lkj =
∂Jk

∂Xj
|Xj=0 , k = 1,…, NOnsager coefficients:

Response functions evaluated in equilibrium! 



Substituting in the change of the entropy density: 

·s = ∑
k

Xk jk = ∑
k,j

Lk,jXkXj

Bilinear in the affinities 



Onsager theorem
4th Law

Lkj(B) = ± Ljk(−B)
As a consequence of microscopic reversibility:

Magnetic field Depends on the parity of the 
operators entering  the 
response function under time-
reversal symmetry



Thermoelectricity:  
Steady-state heat-work 

conversion



Effective conversion of a temperature difference 
into an electrical voltage and viceversa

Thermoelectricity concerns the conversion of 
temperatures differencies into electrical potential 
or viceversa 

It can be used to perform useful electrical work 
or to pump heat from cold to hot place, thus 
performing refrigeration 

Refrigerator Thermal machine

Electrical current to extract heat Heat to generate an electrical current



Quantum conductor. 2-terminal setup

µ
L

T
µ+ �µ

T + �T : charge fluxJ1

: Heat fluxJ2

δμ = eV, V : Voltage difference

R
μ

H = HL + HcL + HS + HcR + HR



Energy and heat fluxes

JE
α =

d⟨Hα⟩
dt

Energy flux into the reservoir   α

JQ
α = JE

α − μαJp
α

Jp
α =

d⟨Nα⟩
dt

Particle flux into   α

Heat flux into α



JE
α = −

i
ℏ

⟨[Hα, H]⟩

Jp
α = −

i
ℏ

⟨[Nα, H]⟩

Flujo de energía hacia el 
baño  α

Flujo de partículas hacia el 
baño α

 :Hamiltoniano completo. Sistema  + reservorios  + contactos H HS HL, HR

HcL, HcR



Linear response. Affinities:  X1 =
δμ
T

, X2 =
δT
T2

J1 = L11 X1 + L12 X2

J2 = L21 X1 + L22 X2

Seebeck

Peltier

Electrical 
conductance 

J1 ≡ eJp
R, J2 ≡ JQ

RFlujos:

Thermal 
conductance 

Heat-work conversion



Transport coefficients

G =
L11

T

 =
1

T 2

detL̂

L11
! 1

T 2
L22

TS = ⇧ =
L12

L11

Electrical conductance

Thermal conductance

Thermoelectric coefficients: 

Seebeck and Peltier

Without 
Thermoelectricity



Thermodynamic laws

6

Similarly, by evaluating the forces in linear response with respect to ⇥µ leads to

�fc
j = lim

⇤⇥0

Im
⌃
�
Fj ,J
t ( )

⌥

 
, (A8)

where �
Fj ,J
t ( ) is the Fourier transform of �

Fj ,J
t (⌥) = �i⇤(⌥)⌃

⌃
F̂j(⌥), Ĵ(0)

⌥
⌥t.

The above definitions indicate that the susceptibilities �
Oi,Oj

t , with Ôi a generic operator, satisfy microre-

versibility with respect to ⌥ . It can be directly verified that �
Oi,Oj

t (�⌥) = �i⇤(�⌥)⌃
⌃
Ôi(�⌥), Ôj(0)

⌥
⌥t =

i⇤(�⌥)⌃
⌃
Ôj(⌥), Ôi(0)

⌥
⌥t = �i⇤(�⌥)

⇤ +⌅
�⌅ d /(⇧)Im[�

Oj ,Oi

t ( )]e�i⇤⇥ . Hence, under a transformation ⌥ ⇤ �⌥ the

coe⇧cient �ij transforms to

�
Oi,Oj

ij ⇤⇥⇥�⇥ Re

�
i

⇧ +⌅

�⌅

d 

⇧
Im[�

Oj ,Oi

t ( )]

⇧ +⌅

�⌅
d⌥⌥⇤(�⌥)e�i⇤⇥

⇥
= lim

⇤⇥0

Im
⌃
�
Oj ,Oi

t ( )
⌥

 
= �

Oj ,Oi

ji . (A9)

In the last step we have used
⇧ 0

�⌅
d⌥⌥e�i⇤⇥ =

1

 2
+ i⇧⇥⇤( ). (A10)

In the presence of a magnetic field B, a time-reversal transformation implies changing B ⇤ �B in the Hamiltonian
Ht, which defines the frozen density matrix ⌃̂t used to evaluate the expectation values. Therefore, the coe⇧cients �ff

ij
satisfy the following general Onsager reciprocal relations

�ff
ij (B) = sisj�

ff
ji (�B), (A11)

where si, sj are ± depending on the parity under B ⇤ �B of the operators F̂i(B), F̂j(B). Using exactly the same
arguments we can prove

�cf
j (B) = sj�

fc
j (�B) (A12)

The case sj = 1 is usual in density-like operators as in the example considered in Appendix (??), while sj = �1 is
usual in current operators like in the case of driving with time-dependent magnetic fields? .

Appendix B: Thermoelectrics in three steps

We recall the main steps of the usual thermoelectric description for a typical dc device described by two electron
reservoirs R and L connected to a conductor. (i) The first task of thermoelectrics is the proper formulation of the
conservation laws. In the simple two-terminal device driven by dc gradients of temperature and chemical potentials,
the relevant fluxes are the charge and energy currents eṄ�, Ė� flowing through the conductor into reservoir � as
responses to a chemical potential di⇥erence ⇥µ and/or a temperature di⇥erence ⇥T between the reservoirs. The
conservation of the number of particles and the energy of the full system imply that the rate of change for these
quantities satisfy

ṄL = �ṄR, ĖL = �ĖR. (B1)

(ii) The second task is to identify the relevant fluxes Ji and the conjugated a⇧nities Xi. As pointed by Callen? , a
practical procedure is to calculating the rate of entropy production

Ṡ =
Q̇L

TL
+

Q̇R

TR
, (B2)

where Q̇� = Ė� � µ�Ṅ� is the heat flux into the reservoir �. Considering µL = µ, µR = µ � ⇥µ and TL = T ,
TR = T � ⇥T and assuming ⇥µ, ⇥T to be small perturbations of the equilibrium state, substituting in Eq. (??), in
linear response regime, i.e. keeping only terms ⌅ ⇥T, ⇥µ, it is found

Ṡ =
M⌅

i=1

JiXi, (B3)

Rate of entropy production:

Onsager relations (4th law) =>micro reversibility

L11(B) = L11(�B), L12(B) = L21(�B)

2nd law 

3

Here, the first term accounts for the two quantum dots
and their couplings to the two electrodes,

Hel =
⇧

�=L,R

(H� +Hc,� + ⇥�d
†
�d�). (2)

Both quantum dots � = L,R host one electronic state
of energy ⇥�, with corresponding creation (annihilation)
operators d†� (d�). The dots are assumed noninteracting
and in contact with one electron reservoir each. The
reservoirs are modeled by the free-electron Hamiltonians

H� =
⇧

k↵

⇥k↵c
†
k↵
ck↵ , (3)

where c†k↵
(ck↵) creates (annihilates) an electron in state

k� of electrode � and the hybridization between quantum
dots and electrodes is described by

Hc,� =
⇧

k↵

wk↵c
†
k↵
d� + h.c. (4)

with the amplitude wk↵ .
The vibrational mode couples to the electronic degrees

of freedom through the tunnel coupling between the two
quantum dots,

HT = t(x̂)d†LdR + h.c. . (5)

Specifically, the tunneling amplitude t(x̂) = t0e�⇥x̂ de-
pends on the vibrational coordinate x, which provides the
electron-phonon coupling of strength ⌅.28 For simplicity,
we assume that the mechanical motion is characterized
by a single normal-mode coordinate. Expressing this co-
ordinate in terms of phononic creation and annihilation
operators, x̂ = â+ â†, the free motion of the vibrational
mode is governed by the Hamiltonian

Hv = ⌃(a†a+
1

2
), (6)

where ⌃ is the frequency.
Finally, the last two terms of the Hamiltonian (1) rep-

resent a phonon bath and its coupling to the vibrational
mode. We will provide some further details for these
pieces in Sections III and IV.

For the most part, we will set ~ = kB = 1 unless a
restoration of conventional units facilitates the discus-
sion.

B. Thermoelectric description

We begin reviewing some aspects of the general theory
of thermoelectric response19 as applied to the refrigera-
tion of a vibrational mode. In many ways, our discus-
sion here follows Refs. 22 and 23 which consider a three-
terminal setup including two electron reservoirs and one
phonon reservoir.

We regard the vibrational mode thermalized with the
phonon reservoir. We focus attention on thermoelec-
tric cooling of the system constituted by the vibrational
mode coupled to a phonon reservoir at temperature Tph

and assume that the two electronic reservoirs are at the
same temperature T . Charge currents JC between the
two electron reservoirs and heat currents JQ between the
phonon and the electron reservoirs can be induced by ap-
plying a chemical potential di⇥erence �µ = µL � µR be-
tween the electron reservoirs or a temperature di⇥erence
�T = Tph � T . Within linear response, the thermoelec-
tric e⇥ects are then described in terms of a 2⇤ 2 matrix
L,

�
JC/e
JQ

⇥
=

�
L11 L12

L21 L22

⇥�
�µ/T
�T/T 2

⇥
,

or in short J = L ·X. Here, the quantities X1 = �µ/T
and X2 = �T/T 2 are known as a⌅nities. The Onsager
reciprocity relations yield L12(B) = L21(�B) in the pres-
ence of a magnetic field B. From now on, we will as-
sume that the system is time-reversal symmetric so that
L12 = L21.
Our device operates as a refrigerator as long as JQ < 0

for Tph < T . Given a certain bias voltage V = �µ/e,
this is the case for phonon temperatures in the interval
Tph ⇧ [T (1� L21�µ/L22), T ].
We can characterize the operation of the device in Fig.

1 as a refrigerator through the coe⌅cient of performance
⇤, which is defined as the ratio of the rate at which heat
is extracted from the cold reservoir (i.e. the phonon reser-
voir) and the invested electric power,

⇤ =
Q̇

Ẇ
=

�JQ

(JC/e)�µ
=

L21X1 + L22X2

TX1(L11X1 + L12X2)
. (7)

This e⌅ciency can be related to the rate of entropy pro-
duction, Ṡ = (JC/e)X1 + JQX2 which yields

⇤ = ⇤C

⇤
1� T Ṡ

(JC/e)�µ

⌅
. (8)

Thus, as a consequence of the Second Law of Thermody-
namics, the e⌅ciency ⇤ is always smaller than the Carnot
e⌅ciency for refrigeration (given here to linear-response
accuracy),

⇤C =
T

|�T | . (9)

We also note another consequence of the Second Law.
Writing the rate of entropy production in linear response,

Ṡ = Xt · L ·X, (10)

we conclude that L is positive semidefinite, i.e.

L11, L22 > 0,

L11L22 � L2
12 ⌅ 0. (11)

L11, L22 > 0

L11L22 � L12L21 > 0



Operational modes

dc- Heat engine: electrical power/heat flux

Maximum efficiency for a given diff of temperature :

4

In addition to the currents JC and JQ, there will also be
a heat current flowing between the two electron reservoirs
in our device. However, this current does not contribute
to entropy production as it flows between two reservoirs
of equal temperature. More generally, it does not play
an essential role in the following.

We can also define a figure of merit ZT for our three-
terminal setup in the usual manner. Indeed, for a given
temperature di⇥erence �T , the e⇧ciency can be maxi-
mized as function of voltage. This yields the maximal
e⇧ciency

⇥ = ⇥C

⌥
1 + ZT � 1⌥
1 + ZT + 1

, (12)

where

ZT =
L2
12

det (L)
, (13)

is the figure of merit. Thus the Carnot e⇧ciency can be
attained as ZT ⇥ ⇤.

So far, we assumed that the vibrational mode is cou-
pled to a phonon reservoir which fixes its temperature
to Tph. Alternatively, we could decouple the vibrational
mode from the reservoir. In this case, the termoelec-
tric cooling would result in an e⇥ective temperature of
the vibrational mode which is smaller than the electron
temperature. In previous works, it was usually this tem-
perature which was used to characterize phonon cooling
in nanoelectromechanical systems.

For a general nonequilibrium situation, the distribu-
tion function of the vibrational mode will not be ther-
mal so that we need to specify what we mean by e⇥ec-
tive temperature. The conventional definition in a non-
equilibrium transport setup relies on coupling the vibra-
tional mode to a thermometer, a reservoir with infinites-
imal coupling to the vibrational mode.24–27 The e⇥ective
temperature is then defined as the temperature of the
thermometer at which there is vanishing heat flow be-
tween it and the vibrational mode. This definition was
originally introduced by Engquist and Anderson24 and
has been widely adopted in many transport setups. This
definition allows us to obtain the e⇥ective temperature
of the vibrational mode within the above formalism by
requiring that JQ = 0 which yields

T e� = T

�
1� eV

L12

L22

⇥
. (14)

Note that this is just the minimal phonon temperature
at which the device with a phonon thermostat operates
as a phonon refrigerator.

III. QUANTUM REGIME

We first consider the quantum regime in which the
tunneling rate between the quantum dots is small com-
pared to the vibrational frequency. Moreover, we assume

that the coupling between quantum dots and leads is
strong compared to the coupling between the quantum
dots. In this limit, we can describe the system in terms of
a master (or rate) equation for the occupation probabil-
ity Pn of the phonon mode. Here, Pn denotes the prob-
ability that the phonon state of energy n⇧ is occupied.
The state of the phonon mode can change whenever an
electron tunnels between the two quantum dots and the
corresponding rates can be readily derived from Fermi’s
Golden Rule.

A. Rate equation

We first set up the master equation for the dynamics
of the phonon population. Following Ref. 29, the master
equation for Pn takes the form

Ṗn =� Pn

⌅

n0

Wn⇥n0
+

⌅

n0

Pn0Wn0⇥n � 1

⌅
[Pn � P eq

n ],

(15)

where Wn⇥n0
denotes the rate of transitions between

phonon states n to n⇤. The last term in Eq. (15) accounts
for the coupling of the oscillator to the phononic environ-
ment in a phenomenological manner.29 We assume that
this phonon heat bath is at a temperature Tph, so that
the phonon distribution Pn will relax to the equilibrium
distribution

P eq
n = e�n⌅/Tph(1� e�⌅/Tph), (16)

within the relaxation time ⌅ . In the limit of fast relax-
ation, 1/⌅ ⇥ ⇤, the distribution Pn approaches the equi-
librium distribution P eq

n , while in the opposite limit of
slow relaxation, 1/⌅ ⇥ 0, the phonon distribution func-
tion is entirely controlled by electron-induced processes.
For small inter-dot tunneling, we can evaluate the tran-

sition rates Wn⇥n0
by Fermi’s Golden Rule, working to

lowest order in the hopping amplitude t0. By account-
ing for tunneling processes between the quantum dots
going in both directions, the rates can be expressed as
Wn⇥n0

=
⇤

� ⌅=⇥ W
n⇥n0

�⇥ with

Wn⇥n0

�⇥ = |Mn⇥n0 |2|t0|2In⇥n0

�⇥ . (17)

Here, we label the leads by Greek indices, � = L,R.
The transition rates involve the Franck-Condon matrix
elements Mn⇥n0 = ⌅n⇤|e�⇤x̂|n⇧.29 An explicit evaluation
of these matrix elements yields

|Mn⇥n0 |2 = e�⇤2
⇧
⇤Q�q

⌥
q!/Q!LQ�q

q (⇤2)
⌃2

, (18)

with the abbreviations q = min(n, n⇤) and Q =
max(n, n⇤), while Ln

m(x) denotes the generalized La-
guerre polynomials.

Figure of merit

⌘ =
eTJ1X1

J2
 ⌘C , ⌘C =

�T

T

dc- Heat pump: heat flux/electrical power
⌘ =

�J2
eTJ1X1

 ⌘C , ⌘C =
T

�T

ZT =
L12L21

detL
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Abstract

In recent years, the study of heat to work conversion has been re-invigorated by nanotechnology. Steady-state de-
vices do this conversion without any macroscopic moving parts, through steady-state flows of microscopic particles
such as electrons, photons, phonons, etc. This review aims to introduce some of the theories used to describe these
steady-state flows in a variety of mesoscopic or nanoscale systems. These theories are introduced in the context of
idealized machines which convert heat into electrical power (heat-engines) or convert electrical power into a heat flow
(refrigerators). In this sense, the machines could be categorized as thermoelectrics, although this should be under-
stood to include photovoltaics when the heat source is the sun. In many cases the machines we consider have few
degrees of freedom, however the reservoirs of heat and work that they interact with are assumed to be macroscopic.
This review discusses di�erent theories which can take into account di�erent aspects of mesoscopic and nanoscale
physics, such as coherent quantum transport, magnetic-field induced e�ects including topological ones (such as the
quantum Hall e�ect), and single electron charging e�ects. It discusses the e⇥ciency of thermoelectric conversion,
and the thermoelectric figure of merit. More specifically, the theories presented are (i) linear response theory with or
without magnetic fields, (ii) Landauer scattering theory in the linear response regime and far from equilibrium, (iii)
Green-Kubo formula for strongly interacting systems within the linear response regime, (iv) master equation analysis
for small quantum machines with or without interaction e�ects, (v) stochastic thermodynamic for fluctuating small
systems. In all cases, we place particular emphasis on the fundamental questions about the bounds on ideal machines.
Can magnetic-fields change the bounds on power or e⇥ciency? What is the relationship between quantum theories
of transport and the laws of thermodynamics? Does quantum mechanics place fundamental bounds on heat to work
conversion which are absent in the thermodynamics of classical systems?

Keywords: Thermoelectricity, Quantum thermodynamics, Seebeck e�ect, Peltier cooling, Entropy production,
Second law of thermodynamics, Quantum transport, Dynamical quantum systems, Scattering theory, Master
equations, Stochastic thermodynamics, Quantum dots, Quantum point contacts, Quantum Hall e�ect, Andreev
reflection, Linear response, Onsager relations, Thermal conductance, Thermoelectric figure of merit,
Non-equilibrium thermodynamics, Finite-time thermodynamics
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Desired e⇥ciency Necessary ZT

Carnot e⇥ciency ⇤
9/10 � Carnot e⇥ciency 360

3/4 � Carnot e⇥ciency 48

1/2 � Carnot e⇥ciency 8

1/3 � Carnot e⇥ciency 3

1/6 � Carnot e⇥ciency 24/25 ⇥ 1

1/10 � Carnot e⇥ciency 40/81 ⇥ 0.5

1/100 � Carnot e⇥ciency 400/9801 ⇥ 0.04

Table 1: Examples of the dimensionless figure of merit ZT necessary for a desired heat-engine e⇥ciency, see Eq. (27). This connection between
the maximum e⇥ciency and ZT is convenient, as it is easier to calculate ZT from basic transport measurements than to measure the maximum
e⇥ciency directly. Current bulk semiconductor thermoelectric have ZT ⇥ 1, while a ZT ⇥ 3 would be necessary for most industrial or household
applications. However the connection between maximum e⇥ciency and ZT only exists in the linear-response regime, as ZT has no meaning outside
the linear-response regime.

Figure 2: In (a) we show a traditional thermocouple made of two di�erent thermoelectrics (open and filled circles) each coupled to the reservoir
being heated (reservoir H) and one of the cold reservoirs (1 or 2). The heat drives electrons around the circuit from reservoir 1 to reservoir 2,
through the load which turns the electrical power into some other kind of work (for example the load could be a motor that generates mechanical
work). In the ideal case, the two thermoelectrics have opposite thermoelectric responses; the one marked by the open circle generates an electrical
current in the same direction as the heat flow, while that marked by the filled circle generates an electrical current in the opposite direction to
the heat flow. In (b) we show a new possibility a�orded by quantum systems. In this case a single quantum system plays the role of the whole
thermocouple. We mark it as a half-filled circle, to indicate that it combines the properties of the two thermoelectrics in (a).

It is worth noting that if the heat source is the sun (which is reasonably well approximated by photons emitted from
a black-body at 4000K), then the quantum thermocouple can also be thought of as a nanoscale photovoltaic. Indeed at
a hand-waving level, it works much like a traditional p-n junction photovoltaic. The electrons at low energies (those in
the valence band in a p-n photovoltaic) are coupled to reservoir 1, while those in excited states (the conduction band in
a p-n photovoltaic) are coupled to reservoir 2. Thus when a photon excites an electron from a low to high energy state,
that electron flows into reservoir 2. The empty low energy state is filled by an electron from reservoir 1 (this is often
represented as a hole flowing from the system into reservoir 1). Thus the absorption of a photon causes a net electron
flow from reservoir 1 to reservoir 2, even though reservoir 2 has a higher electro-chemical potential than reservoir 1.
It thus converts heat into electric work. The quantum thermocouple systems that we will discuss in Sections 9.3-9.5,
are microscopically rather di�erent from a p-n junction photovoltaic, but they still work in the manner outlined here.

1.7. Thermoelectricity as a probe of nanostructures
Increasingly experimentalists are using the thermoelectric response of nanostructures as a probe of the physics of

those structures. It provides complementary information to that extracted from more traditional transport measure-
ments such as measuring the nanostructure’s I-V response.
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Thermoelectricity in the global context
J. He, T. M. Tritt, Science 357, 6358, 2017



Advances in materials science
J. He, T. M. Tritt, Science 357, 6358, 
2017



Interesting application

  
Thermoelectric Generators for Space  
For Space Exploration missions, particularly beyond the planet Mars, the light from the sun is too weak to power a spacecraft with solar panels. Instead, the electrical power is 
provided by converting the heat from a Pu238 heat source into electricity using thermoelectric couples. Such Radioisotope Thermoelectric Generators (RTG) have been used by 
NASA in a variety of missions such as Apollo, Pioneer, Viking, Voyager, Galileo and Cassini. With no moving parts, the power sources for Voyager are still operating, allowing the 
spacecraft to continue to make scientific discoveries after over 35 years of operation. The Curiosity rover on Mars is the first rover powered by thermoelectrics using a Multi-Mission 
RTG (MMRTG). 
  

Radioisotope Thermoelectric Generator 
(RTG) Used on Voyager 1 & 2 

 

mars.nasa.gov/mars2020

http://web.archive.org/web/20070913094213/http://www.nuc.umr.edu/nuclear_facts/spacepower/spacepower.html
http://voyager.jpl.nasa.gov/
http://science.nasa.gov/science-news/science-at-nasa/2009/23dec_voyager/
http://en.wikipedia.org/wiki/MMRTG
http://en.wikipedia.org/wiki/MMRTG


Quantum regime?



Electron transport in the quantum regime

Figure 1: A sketch of the qualitative di↵erence between (a) traditional thermoelectrics and (b) quantum thermoelectrics. In (a) the distance on
which the electrons relax to a local equilibrium is the shortest lengthscale in the system. Thus, one can treat the electrons inside the thermoelectric
structure as being in local thermal equilibrium, with a local temperature which varies smoothly across the thermoelectric. The system can then
be described by Boltzmann transport equations. In contrast, in mesoscopic or nanoscale thermoelectric devices, the thermoelectric structure is of
similar size or smaller than the lengthscale on which electrons relax to a local equilibrium. Then the physics of the system can be much richer,
exhibiting intrinsically quantum e↵ects such as interference e↵ects or strong correlation e↵ects, and one cannot make the approximations necessary
to use the standard Boltzmann transport theory.

excited electron before inelastic scatterings cause it to relax to thermal equilibrium. At room temperature, this relax-
ation length is usually of the order of the mean free path, since electron scattering is typically dominated by inelastic
electron-phonon scattering, which thermalizes the electrons at the same time as causing electrical resistance by relax-
ing the electrons’ momentum. As such, the relaxation length can be estimated to equal the mean free path extracted
from the mobility of the sample in the usual way; it is typically some tens of nanometres. A thermoelectric with
no structure on a scale smaller than this (excepting the unit cell which determines its band structure) is usually well
described by Boltzmann transport theory, which assumes a local equilibrium at each point in the thermoelectric, with
the temperature and electro-chemical potential of this local equilibrium varying smoothly across the thermoelectric.

Much of the current interest in nanoscale thermoelectrics is because they have structures smaller than this relax-
ation length; in many cases the whole thermoelectric is smaller than a relaxation length, see Fig. 1b. This is the origin
of new physics, such as quantum interference e↵ects or strong correlation e↵ects, for which one cannot use the stan-
dard Boltzmann transport theory. In particular, the transport properties of the system become non-local on all scales
smaller than the relaxation length. This means that one has to talk in terms of the conductance of the whole system,
rather than the conductivity at each point within it. The objective of this review is to discuss situations of heat to work
conversion which are not described by the Boltzmann transport theory. As such we do not discuss this Boltzmann
transport theory, beyond mentioning its similarities to the scattering theory in Section. 5.2.1. The Boltzmann theory
for thermoelectrics can be found in chapter 3 of Ref. [2] or other textbooks.

At low temperatures (typically less than a Kelvin), electron-electron and electron-phonon interactions are rather
weak, as a result the relaxation length can be many microns (or in some cases even a significant fraction of a millimetre
[48, 49]). Many system have structures smaller than this, and so will not be described by the usual Boltzmann theory.
At low temperatures, the relaxation length should not be confused with the electron’s mean free path. In such a
system, the mean free path is dominated by static disorder which induces only elastic scattering; this causes resistance
by relaxing the electron’s momentum without causing thermalization.1 Then the relaxation length will be much larger
than the mean free path, and so it cannot be experimentally determined from the mobility. Instead, it must be measured
by directly generating an out of equilibrium electron distribution, and studying how it relaxes to a thermal distribution
[50–52]. In general the electron-electron scattering length scales with a lower power of temperature than the electron-
phonon scattering length, for details see [37, 38]. Thus at low enough temperatures, the relaxation length is given by
the electron-electron scattering. This means that electrons first thermalize amongst each other via electron-electron
interactions, and only afterwards do they thermalize with the phonons through electron-phonon interactions. In such

1Such elastic scatterings randomize the direction of the electron’s momentum without modifying the magnitude of that momentum. Hence, the
average momentum decays, but the kinetic energy of each electron does not change.
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Theoretical description: 2-terminals

J1 =
e
h ∫ dε𝒯(ε)[fL(ε) − fR(ε)]

J2 =
1
h ∫ dε (ε − μ) 𝒯(ε)[fL(ε) − fR(ε)]

Transmisión function  

Fermi-Dirac function
 fα =

1
e(ε−μα)/(kBTα) + 1

, α = L, R



Properties of the transmission function 𝒯(ε)

• Describes the “transparency” of the quantum conductor in a two-
terminal configuration. 

• Depends on the microscopic properties of the conductor and on the 
contacts to the reservoirs.  

• . Defines the probability of  injecting an electron from one of 
the reservoirs with energy  , transmitting it through the conductor and 
injecting it into the other reservoir. For a single quantum channel with 
perfect transmission: . 

𝒯(ε) ≥ 0
ε

𝒯 = 1



Methods to calculate the 
transmission function 

in quantum devices 
((



Landauer-Büttiker theory
A simple approach to calculate the transmission function

Tunneling revisited:  the scattering matrix

Slightly different way of formulating transmission problem.

Instead of M matrices relating amplitudes on different sides of 
sample, use S matrix - relates incoming amplitudes to outgoing
ones.

A

-a +a

B
F
G

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
G
F

MM
MM

B
A

2221

1211
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
G
A

SS
SS

F
B

2221

1211

2
21)( SETLR =

2
12)( SETRL =

2
11)( SERLR =

2
22)( SERRL =

Tunneling revisited:  the scattering matrix

Slightly different way of formulating transmission problem.

Instead of M matrices relating amplitudes on different sides of 
sample, use S matrix - relates incoming amplitudes to outgoing
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Transfer matrix M: relates 
both sides of the conductor

L reservoir R reservoir

Conductor

Scattering matrix S: relates incoming 
with outgoing amplitudes

Tunneling revisited:  the scattering matrix

Slightly different way of formulating transmission problem.

Instead of M matrices relating amplitudes on different sides of 
sample, use S matrix - relates incoming amplitudes to outgoing
ones.
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𝒯(ε) = |S12 |2 , ℛ(ε) = 1 − 𝒯(ε) = |S11 |2

Transmission Reflection

Books: Ferry, Datta, Moskalets 



Non-equilibrium Green’s functions
Hamiltonian approach

H = ∑
α=L,R

[Hα + Hc,α] + Hd

Hα = ∑
kα

εkα
c†

kα
ckα

Hd = ∑
σ

εd,σd†
σdσ

Hc,α = w∑
kα,σ

(c†
kα,σdσ + d†

σckα,σ)T, μL = μ + eV, μR = μ

Reservoirs Quantum dot

Contacts

Books: A-P. Jauho, Rammer

Example: Quantum dot



Transmission function of a quantum dot
Paradigmatic example

𝒯σ(ε) = ΓL(ε) |GR
d,d,σ(ε) |2 ΓR(ε)

𝒯σ(ε) =
ΓLΓR

(ε − ε0)2 + (ΓL + ΓR)2/4

Γα(ε) = |w |2 2π∑
kα

δ(ε − εkα
) ≃ Γα

Rates Retarded Green’s function

GR
σ (ε) =

1
ε − εd,σ + i(ΓL + ΓR)



Comments 

• Landauer-Büttiker = Schwinger-Keldysh non-equilibrium Green’s 
functions for systems described by bilinear Hamiltonians. 

• For bosonic systems (phononics, photonics):

J2 =
1
h ∫

∞

0
dεε𝒯(ε)[nL(ε) − nR(ε)]

nα =
1

eε/(kBTα) − 1
, α = L, R

Heat flux:



Exercise

For a system with perfect transmission: , verify that the 
quantum of thermal conductance is independent of the particle 
statistics and is given by:

𝒯 = 1

Pendry [J. Phys. A 16, 2161 (1983)] y Bekenstein  [PRL 46, 623 (1981); PRD 30, 1669 (1984)] 

κth =
π2k2

BT
3h



Calculation of linear response

Expanding the Fermi functions at linear order in     δμ, δT

fL(ε) = f(ε) − f′ (ε)(ε − μ)
δT
T

fR(ε) = f(ε) − f′ (ε)eV



Onsager coefficents
Substituting in  …..J1, J2

L11 = e2T I0 L12 = L21 = eT I1 L22 = T I2

In = −
1
h ∫

∞

−∞
dε (ε − μ)n 𝒯(ε) f′ (ε)

The thermoelectric response depends on the properties of   𝒯(ε)



Bounds for the conductance
Achieved for 𝒯(ε) = 1

  ⇡2k2BT

3h

G  e2

h
Quantum of electrical conductance per channel

Universal quantum of thermal conductance per channel. 

Independent of the statistics!



GT
=

⇡2k2B
3e2

Wiederman-Franz law

Bekenstein, PRL 46, 923 (1981) - Pendry, JPA 16, 2161 (1983) 



The thermoelectric response depends on the properties of   𝒯(ε)

L12 = −
1
h ∫

∞

−∞
dε (ε − μ) 𝒯(ε) f′ (ε)

Odd in  (ε − μ) Even in (ε − μ)

Must not be even in (ε − μ)

HOT 
Fermi sea

COLD 
Fermi sea

Energy 
filter

(b) Energy-filter as heat-engine (c) Energy-filter as refrigerator

Energy 
filter

HOT 
Fermi sea

COLD 
Fermi sea

HOT 
Fermi sea

COLD 
Fermi sea

electron

absence 
of electron 

chemical
potential

(a) Direct contact - no energy filter

Figure 9: The simplest thermoelectric e↵ect to understand is that of an energy filter. In (a) we show direct connection between two reservoirs of
electrons at di↵erent temperatures but the same electrochemical potential in the absence of any energy filter. Electrons in occupied (shaded) states
want to flow into empty (white) states, crossing from one reservoir to the other to do so. The resulting flows are marked by the thick black arrows.
In the absence of an energy-filter there is a heat current but no electrical current (the opposite flows of electrons above and below electrochemical
potential cancel each other out). In (b) and (c) we sketch an energy-filter between the hot and cold Fermi seas which blocks all particle flow below
a certain energy. In (b) we show how to use it as a heat-engine, it generates power because the temperature di↵erence means that electrons flow
from a region of lower electrochemical potential (left) to a region of higher electrochemical potential (right). In (c) we show how to use it as a
refrigerator, using a potential bias to ensure that electrons above the Fermi sea can flow out of the cold reservoir, cooling it further.

while filter 2 lets pass electrons with energies below the electrochemical potential of the central region. In Fig. 10a,
the heat source maintains the central region at a higher temperature than the rest of the system (cold reservoirs, load,
etc.), by exciting electrons (red arrow). Electrons flow in from the left (black arrow) below the electrochemical poten-
tial of the central region to fill the holes in the central region’s Fermi sea, even though the electrochemical potential
is lower on the left than in the central region. Electrons above the central region’s electrochemical potential flow out
to the right, even though that means they flow into a region with higher electrochemical potential. This means the
thermocouple is causing an electrical current against a bias. This means that it can drive electrical current through a
load, which converts that electrical work into some other form of work (mechanical, chemical, etc.).

In Fig. 10b, the central region is being refrigerated by the bias applied to the thermoelectrics by the power supply,
so it is colder than the ambient temperature. In such cases, we cannot rule out a back-flow of heat from the environment
in the form of phonons or photons opposing the refrigeration, which excites electrons in the central region (red arrow).
This heat must be removed by the the thermoelectrics.

In both cases, we assume that there is a weak thermalization process in the central region, which means that any
electron entering that region at higher energy (or any electron excited by heat arriving from a heat source or back-
flow from the environment) dissipates that energy to the other electrons in the central region, before arriving at either
energy filter. Thus electrons arriving at the energy filters from the central region will have a thermal distribution given
by the temperature of the central region. For this reason, we can calculate the thermoelectric properties of each energy
filter separately, without worrying about how they are connected up or how the temperature di↵erence and bias across
each one is generated.

Above we outlined systems of the type called "traditional thermocouples" in Fig. 2, which we discuss in more
detail in much of chapters 5 and 6. Systems of the type called "quantum thermocouples" in Fig. 2 are discussed in
sections 5.6, 9.3 and 9.4.

4.2 History of the scattering theory for thermoelectricity
The literature on Landauer’s scattering theory can be divided roughly into two periods. The first period was that of

foundations, it started with Landauer’s early publications [108, 109] and continuing up to the late 1980s. Papers from
this period must be read with great care, because the theoretical construction of the method was carried out during
a time of confusion about the experimentally-relevant definition of resistance at the nanoscale. Once, experiments
started to be carried out in the late 1980s [110, 111], it became clear how to use the method as a recipe to explain
experiments. This led to the second period, which was its applications to increasingly complex nanostructures.

During the foundational period, the 1981 work of Enquist and Anderson [112] laid the foundations for thermal
e↵ects, while the 1986 work of Sivan and Imry [113] addressed thermoelectric e↵ects, and by extension heat-to-
work conversion. These two works basically contain all the formalism that we will need, but they must be read with
caution, because they were written at a time when there was no consensus about whether the resistance of a perfectly
transmitting single channel was zero or finite. The earliest work suitable for beginners is Ref. [86], which was written
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Thermoelectricity: no Wiederman-Franz law 



Quantum dot
Paradigmatic example

𝒯σ(ε) =
Γ2

(ε − ε0)2 + Γ2
Lorenzian



Limit of very low temperatures

G = −
e2

h ∫
∞

−∞
dε 𝒯(ε) f′ (ε)

−f′ (ε) →T→0 δ(ε − μ)

G(μ) ≃ 𝒯(μ)
Experiments on the electrical 
conductance provide information 
on the transmission function

Electrical conductance
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thermoelectricity in quantum 

dots



Quantum-dot heat engine:  
70% of Carnot efficiency demonstrated

M. Josefsson, A. Svilans, et al. Nature Nanotechnology 13, 920 (2018)

Quantum-dot heat engine achieves Curzon-Ahlborn efficiency at maximum power 
and about 70 % of Carnot efficiency with finite power output
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(a) (b)

FIG. 1. The two sample designs to investigate thermoelectric
effects: (a) the Hall bar; (b) the Corbino. The dark-gray areas
are the 2DES. The hot and the cold contacts for measuring the
thermovoltage are at the two ends of the rectangular-shaped Hall
bar. For the Corbino, the hot contact is in the center of the 2DES,
which is surrounded by the cold contact.

conductance and the thermopower are modeled based upon
the same transmission function. A very good agreement
over our range of magnetic fields and temperatures is
found. This demonstrates that the substantial disagreement
that is typical for Hall bars can be removed by using the
Corbino topology. In contrast to Hall-bar studies, it is not
necessary to consider phonon drag in the theory.

II. EXPERIMENTAL DETAILS

A. Setup
Our setup is sketched in Fig. 2. An Au-Pd thin-film

heater is inserted in the center of the Corbino samples and
heated with an ac current with a frequency f of a few hertz,
producing a temperature oscillation of 2 f . In this way, a
radial thermal gradient is induced between the center and
the external edge of the sample, which is assumed to be
close to the temperature T of the bath. The device used here
consists of five concentric ohmic contact rings with diam-
eters ranging from 0.4 mm to 3.2 mm, made by alloying
Au-Ge-Ni into the 2DES structure to form four indepen-
dent Corbino rings. Under the heater and outside of the
rings, the 2DES is removed. It is assumed that the local
temperature over the 2DES follows that of the underlying
GaAs substrate. This has already been verified by Chick-
ering et al. [16,17] down to much lower temperatures than
the ones used here. We neglect possible anisotropies in the
heat conductivity of the substrate due to the ballistic nature
of the phonons, because these become only relevant if the
dimensions of the heater and the contacts are much smaller
than the substrate thickness [18].

The four Corbino rings of this device allow us not only
to measure the thermopower at four different radial dis-
tances from the heater but also to determine, in a different
experiment, the temperatures at the different ring positions.
This can be done by using the conductances of the four

(a) (b)

FIG. 2. The scheme of the experimental setup. (a) A cross
section of the sample: note that the heater element is over the
substrate outside the 2DES. (b) The measurement configurations
for the conductance and the thermovoltage are shown in magenta
and blue, respectively. “LIA” denotes the lock-in amplifier. The
two types of experiment are done in separate runs. Only two of
the four Corbino rings are labeled in the figure.

Corbinos as thermometers. Measurement of the conduc-
tance as a function of the bath temperature without any
heat applied is used for calibration. With the heater on, the
temperatures at the different rings can be measured.

As a response to the thermal bias between the center and
the edge of the sample, charges diffuse across the Corbino
ring, which is compensated by generating a voltage with
frequency 2 f between the inner and the outer circumfer-
ences. The sign and the magnitude of this thermovoltage
are determined by the transmission function, as discussed
in the theory section. The thermoelectric response in this
device is much simpler than the one in the Hall-bar geom-
etry, where the transport takes place along longitudinal and
transverse directions with respect to the applied biases. In
fact, in the Corbino geometry, the thermovoltage develops
along the direction of the temperature bias.

The samples are grown by molecular-beam epitaxy
on GaAs wafers having a single 2DES located in a
30-nm-wide quantum well with Si-doped layers on both
sides. Data from two samples from two wafers, A and
B, are presented here. Separate test pieces from these
wafers in van der Pauw geometry have mobilities of
21 × 106 cm2 V−1 s−1 and 18 × 106 cm2 V−1 s−1 at elec-
tron densities of ne = 3.06 × 1011 cm−2 and ne = 2.0 ×
1011 cm−2, respectively, measured at 1.3 K in the dark.

The Corbino samples are glued in a standard commer-
cial ceramic holder with a gold-plated base and pins and
a 3-mm-diameter hole drilled in the middle to reduce
thermal contact with the samples. The measurements are
performed in vacuum in a 3He cryostat equipped with a
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We measure the thermoelectric response of Corbino structures in the quantum Hall effect regime and
compare it with a theoretical analysis. The measured thermoelectric voltages are qualitatively and quan-
titatively simulated based upon the independent measurement of the conductivity, indicating that they
originate predominantly from the electron diffusion. In contrast to earlier Hall-bar experiments, electron-
phonon interaction does not lead to a phonon-drag contribution. This implies a description of the Onsager
coefficients on the basis of a single transmission function, from which both thermovoltage and conductiv-
ity can be predicted with a single fitting parameter. Furthermore, it lets us predict a figure of merit for the
efficiency of thermoelectric cooling, which becomes very large for partially filled Landau levels and high
magnetic fields.

DOI: 10.1103/PhysRevApplied.14.034019

I. INTRODUCTION

The quantum Hall effect (QHE), which occurs in two-
dimensional electron systems (2DES) exposed to quantiz-
ing magnetic fields, is one of the most prominent examples
of the synergy between fundamental physics and quantum
technologies [1]. It is topological in nature and intrinsically
related to exotic properties of matter, such as fractionaliza-
tion and non-Abelian statistics [2–4]. At the same time,
these complex properties are precisely the reason for its
robustness and appeal for practical applications. It is nowa-
days at the heart of the definition of the electrical metrolog-
ical standards [5], while it is also a promising platform for
the development of topological quantum computation [6].

Measurements of the entropy would be of great impor-
tance in verifying the theoretically expected quantum
states, particularly of the non-Abelian ones. One possibil-
ity to access entropy in a 2DES is to measure the thermo-
electricity [7,8]. However, although thermoelectricity has
been studied both experimentally and theoretically since
the discovery of the integer QHE [9–11], it has not been
possible to reconcile the experimental results obtained with
Hall bars [Fig. 1(a)] with theories based upon electron dif-
fusion. The overwhelming effect of phonon drag has been

*mreal@inti.gob.ar

invoked as one reason [9,10,12] but, more recently, inher-
ent problems connected with the topology of the Hall-bar
geometry, affecting both phonon drag and electron diffu-
sion, have been realized [8]. The longitudinal thermopower
(or Seebeck coefficient) measured along a Hall bar closely
resembles the longitudinal resistance, both in the phonon
drag and in the diffusive regime, while an oscillating
behavior with sign changes is expected by the theory. It has
been suggested that the longitudinal thermopower could
be measured correctly in Corbino geometry [Fig. 1(b)]
where, due to the circular geometry, the thermal bias is
applied radially; hence any thermal and electrical transport
is induced along the radial direction [13] and the transport
takes place through the bulk.

Early thermopower experiments in Corbino geometry
have failed to observe the expected sign-changing behavior
[14]. It has been reported, however, in other experimental
works using the Corbino geometry [15]. The latter have
used rf heating of the 2DES to produce the temperature
gradient directly in the 2DES, claiming that no phonons
are involved in the measured thermopower.

In this paper, we report Corbino thermopower measure-
ments in the QHE regime by using a conventional heater in
the center of the device. In this way, a temperature gradi-
ent is set up in both the substrate and the 2DES. Results at
temperatures from about 300 mK to 2 K are presented and
compared with theoretical results, where both the electrical

2331-7019/20/14(3)/034019(8) 034019-1 © 2020 American Physical Society
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14-T magnet, with the ability to achieve a base temperature
of 250 mK.

Figure 2 also shows the configurations used for the
measurements of the conductance (magenta) and of the
thermovoltage (blue). The conductance G is measured
by applying an ac voltage through a voltage divider and
measuring the current with an amplifier (IUAmp). The
thermovoltage Vtp is measured in separate runs by passing
an ac current of frequency f to the central heater, which
has a resistance of about 650 !. The thermopower induced
in the sample is measured by using a ×1000 differential
dc voltage amplifier (dc-amp). The input impedance of this
amplifier must be very high, because the internal resistance
of the Corbino device diverges in the quantum Hall states.
We use an amplifier with an input impedance of about
1 Tω [19]. Very little frequency dependence of the ther-
movoltage is found between f = 3 Hz and 100 Hz. Most
measurements are done at f = 13.8 Hz. To avoid effects
of time-dependent magnetic fluxes, the waiting time for
each data point is set to a few seconds to guarantee the
stabilization of the magnetic fields at a constant value.

B. Thermovoltage measurement
The experimental results for both the thermal voltage

(solid blue) and the conductance (solid orange) of sam-
ple A are shown in Fig. 3 at a base temperature T of
269 mK and an average heater power P of 277 nW. The
magnetic field is swept from 0.3 to 5 T. The conductance
shows the typical Shubnikov–de-Haas (SdH) oscillations,
with the spin splitting becoming visible at about 0.9 T and
the conductance minima approaching zero even at filling
factors less than 20. The thermovoltage Vtp shows numer-
ous features. At small magnetic fields, it oscillates with
a similar periodicity as the conductance, changing sign
at both the conductance maxima and minima. At higher
magnetic fields, additional features appear in the regions
of the conductance minima, which become very signifi-
cant and chaotic at even larger magnetic fields, where the
conductance minima are wider. Between the conductance
minima, the thermovoltage Vtp now changes to a sawtooth-
like behavior, still changing sign at both the maxima and
the minima of the conductance. Such sign changes have
not been observed in the earlier Hall-bar experiments but
have already been seen in the previous rf-based Corbino
experiments [15] and have been expected theoretically [8].

We observe the sign-change behavior in a similar way
on several samples with different densities and mobilities.
The data for sample B are presented in Fig. 4, showing Vtp
measured across the three different outer Corbino rings at a
temperature of 600 mK. The oscillatory behavior of Vtp is
again clearly visible, as are the large signals in the regions
that correspond to the conductance minima.

The large signals have not been reported before. These
are not spurious signals: they are reproducible and they

FIG. 3. The conductance G and thermovoltage Vtp as a func-
tion of the magnetic field B for ring 2 in Fig. 2 at temperature
T with power P supplied at the heater. The experimental data
are plotted using solid lines. The theoretical (dashed) plots are
based on the calculation of Eq. (2), with the respective inferred
transmission functions.

persist if the magnetic field is stopped and kept constant or
if the sweep direction is reversed. They are definitely ther-
mally induced signals and are not produced by an electro-
magnetic crosstalk. The large signals vanish by applying a
dc current on top of a square ac current. This leads to a con-
stant heating and thus a vanishing temperature oscillation
but it would leave any suspected crosstalk unchanged. We
will speculate at the end of this paper about the possible
origins of the large signals.

FIG. 4. The Vtp response of sample B at different rings at a bath
temperature of 600 mK and a heater power of 213 nW. Rings 2
and 3 present a greater temperature gradient and hence a larger
voltage response than ring 4.
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Thermoelectric properties of an interacting quantum dot based heat engine
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We study the thermoelectric properties and heat-to-work conversion performance of an interacting, multilevel
quantum dot (QD) weakly coupled to electronic reservoirs. We focus on the sequential tunneling regime. The
dynamics of the charge in the QD is studied by means of master equations for the probabilities of occupation. From
here we compute the charge and heat currents in the linear response regime. Assuming a generic multiterminal
setup, and for low temperatures (quantum limit), we obtain analytical expressions for the transport coefficients
which account for the interplay between interactions (charging energy) and level quantization. In the case of
systems with two and three terminals we derive formulas for the power factor Q and the figure of merit ZT for
a QD-based heat engine, identifying optimal working conditions which maximize output power and efficiency
of heat-to-work conversion. Beyond the linear response we concentrate on the two-terminal setup. We first study
the thermoelectric nonlinear coefficients assessing the consequences of large temperature and voltage biases,
focusing on the breakdown of the Onsager reciprocal relation between thermopower and Peltier coefficient. We
then investigate the conditions which optimize the performance of a heat engine, finding that in the quantum
limit output power and efficiency at maximum power can almost be simultaneously maximized by choosing
appropriate values of electrochemical potential and bias voltage. At last we study how energy level degeneracy
can increase the output power.

DOI: 10.1103/PhysRevB.95.245432

I. INTRODUCTION

The study of thermoelectric effects in nanostructures
[1–4] is attracting increasing interest. Heat-to-work conversion
based on thermoelectricity promises an enhanced efficiency as
a consequence of the reduction of the phonon contribution to
thermal conductance in disordered nanostructures [5] and of
the “energy filtering” effect that can result from confinement
and quantum effects [6,7]. In particular, an increase of the
electron contribution to the figure of merit ZT (which controls
the maximum efficiency and the efficiency at maximum power)
is possible if one can “filter” the electrons participating in the
transport to a narrow energy range [7].

A heat engine composed of a quantum dot (QD) is a
paradigmatic example, since it is characterized by a spectrum
of discrete levels which maximizes energy filtering. The
thermoelectric properties of QD systems [8–30] and the
performance of QD-based heat engines [31–62] has been
studied theoretically by a number of authors (see Ref. [63] for a
review). The vast majority of the papers dealing with QD-based
heat engines consider a single degenerate energy level or
two nondegenerate levels [31–37,39,41,42,44–53,55–62]. The
case of QDs with many levels has been addressed only
in a few papers [38,40,43,54]. Moreover, the performance
of QD-based heat engines has been mostly studied within
the linear response regime [31–33,36,38–40,42,45,46,48,51–
53,55–57,61,62], where the thermoelectric performance of
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the system is entirely characterized by ZT . The case of an
interacting multilevel QD beyond the linear response has not
been addressed so far. On one hand, the presence of many levels
is expected to yield important consequences. Indeed, already
in the linear-response regime they have an impact on the
thermopower, the thermal conductance, and ZT [9,15,17,38].
On the other hand, nonlinear effects, relevant when larger
temperature and voltage biases are applied, are important as
far as power and efficiency are concerned. We emphasize that a
number of experiments assessing the thermoelectric properties
of QDs have been reported in Refs. [64–84].

In this paper we fill this gap by studying the thermoelectric
properties and heat-to-work conversion performance of a
multilevel QD in a multiterminal configuration within the
Coulomb blockade regime. We consider the limit of small
tunneling rates (sequential tunneling regime) and we study
both the linear and nonlinear response regimes. Coulomb
interaction among electrons is accounted for by a finite
and small capacitance C whose associated energy scale is
its charging energy (Ne)2/2C, where N is the number of
electrons in the QD and e is the electron charge. More-
over, we consider a generic multiterminal structure, whereby
the QD is connected to many (two or more) reservoirs.
We will concentrate only on the optimization of the ther-
moelectric properties of the electronic system, neglecting
the parasitic phononic contribution to heat transport. Our
results therefore set an upper bound to the thermoelectric
efficiency of the QD, approachable only in the limit in which
suitable strategies to strongly reduce phonon transport are
implemented.
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We compute the thermodynamic properties of the Sachdev-Ye-Kitaev (SYK) models of fermions with a
conserved fermion number Q. We extend a previously proposed Schwarzian effective action to include a
phase field, and this describes the low-temperature energy and Q fluctuations. We obtain higher-dimensional
generalizations of the SYK models which display disordered metallic states without quasiparticle excitations,
and we deduce their thermoelectric transport coefficients. We also examine the corresponding properties of
Einstein-Maxwell-axion theories on black brane geometries which interpolate from either AdS4 or AdS5 to an
AdS2 × R2 or AdS2 × R3 near-horizon geometry. These provide holographic descriptions of nonquasiparticle
metallic states without momentum conservation. We find a precise match between low-temperature transport and
thermodynamics of the SYK and holographic models. In both models, the Seebeck transport coefficient is exactly
equal to the Q derivative of the entropy. For the SYK models, quantum chaos, as characterized by the butterfly
velocity and the Lyapunov rate, universally determines the thermal diffusivity, but not the charge diffusivity.
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I. INTRODUCTION

Strange metal states are ubiquitous in modern quantum
materials [1]. Field theories of strange metals [2] have largely
focused on disorder-free models of Fermi surfaces coupled to
various gapless bosonic excitations which lead to breakdown
of the quasiparticle excitations near the Fermi surface, but
leave the Fermi surface intact. On the experimental side
[1,3–5], there are numerous indications that disorder effects are
important, even though many of the measurements have been
performed in nominally clean materials. Theories of strange
metals with disorder have only examined the consequences of
dilute impurities perturbatively [6–8].

Disordered metallic states have been extensively stud-
ied [9,10] under conditions in which the quasiparticle ex-
citations survive. The quasiparticles are no longer plane
wave states as they undergo frequent elastic scattering from
impurities, and spatially random and extended quasiparticle
states have been shown to be stable under electron-electron
interactions [11]. In contrast, the literature on quantum
electronic transport is largely silent on the possibility of disor-
dered conducting metallic states at low temperatures without
quasiparticle excitations, when the electron-electron scattering
length is of order or shorter than the electron-impurity
scattering length. (Previous studies include a disordered doped
antiferromagnet in which quasiparticles eventually reappear at
low temperature [12], and a partial treatment of weak disorder
in a model of a Fermi surface coupled to a gauge field [13].)

On the other hand, holographic methods do yield many
examples of conducting quantum states in the presence of
disorder and with no quasiparticle excitations [14–24]. If
we assume that the main role of disorder is to dissipate
momentum, and we average over disorder to obtain a spatially
homogeneous theory, then we may consider homogeneous

holographic models which do not conserve momentum. Many
such models have been studied [25–35], and their transport
properties have been worked out in detail. However, there is
not a clear quantum matter interpretation of these disordered,
nonquasiparticle, metallic states.

The Sachdev-Ye-Kitaev (SYK) models [12,36–39] are
theories of fermions with a label i = 1 . . . N and random all-to-
all interactions. They have many interesting features, including
the absence of quasiparticles in a nontrivial, soluble limit in the
presence of disorder at low temperature (T ). In the limit where
N is first taken to infinity and the temperature is subsequently
taken to zero, the entropy /N remains nonzero. Note, however,
that such an entropy does not imply an exponentially large
ground-state degeneracy: it can be achieved by a many-body
level spacing that is of the same order near the ground state as
at a typical excited-state energy [40]. The SYK models were
connected holographically to black holes with AdS2 horizons,
and the T → 0 limit of the entropy was identified as the
Bekenstein-Hawking entropy in Refs. [41–43]. Many recent
studies have taken a number of perspectives, including the con-
nections to two-dimensional quantum gravity [39,40,43–65].
The gravity duals of the SYK models are not in the category
of the familiar AdS/CFT correspondence [66], and their
low-energy physics is controlled by a symmetry-breaking
pattern [50] which also arises in a generic two-derivative theory
of dilaton gravity on a nearly AdS2 space-time [51–53].

With disordered metallic states in mind, in this paper
we will study a class of SYK models [12,36–38] which
have a conserved fermion number.1 The SYK models have

1A word about global symmetries is in order. The Majorana SYK
model [39] with 2N Majorana fermions has a SO(2N ) symmetry

2469-9950/2017/95(15)/155131(27) 155131-1 ©2017 American Physical Society

PHYSICAL REVIEW B 101, 241101(R) (2020)
Rapid Communications

Thermoelectric response and entropy of fractional quantum Hall systems

D. N. Sheng 1 and Liang Fu2

1Department of Physics and Astronomy, California State University, Northridge, California 91330, USA
2Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

(Received 24 October 2019; revised manuscript received 1 February 2020; accepted 11 May 2020;
published 1 June 2020)

We study the thermoelectric transport properties of fractional quantum Hall systems based on an exact
diagonalization calculation. Based on the relation between the thermoelectric response and thermal entropy, we
demonstrate that thermoelectric Hall conductivity αxy has power-law scaling αxy ∝ T η for gapless composite
Fermi-liquid states at filling numbers ν = 1/2 and 1/4 at low temperatures (T ), with an exponent η ∼ 0.5
distinctly different from Fermi liquids. The power-law scaling remains unchanged for different forms of
interaction including Coulomb and short-range ones, demonstrating the robustness of non-Fermi-liquid behavior
of these interacting systems at low T . In contrast, for the 1/3 fractional quantum Hall state, αxy vanishes at low
T with an activation gap associated with neutral collective modes rather than charged quasiparticles. Our results
establish another manifestation of the non-Fermi-liquid nature of quantum Hall fluids at a finite temperature.

DOI: 10.1103/PhysRevB.101.241101

Introduction. Thermoelectric phenomena that provide a
direct conversion between heat and electricity are interesting
and useful. Decades of research have been devoted to finding
materials and methods to increase thermoelectric energy con-
version efficiency [1,2]. Recent theoretical works suggested
the possibility of record-high thermoelectric conversion effi-
ciency in semiconductors and semimetals under a quantizing
magnetic field [3,4], where the thermoelectric response is
directly related to entropy [5–8]. Based on this relation, it is
found that the thermopower of three-dimensional (3D) Dirac
and Weyl materials in the quantum limit increases unbound-
edly with magnetic field [3,9–12]. Very recently, it is shown
that two-dimensional (2D) quantum Hall systems can reach a
thermoelectric figure of merit on the order of unity down to
low temperature (T ), as a consequence of the thermal entropy
from the massive Landau level (LL) degeneracy [4].

The degeneracy of a partially filled Landau level is lifted
by an electron-electron interaction and disorder. Therefore,
the thermoelectric response of quantum Hall systems is ex-
pected to depart from the noninteracting and clean limit
when the thermal energy kBT is smaller than a characteristic
energy scale proportional to the electron interaction strength
or a disorder-induced Landau level broadening $. Previous
works [6,13] have shown that disorder leads to a T -linear
thermoelectric Hall conductivity αxy ∝ T for kBT # $, in
accordance with the thermal entropy of disorder broadened
Landau levels.

On the other hand, in clean systems an electron-electron
interaction lifts the massive Landau level degeneracy and
forms a many-body ground state at fractional filling. These
include gapped fractional quantum Hall (FQH) states [14]
and gapless composite Fermi liquids [15,16], which provide a
fertile ground for exotic quantum states of matter. After nearly
four decades of theoretical and experimental studies, ground
state properties and low-energy excitations at various frac-
tional fillings are largely understood. In contrast, much less is
known about FQH systems at finite temperature. Based on the

relation between the entropy and the thermoelectric transport
coefficient, a linear T scaling behavior for thermopower Sxx
has been conjectured [17] for composite Fermi-liquid states.
While there are a few measurements [18–25], theoretical or
numerical calculations on finite T thermoelectric transport
coefficients for fractional quantum Hall states are lacking.

In this Rapid Communication, we investigate the ther-
moelectric Hall response for interacting quantum Hall
systems through exact diagonalization calculations of the
entropy of finite-size systems at finite temperature. For even
denominator filling numbers ν = 1/2 and 1/4, we identify
the robust power-law scaling behavior of the thermoelectric
Hall conductivity αxy ∝ T η in a wide temperature range, with
the exponent η ∼ 0.5 distinctly different from the linear T
behavior of Fermi liquids. We further show that the scaling
behavior is robust against weak disorder, and the exponent η
gradually increases with disorder strength. In contrast, for a
1/3 FQH system, we observe a vanishing αxy at low T below
the excitation gap. Our prediction of an anomalous power-
law temperature dependence of the thermoelectric response
establishes another fundamental property of ν = 1/2 and ν =
1/4 quantum Hall fluids, which can be measured in future
experiments.

Model and method. We consider a two-dimensional elec-
tron system subject to a perpendicular strong magnetic
field, whose energy spectrum is composed of discrete LLs.
Throughout this work we assume the cyclotron energy is
much larger than other energy scales set by interaction, disor-
der scattering, or temperature, so that it suffices to work with
the restricted Hilbert space of a partially filled LL.

The many-body Hamiltonian can be written as

H =
∑

i< j

∑

q

e−q2/2V (q)eiq·(Ri−R j )

+
∑

i

∑

q

e−q2/4Uqeiq·Ri , (1)

2469-9950/2020/101(24)/241101(5) 241101-1 ©2020 American Physical Society

PHYSICAL REVIEW B 105, L121405 (2022)
Letter
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In this Letter we investigate the properties of a quantum impurity model in the presence of additional
many-body interactions between mobile carriers. The fundamental question which is addressed here is how
the interactions in the charge and spin sectors of an itinerant system affect the quantum impurity physics in the
vicinity of the intermediate coupling fixed point. To illustrate the general answer to this question we discuss
a two-channel charge Kondo circuit model. We show that the electron-electron interactions resulting in the
formation of a massive spin mode in an itinerant electron subset drive the system away from the unstable
non-Fermi-liquid (NFL) fixed point to the stable Fermi-liquid (FL) regime. We discuss the thermoelectric
response as a benchmark for the NFL-FL crossover.
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Introduction. The quantum thermoelectricity of low-
dimensional systems is a rapidly developing direction of
modern condensed matter physics. Owing to the incredible
development of the nanotechnology, the fabrication of highly
controllable and fine-tunable nanodevices gives access to a
broad variety of charge, spin, and heat quantum transport
phenomena. Since the early 1990s [1–5], thermoelectric effi-
ciency has been predicted to be enhanced in low-dimensional
systems in comparison with bulk materials. Moreover, heat
quantization [6–8], heat Coulomb blockades [9], and the uni-
versality of thermoconductance fluctuations [10] have been
investigated in different nanostructures.

One of the most prominent nanodevices is a single-
electron transistor (SET) [11], whose transport properties
are fully governed by the Coulomb blockade (CB) phe-
nomenon [12–14]. The SET usually consists of a small island
[a so-called quantum dot (QD)], connected to electron reser-
voirs [15] by tunnel barriers or by quantum point contacts
(QPCs) [16]. With its small size, electrostatically tunable
properties, and sensitive thermoelectric response, SET pro-
vides important information about strong electron-electron
interactions, interference effects, and resonance scattering
on the quantum transport [17,18]. Recent experiments on
the thermopower (TP) in QD systems quantified the role
of sequential tunneling and cotunneling on thermoelectric
transport through the SET [19] and also demonstrated pro-
nounced nonlinear thermoelectric effects [20]. Moreover, fine
tuning the coupling between the QD and leads allowed ac-
cess to thermoelectric transport through the Kondo-quantum
impurity [19]. These promoted studies in both experiment
and theory of thermoelectric transport in QDs in the Kondo
regime.
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The Kondo effect [21], which shows both resonance scat-
tering and strong interactions [22], has been detected in SETs
fine tuned by the gate to odd CB valleys [23]. The QD behaves
as a quantum spin-1/2 impurity [24] since the strong correla-
tions between it and the conduction electrons in the reservoirs
lead to the removal of the Coulomb blockade, and result in a
nonmonotonic temperature dependence of the conductance at
low temperatures [25–27].

While the conventional Kondo phenomenon is attributed
to a spin degree of freedom of the quantum impurity, the
charge Kondo effect deals with an isospin implementation
of the charge quantization. The latter occurs when a large
metallic QD in the Coulomb blockade regime is strongly
coupled to one (or several) lead(s) through a (or several)
almost fully transmitting single-mode QPC(s) [28–30]. This
setup is described by the Flensberg-Matveev-Furusaki model
(FMF). In the absence of a magnetic field, the FMF setup is
mapped into a two-channel Kondo (2CK) model: The left- and
right-moving modes are treated as isospin variables, whereas
the spin projection quantum numbers of electrons serve as
different channels [29–31]. Very recently, the FMF model has
been achieved in breakthrough experiments [32,33]. These
experiments mark an important step in the study of multichan-
nel Kondo (MCK) problems in which the universality class
known as non-Fermi-liquid (NFL) behavior dominates [34].
The NFL picture in the FMF model, however, is extremely
sensitive to variations of external parameters. Since the
intermediate coupling NFL fixed point is unstable, the Fermi-
liquid (FL) ground state [35,36] is achieved by applying
relevant small perturbations. For instance, any small but finite
external magnetic field applied to the SET results in chan-
nel asymmetry and thus changes the universality class from
the two-channel Kondo to the single-channel Kondo (1CK)
regime [35,36].
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The Sachdev-Ye-Kitaev (SYK) model describes electrons with random and all-to-all interactions and realizes
a many-body state without quasiparticle excitations and a nonvanishing extensive entropy S0 in the zero-
temperature limit. Its low-energy theory coincides with the low-energy theory of near-extremal charged black
holes with Bekenstein-Hawking entropy S0. Several mesoscopic experimental configurations realizing SYK
quantum dynamics over a significant intermediate temperature scale have been proposed. We investigate
quantum thermoelectric transport in such configurations and describe low-temperature crossovers out of SYK
criticality into regimes either with Fermi liquid behavior, with a Coulomb blockade, or criticality associated with
Schwarzian quantum gravity fluctuations. Our results show that thermopower measurements can serve as a direct
probe for S0.
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I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) model [1,2] is a strongly
interacting quantum many-body system without quasiparticle
excitations that is maximally chaotic, nearly conformally in-
variant, and exactly solvable in the limit of a large number
of interacting particles. It also provides a simple holographic
model of charged black holes with AdS2 horizons, and the
low-energy theories of black holes and the SYK model coin-
cide at both leading [3,4] and subleading order [2,5–11].

There have been a number of interesting proposals for
realizing mesoscopic strongly interacting correlated electron
systems in the presence of disorder and a narrow single-
particle bandwidth [12–15]; others have advocated realization
by quantum gates [16]. Here, we focus on the ‘quantum
simulation’ point of view in the mesoscopic realizations.
These have the added benefit of providing insight into the
relevance of SYK to naturally occurring correlated electron
systems [17]. A particularly attractive experimental configura-
tion can be built on the zeroth Landau level in irregular-shaped
flakes of graphene [14], however, our study addresses the
more general case of SYK islands independently of various
possible physical realizations.

The existing theoretical studies of such mesoscopic ‘SYK
islands’ have focused on electrical transport between the SYK
island and a normal metal lead [12–15,17,18]. Here we extend
these analyses to thermoelectric transport in general. We show
below that the thermopower ! of an SYK island offers a
direct probe of the entropy per particle. In particular, such
measurements should be able to extract a unique feature of
the SYK model, its nonvanishing extensive entropy in the
low-temperature (T ) limit, S0 != 0. And this residual entropy
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is directly connected to the Bekenstein-Hawking entropy of
extremal charged black holes [3].

In any realistic experimental configuration, SYK critical-
ity (and black hole mapping) is only expected to exist in
an intermediate temperature scale, below the SYK random
interaction scale J and above a lower cutoff energy scale.
Depending upon the experimental configuration, there are
different possibilities for the largest lower energy scale.

(1) The ‘coherence’ scale:

Ecoh = t2

J
, (1)

where t is the bandwidth of the single-particle states. We
always assume that t < J , for otherwise the SYK regime does
not exist at any T . For T < Ecoh, quasiparticles reemerge, and
there is a Fermi liquid regime, whose properties are recalled in
Sec. III B. The crossover from SYK to Fermi liquid behavior
is described in Sec. III A.

(2) The charging energy EC : For T < EC , a Coulomb
blockade appears, and its interplay with SYK criticality was
investigated partially in Ref. [17], but not for the case of
thermopower. We describe this crossover in Sec. IV.

(3) The interaction energy scale J/N : Here N is the num-
ber of single-particle states. The crossover at T ∼ J/N is
associated with quantum gravity fluctuations described by
the Schwarzian theory [2,5,6,19]. This crossover has been
investigated numerically in Ref. [20], but not for transport
observables. We discuss it in Sec. V.

Our paper investigates the associated crossovers out of
SYK criticality at these three energy scales, especially in the
thermopower.

Figure 1 illustrates another energy scale, ", associated with
the coupling to the metallic leads. All our results in this paper
are in the limit " → 0.
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We study the linear thermoelectric response of a quantum dot embedded in a constriction of a quantum Hall
bar with fractional filling factors ν = 1/m within Laughlin series. We calculate the figure of merit ZT for the
maximum efficiency at a fixed temperature difference. We find a significant enhancement of this quantity in
the fractional filling in relation to the integer-filling case, which is a direct consequence of the fractionalization
of the electron in the fractional quantum Hall state. We present simple theoretical expressions for the Onsager
coefficients at low temperatures, which explicitly show that ZT and the Seebeck coefficient increase with m.
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Introduction. Boosting the efficiency for the conversion of
electrical and thermal energy at finite power is motivating an
intense research activity, not only in the areas of material
science and applied physics but also in experimental and
theoretical areas of statistical mechanics and condensed-matter
physics. Efforts are concentrated on developing new materials
and devices [1] as well as on analyzing different operational
conditions [2]. In the latter direction, taking advantage of
the quantum effects is one of the most interesting avenues.
Nanostructures operating at low temperatures are particularly
appealing quantum devices, since they offer the conditions for
coherent transport, where “parasitic” heat currents by phonons
are strongly suppressed. Quantum dots (QDs) are one of
the most studied nanostructures in this context. Due to their
spectrum of discrete levels, amenable to be manipulated with
gate voltages, they can be used as switches for the relevant
transport channels. Theoretically, they were found to present
high thermoelectric response [3–9].

A two-dimensional electron gas in the quantum Hall effect
(QHE) regime hosts chiral edge states [10–15]. Due to their
topological protection, these states constitute the paradigmatic
system to realize the coherent transport regime with fraction-
alized excitations. Electron transport through QDs in QHE
structures was studied in Refs. [16,17]. The usefulness of
the thermoelectric transport in these structures to enable the
detection of neutral modes in fractional fillings ν = 2/3 and
ν = 5/2 was analyzed in Refs. [18,19]. The nature of the ther-
mal transport in the QHE has been investigated theoretically
[20–25] and experimentally [26–32] in integer and fractional
fillings. Thermoelectric effects induced by interferences by
multiple quantum point contacts in fractional fillings were
studied in Ref. [33]. However, the thermoelectric performance
has been so far investigated only within the integer QHE
beyond linear response [34] and in multiterminal systems [35].
In the last case, the possibility of separating heat and charge

currents provides a route to improving the thermoelectric
performance. The fact that the partitioning of charge and
energy are not trivially related in tunneling junctions between
Luttinger liquids was pointed out in Ref. [36]. The goal of
the present work is to show that the fractionalization of the
charge also offers a mechanism for thermoelectric enhance-
ment, which manifests itself even in a simple two-terminal
configuration of QHE systems.

We analyze the thermoelectric efficiency of QHE structures,
focusing on fractional fillings within the Laughlin series ν =
1/m. We consider the setup sketched in Fig. 1, where a QD is
embedded into a constriction of a QHE bar containing regions
with filling factors νL and νR . The QD is contacted to the corre-
sponding edge states through quantum point contacts. Electric
and heat currents, respectively, denoted by JC and JQ flow
through the quantum dot as a response to chemical potential
and temperature biases applied at the contacts, µR − µL = eV
and "T = TL − TR , respectively. The device may operate as
a heat engine, in which case the efficiency is defined as the
ratio ηhe = P/JQ, between the generated power P = JCV and
the heat current from the hot to the cold reservoir. The other
operational mode is a refrigerator, which is characterized by
a coefficient of performance ηfri = JQ/P , where JQ is the
heat current extracted from the cold reservoir and P is the
invested electrical power. Both coefficients are bounded by
the Carnot values. In the linear response regime, relevant for
small V and "T , ηhe,fri can be parametrized by the “figure
of merit” ZT [37], defined below, in a way that ZT → ∞
implies the Carnot limit. Remarkably, we will show that ZT
is significantly enhanced in the fractional quantum Hall effect,
relative to the response in the integer one. This enhancement
is a direct consequence of the fractionalization of the electron
in the fractional QHE.

Linear thermoelectric response. Following the conven-
tions of Ref. [38], we consider "T = TL − TR > 0 and
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Main take-home message

• In order to have a thermal machine we need a mechanism 
for heat-work conversion. 

• In steady-state quantum electron transport such a 
mechanism is associated to an energy filter breaking 
particle-hole symmetry. 

• Heat-work conversion comes along with entropy 
production.
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Thank you!
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