Towards
a high fidelity numerical algorithm
for
compressible multiphase flows

Keh-Ming Shyue

Institute of Applied Mathematical Sciences
National Taiwan University

5th Workshop on Compressible Multiphase Flows, June 7, 2023



Outline

State-of-the-art relaxation models for compressible multiphase
flow with cavitation including phase transition take the form:

dyq + divF(q) + Tl(q, Vq) =
wp(Q) + wu(Q) + 1/JT(Q) —+ prg(Q) 4+ ...

Model is approximated by fractional-step method:

1. Homogeneous hyperbolic step
dq + divF(q) + II(g, Vg) = 0

2. Source-term relaxation step

g = Vp(q) + Vu(q) +Ur(q) + Vprglq) + -+
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State-of-the-art relaxation models for compressible multiphase
flow with cavitation including phase transition take the form:

dyq + divF(q) + Tl(q, Vq) =
wp(Q) + wu(Q) + 1/JT(Q) —+ prg(Q) 4+ ...

Model is approximated by fractional-step method:

1. Homogeneous hyperbolic step
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2. Source-term relaxation step

g = Vp(q) + Vu(q) +Ur(q) + Vprglq) + -+

Aim: Discuss arbitrary-rate relaxation method for Step 2



Compressible barotropic 2-phase,2-component flow

Model problem: Bubbly liquid with interface
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Compressible barotropic 2-phase,2-component flow

L.-R. Plumerault (2009) proposed

O (agp1) + div (azpiu) =0 (1a)
O (agp2) + div (agpou) =0 (1b)
O (azpay1) + div (agpeyiu) = 0 (1c)
O (pu) +div(pu®@u)+Vp =0 (1d)
@ Density-mixture conditions:
p = a1p1 + aaps, p2 = Pip2,1 + Bap22
@ Saturation conditions for phase o;; & component [3;:
art+as=1, [i+06=1
@ Mass fraction for phase Y; & component y;:
p; _ Bip2;

}/1_’_}/2:1a y1+y2:17 }/]: ) y]_
P P2



@ Pressure-mixture condition:
P = a1p1 + Qopa, P2 = Bip21 + Bap2s
@ Model closure (pressure relaxation)
1. Pressure equilibrium for multicomponent
P21 (p2,1) = P22 (p2,2) = P2
2. Pressure equilibrium for multiphase
p1 =Dp2

@ Wood's sound speed for (phase 2) multicomponent

mixture
1 B Ba

2 = 2 2
P26y P26 P2,265




@ Pressure-mixture condition:
P = a1p1 + Qopa, P2 = Bip21 + Bap2s
@ Model closure (pressure relaxation)
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P21 (p2,1) = P22 (p2,2) = P2
2. Pressure equilibrium for multiphase
p1 =Dp2

@ Wood's sound speed for (phase 2) multicomponent

mixture
It B2

2 = 2 2
P26y P26 P2,265

@ Murnaghan isentropic EOS for py,

pr(pr) = | Pok + Kosx < Pk )Kos’k Kos x
k(Px) = | Dok 7 — - —
KOS,k PO,k KOS,k




Compressible barotropic 2-phase,2-component flow

Model equations in relaxation (pressure nonequilibrium) form
are:

O (agpr) + div (ap1u) =0 (3a)
Oy (vap2) + div (agpou) =0 (3b)
O (azpayr) + div (agpayiu) =0 (3c)
O (pu) +div (pu @ u) + V (a1p1 + azps) =0 (3d)
Oa; +u-Vag = pu(py — pa) (3e)
Oyve +u - Vag = p(py — pr1) (3f)

Written (3) in compact form, we have

dq + divF(q) +1l(q, Vq) = ¥, (q) (4)



Assume relaxation constant g is known a priori. In pressure
(mechanical) relaxation step, from (3) we have

01 = Yp(q) (5a)
q= [@1p1,a2P2>042ﬂ2y1>Pu> Oéhaz}T (5b)
w<Q) = [0,0,0,0,H(pl —pz),,l,b(pg _pl)]T (5C)

In exponential mechanical relaxation method, as in
J.-M. Hérard & coworkers, in addition to (5), we introduce
p1ci

c?
Opr = p; L 0oy = —,U_ (pl p2)
1

2

P c2 pPac

Op2 = £ Oy = —M—2 (p2 - p1)
8% %)

Let Ap = p; — p2. We have ODE for Ap:

2 2
O Ap = —pu (@ 1 %) Ap

aq (&%)



With initial Ap®, we find exact solution of Ap over At:
Ap* = Apexp {—p (Z1 + Z3) At} Z;j = p;c; oy



With initial Ap®, we find exact solution of Ap over At:
Ap* = Apexp {—p (Z1 + Z3) At} Z;j = p;c; oy

@ Stability condition of the method is Z; + Z5 > 0; if not
we set Ap* = 0, for example



With initial Ap®, we find exact solution of Ap over At:
Ap* - APOGXP{—H (Zl +ZQ> At}a Z Pj ]/aj

@ Stability condition of the method is Z; + Z5 > 0; if not
we set Ap* = 0, for example
@ Update volume fractions using Ap*, where o] + o = 1:

oy = O‘l (Z1+ Z2) (AP* - APO)
ay = a2 + (Z1+ Z5)~ (Ap* — Apo)

If positivity condition oy € (0,1), k = 1,2 is satistied; we
are done.
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@ Stability condition of the method is Z; + Z5 > 0; if not
we set Ap* = 0, for example
@ Update volume fractions using Ap*, where o] + o = 1:

oy = al (Z1+ Z2) (AP* - APO)
ay = a2 + (Z1+ Z5)~ (Ap* — Apo)

If positivity condition oy € (0,1), k = 1,2 is satistied; we
are done. Otherwise, we modified o} using saturation
condition proposed by Boukili & Hérard:

a101 Q202 -1

pi(p1)  pa(pr — Ap*)
for p; & set p5 = pj — Ap* with arbitrary rate constant




With initial Ap®, we find exact solution of Ap over At:
Ap* - APOGXP{—M (Zl +ZQ) At}a Z Pj ]/aj

@ Stability condition of the method is Z; + Z5 > 0; if not
we set Ap* = 0, for example
@ Update volume fractions using Ap*, where o] + o = 1:

oy = al (Z1+ Z2) (AP* - APO)
ay = a2 + (Z1+ Z5)~ (Ap* — Apo)
If positivity condition oy € (0,1), k = 1,2 is satistied; we
are done. Otherwise, we modified o} using saturation
condition proposed by Boukili & Hérard:
101 Qg P2

pi(p1)  pa(p1 — Ap¥)
for p; & set p5 = pj — Ap* with arbitrary rate constant

=1

If 11 — oo (instantaneous relaxation), we have Ap* — 0,
yielding equilibrium pressure p} = pj = p*



Compressible barotropic 3-phase,2-component flow

Model equations in non-equilibrium form:

O (a1p1) + div (apiu) =0 (6a)
O (agps) + div (agpou) =0 (6b)
Oy (azps) + div (agpsu) =0 (6¢)
Oy (azpayr) + div (azpsyiu) =0 (6d)
9 (pu) +div (pu @ u) + V (a1p1 + agps + azpz) = 0 (6e)
Oy +u-Vag = pig (p1 — p2) + s (p1 — p3) (6f)
Oray +u - Vag = figy (p2 — p1) + pias (p2 — ps3) (6g)
draz +u - Vag = g1 (p3 — p1) + paz2 (p3 — p2) (6h)



@ Density-mixture conditions:
p = a1p1 + Qops + a3ps3, p3 = Bipsa + Paps2
@ Saturation conditions for phase o;; & component [3;:
art+aytaz=1 pi+p=1
@ Mass fraction for phase Y; & component y;:

Y1+Y2+Y3 = ]-7 y1+y2 = 17 }/j = jppja yj = %




Barotropic 3-phase model: pressure relaxation

Assume relaxation constant fi;;

= Wi, Vi, 7 is known a priori.

In pressure relaxation step, from (6) we have

at (akpk) = O, k= 1, 2, 3

Oy (azpsyn) = 0,

9 (pu) =

Oy = fu1g (p1 — p2) + s (p1 — P3)
Oy = fi1g (P2 — p1) + paz (P2 — ps3)
Oz = pia3 (p3 — p1) + pas (ps — p2)



Barotropic 3-phase model: pressure relaxation

Assume relaxation constant ji;; = f;;, Vi, j is known a priori.
In pressure relaxation step, from (6) we have
O (agpr) =0, k=1,2,3
Oy (aspsy1) =0, O (pu) =0
Ora = i (p1 — p2) + paz (p1 — ps3)
Oravy = g (P2 — p1) + piaz (P2 — p3)
Oraz = 3 (p3 — p1) + a3 (p3 — p2)

In exponential relaxation method, if we use Apis = p1 — po,
Api3 = p1 — p3, we obtain ODEs for Apia, Apis:

Apia| _ B Apis
% {APB} = A {APLJ

A— p12Z1 + (fa2 + pios) Zs M3 21 — P23l
fi2Z1 — o323 p13Zy + (fas + pios) Zs



With initial (Ap%,, Ap?;), exact solution of ODE over At is

Aprz ’ Ap1a ’
= —AAt
|:Ap13:| exp{—AAY} {APB}

Eigenvalues of A are A, =1 <tr(A) + \/tr(A)? — 4det(A>

@ Stability condition of the method is Re(\.) > 0; if not
we set Apj, = 0 & Apj, = 0, for example



With initial (Ap%,, Ap?;), exact solution of ODE over At is

Apia ’ Ap1a ’
= —AAt
|:Ap13:| exp{—AAY} |:Ap13:|

Eigenvalues of A are Ay = 3 (tr(A) + \/tr(A)? — 4det(A>

@ Stability condition of the method is Re(\.) > 0; if not
we set Apj, = 0 & Apj, = 0, for example

@ Update volume fractions using Apj, & Apis,

aq Apra H12 H13
O || =B [APLJ , B=|—p2— o3 H23
Q3 a3 —H13 — HM23
we have
aj ay

Apy —Apo
| _ |0l _ 12 12
az| = |az| —BA [Ap’{g—Ap?J



e If positivity condition o) € (0,1), k = 1,2, 3 is satistied;
we are done.



e If positivity condition o) € (0,1), k = 1,2, 3 is satistied;
we are done. Otherwise, we modified o} using saturation
condition proposed by Boukili & Hérard:

101 Q02 Q303

=1
p1(p1)  p2(pr — Aply)  ps(pr — Apis)

for p; & set
Py = p1 — Appy, Pz = p) — Api3

with arbitrary rate constant 1, yielding phasic density
P, p5, p5 and volume fraction af, a3, oj



e If positivity condition o) € (0,1), k = 1,2, 3 is satistied;
we are done. Otherwise, we modified o} using saturation
condition proposed by Boukili & Hérard:

101 Q02 Q303

=1
p1(p1)  p2(pr — Aply)  ps(pr — Apis)

for p; & set
Py = p1 — Appy, p3 = p; — Apis

with arbitrary rate constant 1, yielding phasic density
P, p5, p5 and volume fraction af, a3, oj

If j1;; — oo (instantaneous relaxation), we have Apj, — 0 &
Apis — 0, yielding equilibrium pressure pj = p5 = pi = p*



Compressible barotropic multiphase flow: summary

If 11;; = i, ODE systems in exponential pressure relaxation
method are

@ 2-phase case
OApia = —p [Zl + Zz} Apia
@ 3-phase case

P Api2| |21+ 222 Zyv— Zy | |Apr
"1 Apis Zy—Zs Zy+2Z3| |Apis

@ 4-phase case

Ap1a 1+ 34y Ly —Zy Zy— 4y Ap1o
O |Apis| =—p | Z1—2Zs Z1+3Zs Zy—Zs | |Apis
Ap1g y—Zy Zh—Zy Zi+ 374 |Apu



Moving vessel problem: all gas 3-phase case

Moving velocity u = (—100,0)
EOS: pr(px) = pok (Px/pro)™ kb =1,2,3

mixture density at t=0ms
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Moving vessel problem: all gas 3-phase case

mixture density at t=2.5ms




Moving vessel problem: all gas 3-phase case

mixture density at t=>5ms
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Moving vessel problem: all gas 3-phase case

mixture density at t=7.5ms




Moving vessel problem: all gas 3-phase case

mixture density at t=10ms
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Moving vessel problem: all gas 3-phase case

ixt t t=0 x10°
mixture pressure a ms 1.01326

1.013255
1.01325

1.013245

1.01324

20/81



Moving vessel problem: all gas 3-phase case

mixture pressure at t=2.5ms x10°
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0.6



Moving vessel problem: all gas 3-phase case

mixture pressure at t=5ms x10°




Moving vessel problem: all gas 3-phase case

mixture pressure at t=7.5ms
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Moving vessel problem: all gas 3-phase case

mixture pressure at t=10ms x10°
1.6

1.4

1.2

—

(e]

6

0.4



Moving vessel problem: all gas 4-phase case

Moving velocity u = (—100,0)
EOS: pr(pr) = pok (Pr/pro)™ k=1,2,3,4

mixture density at t=0ms
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Moving vessel problem: all gas 4-phase case

mixture density at t=2.5ms
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Moving vessel problem: all gas 4-phase case

mixture density at t=>5ms




Moving vessel problem: all gas 4-phase case

mixture density at t=7.5ms
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Moving vessel problem: all gas 4-phase case

mixture density at t=10ms
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Moving vessel problem: all gas 4-phase case

ixt t t=0 x10°
mixture pressure a ms 1.01326

1.013255
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1.01324

30/81



Moving vessel problem: all gas 4-phase case

mixture pressure at t=2.5ms x10°
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Moving vessel problem: all gas 4-phase case

mixture pressure at t=5ms x10°
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Moving vessel problem: all gas 4-phase case

mixture pressure at t=7.5ms x10°
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Moving vessel problem: all gas 4-phase case

mixture pressure at t=10ms x10°
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oving vessel problem: mapped grid
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Moving vessel problem: gas-liquid case

Moving velocity u = (—100,0)
EOS for gas p1(p1) = po1 (p1/p10)" &
for liquid pa(p2) = (po2 + @2) (p2/p20)" + w2

mixture density at t=0ms

900
800
700
600
500
400
300
200
100



Moving vessel problem: gas-liquid case

mixture pressure at t=0ms

1 5
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0.99999
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Moving vessel problem: gas-liquid case

Formation of negative pressure

mixture pressure at t=1ms

0
2
4
-6
-8
-10
12

%109




Moving vessel problem: gas-liquid case

mixture pressure at t=10ms x10°




Moving vessel problem: gas-liquid case

mixture density at t=10ms
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With hope to achieve fast convergence for feasible phasic
pressure py, for 3-phase flow, for example, one may choose Ay

for k = 1,2, 3, and solve saturation equation

101 P2 303

pr(m+ A1) pa(m+Ag)  p3(m+ Asy)
for m. We then set

pk:7T+Ak7 k:172>3
Constraints for A, are:
Ay — Ay = Apia, Ay — Az = Apss,

2 equations with 3 unknowns;

=1



With hope to achieve fast convergence for feasible phasic
pressure py, for 3-phase flow, for example, one may choose Ay

for k = 1,2, 3, and solve saturation equation

a1 Q202 a3P3

pi(m+ A1) pa(m+ Do) ps(m+ Ag)
for m. We then set
=1 +A, k=123
Constraints for A, are:
Ay — Ay =Apy, Ay — Az = Apss,

2 equations with 3 unknowns; seek, for example,
minimum-norm solution of (7)

=1

Ar = Apiz, Ay =Apiz —Apra, A3 =0



With hope to achieve fast convergence for feasible phasic
pressure py, for 3-phase flow, for example, one may choose Ay
for k = 1,2, 3, and solve saturation equation

a1 Q202 a3P3

pi(m+ A e+ Ag) | ps(m+ Ag) !
for m. We then set
pr=m+A, k=1,2,3
Constraints for A, are:
A; — Ay = Apia, Ay — Az = Apys, (7)

2 equations with 3 unknowns; seek, for example,
minimum-norm solution of (7)

Ar = Apiz, Ay =Apiz —Apra, A3 =0

Relaxed solution depends strongly on initial condition from
homogeneous hyperbolic step



Compressible non-barotropic 2-phase flow

Pelanti-Shyue (2014): 1-velocity phasic-total-energy model
without phase transition

O (agpr) + div (a1pgu) =0 (8a)
Oy (aop2) + div (agpeu) =0 (8b)
O(pu) +div (pu @ u) + V (agp1 + agps) =0 (8c)
9 (cupr B) + div (auprHiu) + T = —ppr (p1 — p2)  (8d)
Oy (apaln) + div (appeHou) =Y = —pupr (p2 —p1)  (8e)
Oy +u-Vag = p(pr — p2) (8f)
Oy +u - Vag = 1 (p2 — p1) (8g)
T =w AV (cwp) = V2V ()], Hy= B+

Closure model: Mie-Griineisen EOS for each py:

I
m%mzmmm+i@—wp



Non-barotropic 2-phase model: pressure relaxation

Assume relaxation constant y is known a priori. In pressure
relaxation step, from (8) we have

= —upr (p1 — p2)

O (apalia) = —ppr (p2 — p1)
drar = p(p1 — p2)
iy = p(p2 — p1)

Phasic total energy equations can be simplified as

Oy (041/0161) = (04101) Orer = —pupr (pl - pz)
Or (apaes) = (aapz) Orer = —upr (P2 — p1)



After simple algebraic manipulations, we have
2
pr — P10, €1
Op1 = —p (—1 £ ) (p1 — p2) = —pZ1 (p1 — p2)

alplaplel

2
p1 — p30p,€2 — D1
Oy = — _ — —uZ _
tD2 2 ( a2p28p262 ) (pz Pl) | 222p) (pz pl)




After simple algebraic manipulations, we have

2

pr — pi0y e

Opr = — (¢> (pr = p2) = —pZy (p1 — p2)
alplaplel

2

Pr — P30p,€2 — D1

Op2 = — 11 ( Chiz A ) (pz —Pl) = —uZs (pz —pl)
O‘2p28P2e2

As before, in exponential relaxation method, we let
Ap = p; — po, and obtain ODE for Ap:

OAp = —p (Z1 + Zy) Ap
With initial condition Ap?, exact solution of ODE over At is

Ap* = Apexp {—p (Z1 + Z2) At}



After simple algebraic manipulations, we have

2

pr — pi0y e

Opr = — (¢> (pr = p2) = —pZy (p1 — p2)
alplaplel

2

Pr — P30p,€2 — D1

Op2 = — 11 ( Chiz A ) (pz —Pl) = —uZs (pz —pl)
O‘2p28P2e2

As before, in exponential relaxation method, we let
Ap = p; — po, and obtain ODE for Ap:

atAp = (Zl + ZQ) A
With initial condition Ap?, exact solution of ODE over At is
Ap* = Apexp {—p (Z1 + Z2) At}

Stability condition of the method is Z; + Z5 > 0; if not we set
Ap* =0



@ Use exponential solution for o & p;, k =1,2:
oy = 041 (Z1+ Za)~ (AP* - APO)
oy =a)+ (Z1+ Zs)~ (Ap* — Ap°)
=0 —"2% (Oq—Oé?), Py =105 — 7y (a;—ag)



@ Use exponential solution for o & p;, k =1,2:
i =af — (Zi+ Za) 7 (Ap" = Ap’)
o =a 4 (Zy+ Z,)7" (Ap* — Ap°)
pr=p—Zi (o] — oY), py=py— 2 (03— )

If positivity condition o} € (0,1), k = 1,2 is satistied; we
are done.



@ Use exponential solution for o & p;, k =1,2:
041 = 041 (Z1 + Z2) (AP* - APO)
pr =01~ Zi (o] —a?)> Py =y — 25 (a5 — ay)
If positivity condition o} € (0,1), k = 1,2 is satistied; we

are done. Otherwise, we modified pj & aj using
saturation condition proposed by Boukili & Hérard:

01 Qo202 _ 1
pr(pi,e1)  pa(pr — Ap*, ez)
for p} & set pi = p; — Ap* with arbitrary rate constant p




@ Use exponential solution for o} & p;, k =1,2:
041 = 041 (Z1 + Z2) (AP* - APO)
P :p1 -2 (a1 _05(1))7 js :pg—ZQ (oz;—ag)
If positivity condition o} € (0,1), k = 1,2 is satistied; we

are done. Otherwise, we modified pj & aj using
saturation condition proposed by Boukili & Hérard:

01 Qo202
pr(pi,e1)  pa(pr — Ap*, ez)
for p} & set pi = p; — Ap* with arbitrary rate constant p

Pelanti (2022) considered ;i — 0o, where equilibrium pressure
p* is updated from total internal energy

1
; arprer(pr, p) = ; appp By — ppu-u= constant



Compressible non-barotropic multiphase flow

Pelanti-Shyue (2019): 1-velocity phasic-total-energy model
without phase transition

T =i (ka (Zj-il ajpj) - V(ozkpk)) L k=1.2,...

O(apr) + div(agpru) =0, k=1,2,... N,
O(pu) +div (pu®@u) +V (Zk 1 akpk> 0
O(aapr1Er) + div(agpHyu) + 11 = ijl pnjPij
Oy (agpa Ey) + div(agpoHou) + Ty = ZJN:1 P12 Poj
Oy (auppEy) + div(agpHyeu) + Ty = — Ziil Pk Py
Oy, +u-Vay, = Z;-V:lpk;j, k=1,2,...,N

= Hkj (Pk - pj)

Y

N



Non-barotropic multiphase flow: pressure
relaxation

Assume ji; = p, prij = pr for all k, 5. ODE system for
N-phase flow in exponential pressure relaxation method is

Apio AVP
A A — 29
o |7 = A | T with gy = P ARG
: : akpkapkek
Apin Apin
Zi+ (N —1)Z, A Z — Ly
A Z1 — s Zi+ (N —-1)Zy --- Z — s

7y — Iy Zi—Zn o Zi+(N—1)Zy



With initial condition ApY,, k =1,2,..., N & arbitrary rate
i, exact solution of ODEs over At is

* 0
Apio Apio
Ap Ap
,13 = exp (—pu A AL) :13
A101N A]91N

Stability condition for real part of eigenvalues of A,
Re(Ax(A)) > 0 should be check first

We then continue determining phasic pressure py for
k=1,2,..., N using various techniques mentioned before



Moving vessel problem: all gas 3-phase case

Moving velocity u = (—100,0)
EOS: pr(pk,ex) = (e — V) prer, k =1,2,3

mixture density at t=0ms

3.5
3
2.5
2
1.5
1
0.5




Moving vessel problem: all gas 3-phase case

mixture density at t=10ms
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Moving vessel problem: all gas 4-phase case

Moving velocity u = (—100,0)
EOS: pr(pr,ex) = (v — Dprer, k =1,2,3,4

mixture density at t=0ms
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Moving vessel problem: all gas 4-phase case

mixture density at t=10ms

I I I I I
[\V) w o~ (38 (=2 ~ (o] ©

—_




Cavitating Richtmyer-Meshkov: liquid-gas case

Moving velocity u = (—200, 0)
EQOS: stiffened gas for gas & liquid

mixture density at t=0ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture density at t=2ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture density at t=2ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture density at t=3.1ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture density at t=4.8ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture density at t=6.4ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture density at t=8.6ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture pressure at t=0ms




Cavitating Richtmyer-Meshkov: liquid-gas case

mixture pressure at t=2ms
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture pressure at t=3.1ms %107
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture pressure at t=4.8ms %107
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture pressure at t=6.4ms %107
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Cavitating Richtmyer-Meshkov: liquid-gas case

mixture pressure at t=8.6ms




Hybrid barotropic & non-batropic 2-phase flow

Suppose we model liquid-gas 2-phase flow by hybrid barotropic

& non-barotropic EQS, & use reduced model equations:

O (agpq) + div (agp1u) =0

Oy (avap2) + div (agpou) =0

O¢(pu) + div (pu ® u) + V (a1p1 + agpse) =0

Oy (agpaEs) + div (agpeHou) — T = —pupy (p2 — p1)
Owa; +u-Vag = p(p 2)

Oyve +u - Vag = p(ps — p1)

@ Murnaghan isentropic EOS for phase 1

K/
K, 05,1 K,
pi(p) = <p01 + 02) (;’;—) —

08,1

@ Mie-Griineisen EOS for phase 2
D2(p2, €2) = Dret,2(p2) + %(62 — €ref2)



As before, in exponential relaxation method, we let
Ap = p; — ps, and obtain ODE for Ap:

OAp = —p(Z1+ Z2) Ap

with )
c
7, = P1cy
ay
7, = P13 Ot

07%) apQ €2



As before, in exponential relaxation method, we let
Ap = p; — ps, and obtain ODE for Ap:

OAp = —p(Z1+ Z2) Ap

with )
C
7, = P1Cq
aq
7 = br — p% aﬂ2€2
, =t 2P
Qg P2 apzeZ

With initial condition Ap®, exact solution of ODE over At is

Ap* = Ap’exp{—p (2, + Z,) At}

Model extension to multiphase flow can be formulated
analogously



Cavitating Richtmyer-Meshkov: liquid-gas case

Moving velocity u = (—200, 0)
EOS: Tait for liquid & ideal for gas

mixture density at t=0ms
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Compressible multiphase flow with phase transition

Pelanti-Shyue (2019): 1-velocity model for compressible
multiphase flow with liquid-vapor-gas phase transition is

Oi(arp1) + div(agpru) = M
Oy (aap) + div - (agpou) = =M
O(apr) + div(agpgu) =0, k=3,...,N
Ou(pu) + div (pu @ w) + V (SN, axpi) =0
Qo +u-Voar =S Py, k=12....N
Here we have
Prj = tij(pr — p;)  (volume transfer)
Qrj = Vi (T; — Ti) (heat transfer)
M =v(gy—¢g1) (mass transfer between liquid & vapor phases)
gk = hx — Tys  (Gibbs free energy), hy = er + pr/pr



Equations for total energy of each phase k are:

8t(a1p1E1) + div(allelu) + Tl = — Zszl lejP1j+
N
ZQU—F (91—1—%)/\/1
J=1
Or(aapala) + div(agpsHou) + Ty = — ZJN:1 Pr2j Paj+
N 2
ZQQj— (gI—F%)M
=1
O (arppEy) + div(agpHiu) + Ty = — Zj\lzl Pk P+

N
> Q. k=3,....N
j=1

Closure model: Stiffened gas EOS (linear EOS)



Constitutive law: metastable fluid

Stiffened gas equation of state (SG EOS) with
@ Pressure
pr(er pr) = (i — Dew — e — (9 — 1) paie
@ Temperature

Pr + Wk
Y — 1)Cvipr

Ty (P, prc) = (

@ Entropy

Tk

sk (P, Tr.) = Cyi log ( + 1

i+ i)t

@ Helmholtz free energy ap = e — Tjsg
o Gibbs free energy g, = ax + piVi



Metastable fluid: saturation curve

Assume two phases in chemical equilibrium with equal Gibbs
free energies (g1 = ¢2), saturation curve is

B
G(p,T) = A—|—T+ClogT+Dlog(p+w1)—log(p+wz) =0

A:Cpl_cp2+77§_77/1’ B— T — e
Cp2 - CvQ CYp2 - Ov2
C = Cp2 - Cpl D= Cpl - Cvl

Cp? - CVUQ7 Cp? - Cv?



Metastable fluid: saturation curve

Assume two phases in chemical equilibrium with equal Gibbs
free energies (g1 = ¢2), saturation curve is

B
G(p,T) = A+T+ClogT+Dlog(p+w1)—log(p+wz) =0

Cpi — Cpp+ 1 — 1 g _ M=

A= , =12
Cp2 - CvQ CYp2 - Ov2
02—01 Cl_Cl

C = p 107 D = p v
C1])2 - Cv? Cp? _C’U2

or, from dg; = dg,, we get Clausius-Clapeyron equation

dp(T) Lh

dT - T(/UQ — ’U1>

Ly =T(sy — s1): latent heat of vaporization



Thermo-chemical relaxation: instantaneous rate

Look for solution of ODEs in limits u, 0, & v — oo

O (alpl) =M
O (CVQPQ) =-M
at (akpk) - 07 k= 3747 JN
O (pu) =0
O (nprBr) = = Y2 prj Py + Y0, Qi + (91 + %) M
O (ap2Er) = — Z;vzl P12 Paj + E;V:I Qoj — (91 + %) M

Oy(ouprEr) = — Zjvzl Piij Prj + Zjvzl Qrj, k=3,...,N
8tozk:Z§Y:1ij, k‘:172,...,N
under mechanical-thermal-chemical equilibrium conditons

pr=p2, Ti=1T3 g1=g9g



Infinite-rate p1'g relaxation: algebraic apporach
In this case, states remain in equilibrium are
p=po, pu=plg, pkE=(pE)y, e=ey,
& appr = (ouwpr)g, but arpr # aropro & Vi # Yio, k=1,2

Impose mechanical-thermal-chemical equilibrium to
1. Saturation condition for temperature

Gp,T)=0

2. Saturation condition for volume fraction
Y Y, 1

+ —
o1, T)  pa(p,T)  po

3. Equilibrium of internal energy

Viep,T) + Yz ea(p, T) = €g



From saturation condition for temperature
g(p7 T) =0

we get 1" in terms of p, while from

Y, . Y,
o0, T)  po(p,T)  po

&
Yielp,T)+Yaea(p,T) = eg

we obtain algebraic equation for p

_ 1/p2(p) — 1/ po _ _fo— ea(p)
YT () — Upi(p)  ei(p) — ealp)

which is solved by iterative method



Instantaneous-rate p1'g relaxation: remarks

@ Having known Y}, & p, T can be solved from, e.g.,
Yiei(p, T) + Yz ea(p, T) = eo

yielding update pi. &

@ Feasibility of solutions, i.e., positivity of physical
quantities pg, ag, p, & T, for example
o Employ hybrid method i.e., combination of above
method with differential-based approach (not discuss
here), when it becomes necessary



Arbitrary-rate p1'g relaxation: 2-phase flow case

Pelanti (2022): In exponential thermo-chemical relaxation
method, we write ODEs governing chemical relaxation process
as ODEs for Ag = g1 — go:

O (c1p1) = —v (g1 — g2) (10a)
O (apa) = —v (g2 — 1) (10b)

S
g1 = —v (p—p - 513T) (91 — 92) (10c)

1

S
Buga = v (p—p - SQST) (2—g)  (10d)
2
Oy = —vS, (g1 — o) (10e)
Oy = —vS, (92 - 91) (10f)

See Pelanti (IJMF 2022) for explicit expression of terms: S,,
Spy ST



With initial condition Ag®, we find the exact solution of Ag
over At:
* 0 Sp
Ag* = Ag exp{—v (K — Ky) At}, K;= o 5,8t

J

As before, we may use exponential solution Ag to compute
arppr & ag, k= 1,2 under stability condition K| — Ky > 0

Choice of relaxation parameters ?



Homogeneous hyperbolic step: remark
To achieve high resolution in step 1, care must be taken

@ Positivity preserving

The larger phase N is, the more difficulty in obtaing
positivity preserving is
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@ Solution reconstruction

o Physics-informed THINC (tangent of hyperbola for
interface capturing) for interface sharpening in N > 2 is
open

e BVD (boundary variation diminishing); use 2 or more
solution reconstruction techniques as basis, & take one
by BVD criterion



Homogeneous hyperbolic step: remark
To achieve high resolution in step 1, care must be taken

@ Positivity preserving

The larger phase N is, the more difficulty in obtaing
positivity preserving is

@ Solution reconstruction
o Physics-informed THINC (tangent of hyperbola for
interface capturing) for interface sharpening in N > 2 is
open

e BVD (boundary variation diminishing); use 2 or more
solution reconstruction techniques as basis, & take one
by BVD criterion

@ Riemann solver in finite-volume Godunov method

Solution differs not much by any state-of-the-art solver



Thank you



