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Outline

State-of-the-art relaxation models for compressible multiphase
flow with cavitation including phase transition take the form:

∂tqqq + divF(qqq) + Π(qqq,∇qqq) =
ψp(qqq) + ψu(qqq) + ψT (qqq) + ψpTg(qqq) + · · ·

Model is approximated by fractional-step method:

1. Homogeneous hyperbolic step

∂tqqq + divF(qqq) + Π(qqq,∇qqq) = 0

2. Source-term relaxation step

∂tqqq = ψp(qqq) + ψu(qqq) + ψT (qqq) + ψpTg(qqq) + · · ·

Aim: Discuss arbitrary-rate relaxation method for Step 2
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Compressible barotropic 2-phase,2-component flow

Model problem: Bubbly liquid with interface
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Compressible barotropic 2-phase,2-component flow

L.-R. Plumerault (2009) proposed

∂t (α1ρ1) + div (α1ρ1u) = 0 (1a)

∂t (α2ρ2) + div (α2ρ2u) = 0 (1b)

∂t (α2ρ2y1) + div (α2ρ2y1u) = 0 (1c)

∂t (ρu) + div (ρu⊗ u) +∇p = 0 (1d)

Density-mixture conditions:

ρ = α1ρ1 + α2ρ2, ρ2 = β1ρ2,1 + β2ρ2,2

Saturation conditions for phase αj & component βk:

α1 + α2 = 1, β1 + β2 = 1

Mass fraction for phase Yj & component yk:

Y1 + Y2 = 1, y1 + y2 = 1, Yj =
αjρj
ρ

, yj =
βjρ2,j
ρ2
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Pressure-mixture condition:

p = α1p1 + α2p2, p2 = β1p2,1 + β2p2,2

Model closure (pressure relaxation)

1. Pressure equilibrium for multicomponent

p2,1 (ρ2,1) = p2,2 (ρ2,2) = p2

2. Pressure equilibrium for multiphase

p1 = p2

Wood’s sound speed for (phase 2) multicomponent
mixture

1

ρ2c22
=

β1
ρ2,1c22,1

+
β2

ρ2,2c22,2

Murnaghan isentropic EOS for pk,

pk(ρk) =

(
p0,k +

K0S,k

K
′
0S,k

)(
ρk
ρ0,k

)K
′
0S,k

− K0S,k

K
′
0S,k

(2)
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Compressible barotropic 2-phase,2-component flow

Model equations in relaxation (pressure nonequilibrium) form
are:

∂t (α1ρ1) + div (α1ρ1u) = 0 (3a)

∂t (α2ρ2) + div (α2ρ2u) = 0 (3b)

∂t (α2ρ2y1) + div (α2ρ2y1u) = 0 (3c)

∂t (ρu) + div (ρu⊗ u) +∇ (α1p1 + α2p2) = 0 (3d)

∂tα1 + u · ∇α1 = µ (p1 − p2) (3e)

∂tα2 + u · ∇α2 = µ (p2 − p1) (3f)

Written (3) in compact form, we have

∂tqqq + divF(qqq) + Π(qqq,∇qqq) = ψp(qqq) (4)
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Assume relaxation constant µ is known a priori. In pressure
(mechanical) relaxation step, from (3) we have

∂tqqq = ψp(qqq) (5a)

qqq =
[
α1ρ1, α2ρ2, α2ρ2y1, ρu, α1, α2

]T
(5b)

ψ(qqq) =
[
0, 0, 0, 0, µ (p1 − p2) , µ (p2 − p1)

]T
(5c)

In exponential mechanical relaxation method, as in
J.-M. Hérard & coworkers, in addition to (5), we introduce

∂tp1 = −ρ1c
2
1

α1

∂tα1 = −µρ1c
2
1

α1

(p1 − p2)

∂tp2 = −ρ2c
2
2

α2

∂tα2 = −µρ2c
2
2

α2

(p2 − p1)

Let ∆p = p1 − p2. We have ODE for ∆p:

∂t∆p = −µ
(
ρ1c

2
1

α1

+
ρ2c

2
2

α2

)
∆p
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With initial ∆p0, we find exact solution of ∆p over ∆t:

∆p∗ = ∆p0 exp {−µ (Z1 + Z2)∆t} , Zj = ρjc
2
j/αj

Stability condition of the method is Z1 + Z2 ≥ 0; if not
we set ∆p∗ = 0, for example
Update volume fractions using ∆p∗, where α∗

1 + α∗
2 = 1:

α∗
1 = α0

1 − (Z1 + Z2)
−1 (∆p∗ −∆p0

)
α∗
2 = α0

2 + (Z1 + Z2)
−1 (∆p∗ −∆p0

)
If positivity condition α∗

k ∈ (0, 1), k = 1, 2 is satistied; we
are done. Otherwise, we modified α∗

k using saturation
condition proposed by Boukili & Hérard:

α1ρ1
ρ1(p1)

+
α2ρ2

ρ2(p1 −∆p∗)
= 1

for p∗1 & set p∗2 = p∗1 −∆p∗ with arbitrary rate constant µ

If µ→ ∞ (instantaneous relaxation), we have ∆p∗ → 0,
yielding equilibrium pressure p∗1 = p∗2 = p∗
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Compressible barotropic 3-phase,2-component flow

Model equations in non-equilibrium form:

∂t (α1ρ1) + div (α1ρ1u) = 0 (6a)

∂t (α2ρ2) + div (α2ρ2u) = 0 (6b)

∂t (α3ρ3) + div (α3ρ3u) = 0 (6c)

∂t (α3ρ3y1) + div (α3ρ3y1u) = 0 (6d)

∂t (ρu) + div (ρu⊗ u) +∇ (α1p1 + α2p2 + α3p3) = 0 (6e)

∂tα1 + u · ∇α1 = µ12 (p1 − p2) + µ13 (p1 − p3) (6f)

∂tα2 + u · ∇α2 = µ21 (p2 − p1) + µ23 (p2 − p3) (6g)

∂tα3 + u · ∇α3 = µ31 (p3 − p1) + µ32 (p3 − p2) (6h)



10/81

Density-mixture conditions:

ρ = α1ρ1 + α2ρ2 + α3ρ3, ρ3 = β1ρ3,1 + β2ρ3,2

Saturation conditions for phase αj & component βk:

α1 + α2 + α3 = 1, β1 + β2 = 1

Mass fraction for phase Yj & component yk:

Y1+Y2+Y3 = 1, y1+y2 = 1, Yj =
αjρj
ρ

, yj =
βjρ3,j
ρ2
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Barotropic 3-phase model: pressure relaxation

Assume relaxation constant µij = µji, ∀i, j is known a priori.
In pressure relaxation step, from (6) we have

∂t (αkρk) = 0, k = 1, 2, 3

∂t (α3ρ3y1) = 0, ∂t (ρu) = 0

∂tα1 = µ12 (p1 − p2) + µ13 (p1 − p3)

∂tα2 = µ12 (p2 − p1) + µ23 (p2 − p3)

∂tα3 = µ13 (p3 − p1) + µ23 (p3 − p2)

In exponential relaxation method, if we use ∆p12 = p1 − p2,
∆p13 = p1 − p3, we obtain ODEs for ∆p12, ∆p13:

∂t

[
∆p12
∆p13

]
= −A

[
∆p12
∆p13

]
A =

[
µ12Z1 + (µ12 + µ23)Z2 µ13Z1 − µ23Z2

µ12Z1 − µ23Z3 µ13Z1 + (µ13 + µ23)Z3

]
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With initial (∆p012,∆p
0
13), exact solution of ODE over ∆t is[

∆p12
∆p13

]∗
= exp{−A∆t}

[
∆p12
∆p13

]0
Eigenvalues of A are λ± = 1

2

(
tr(A)±

√
tr(A)2 − 4det(A

)
Stability condition of the method is Re(λ±) ≥ 0; if not
we set ∆p∗12 = 0 & ∆p∗13 = 0, for example

Update volume fractions using ∆p∗12 & ∆p∗13,

∂t

α1

α2

α3

 = B
[
∆p12
∆p13

]
, B =

 µ12 µ13

−µ12 − µ23 µ23

µ23 −µ13 − µ23

 ,
we have α∗

1

α∗
2

α∗
3

 =

α0
1

α0
2

α0
3

− BA
[
∆p∗12 −∆p012
∆p∗13 −∆p013

]
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If positivity condition α∗
k ∈ (0, 1), k = 1, 2, 3 is satistied;

we are done.

Otherwise, we modified α∗
k using saturation

condition proposed by Boukili & Hérard:

α1ρ1
ρ1(p1)

+
α2ρ2

ρ2(p1 −∆p∗12)
+

α3ρ3
ρ3(p1 −∆p∗13)

= 1

for p∗1 & set

p∗2 = p∗1 −∆p∗12, p∗3 = p∗1 −∆p∗13

with arbitrary rate constant µij, yielding phasic density
ρ∗1, ρ

∗
2, ρ

∗
3 and volume fraction α∗

1, α
∗
2, α

∗
3

If µij → ∞ (instantaneous relaxation), we have ∆p∗12 → 0 &
∆p∗13 → 0, yielding equilibrium pressure p∗1 = p∗2 = p∗3 = p∗
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Compressible barotropic multiphase flow: summary

If µij = µ, ODE systems in exponential pressure relaxation
method are

2-phase case

∂t∆p12 = −µ
[
Z1 + Z2

]
∆p12

3-phase case

∂t

[
∆p12
∆p13

]
= −µ

[
Z1 + 2Z2 Z1 − Z2

Z1 − Z3 Z1 + 2Z3

] [
∆p12
∆p13

]
4-phase case

∂t

∆p12∆p13
∆p14

 = −µ

Z1 + 3Z2 Z1 − Z2 Z1 − Z2

Z1 − Z3 Z1 + 3Z3 Z1 − Z3

Z1 − Z4 Z1 − Z4 Z1 + 3Z4

∆p12∆p13
∆p14
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Moving vessel problem: all gas 3-phase case

Moving velocity u = (−100, 0)
EOS: pk(ρk) = p0,k (ρk/ρk,0)

γk k = 1, 2, 3
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Moving vessel problem: all gas 3-phase case
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Moving vessel problem: all gas 3-phase case
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Moving vessel problem: all gas 4-phase case

Moving velocity u = (−100, 0)
EOS: pk(ρk) = p0,k (ρk/ρk,0)

γk k = 1, 2, 3, 4
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Moving vessel problem: all gas 4-phase case
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Moving vessel problem: all gas 4-phase case
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Moving vessel problem: all gas 4-phase case
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Moving vessel problem: all gas 4-phase case
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Moving vessel problem: all gas 4-phase case
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Moving vessel problem: all gas 4-phase case
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Moving vessel problem: all gas 4-phase case
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Moving vessel problem: mapped grid
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Moving vessel problem: gas-liquid case

Moving velocity u = (−100, 0)
EOS for gas p1(ρ1) = p0,1 (ρ1/ρ1,0)

γ1 &
for liquid p2(ρ2) = (p0,2 +ϖ2) (ρ2/ρ2,0)

γ2 +ϖ2
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Moving vessel problem: gas-liquid case
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Moving vessel problem: gas-liquid case

Formation of negative pressure
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Moving vessel problem: gas-liquid case
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Moving vessel problem: gas-liquid case
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With hope to achieve fast convergence for feasible phasic
pressure pk, for 3-phase flow, for example, one may choose ∆k

for k = 1, 2, 3, and solve saturation equation

α1ρ1
ρ1(π +∆1)

+
α2ρ2

ρ2(π +∆2)
+

α3ρ3
ρ3(π +∆3)

= 1

for π. We then set

pk = π +∆k, k = 1, 2, 3

Constraints for ∆k are:

∆1 −∆2 = ∆p12, ∆1 −∆3 = ∆p13, (7)

2 equations with 3 unknowns;

seek, for example,
minimum-norm solution of (7)

∆1 = ∆p13, ∆2 = ∆p13 −∆p12, ∆3 = 0

Relaxed solution depends strongly on initial condition from
homogeneous hyperbolic step
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Compressible non-barotropic 2-phase flow

Pelanti-Shyue (2014): 1-velocity phasic-total-energy model
without phase transition

∂t (α1ρ1) + div (α1ρ1u) = 0 (8a)

∂t (α2ρ2) + div (α2ρ2u) = 0 (8b)

∂t(ρu) + div (ρu⊗ u) +∇ (α1p1 + α2p2) = 0 (8c)

∂t (α1ρ1E1) + div (α1ρ1H1u) + Υ = −µpI (p1 − p2) (8d)

∂t (α2ρ2E2) + div (α2ρ2H2u)−Υ = −µpI (p2 − p1) (8e)

∂tα1 + u · ∇α1 = µ (p1 − p2) (8f)

∂tα2 + u · ∇α2 = µ (p2 − p1) (8g)

Υ = u · [Y1∇ (α2p2)− Y2∇ (α1p1)] , Hk = Ek +
pk
ρk

Closure model: Mie-Grüneisen EOS for each pk:

pk(ρk, ek) = pref,k(ρk) +
Γk

ρk
(ek − eref,k)
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Non-barotropic 2-phase model: pressure relaxation

Assume relaxation constant µ is known a priori. In pressure
relaxation step, from (8) we have

∂t (α1ρ1) = 0

∂t (α2ρ2) = 0

∂t (ρu) = 0

∂t (α1ρ1E1) = −µpI (p1 − p2)

∂t (α2ρ2E2) = −µpI (p2 − p1)

∂tα1 = µ (p1 − p2)

∂tα2 = µ (p2 − p1)

Phasic total energy equations can be simplified as

∂t (α1ρ1e1) = (α1ρ1) ∂te1 = −µpI (p1 − p2)

∂t (α2ρ2e2) = (α2ρ2) ∂te2 = −µpI (p2 − p1)
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After simple algebraic manipulations, we have

∂tp1 = −µ
(
pI − ρ21∂ρ1e1
α1ρ1∂p1e1

)
(p1 − p2) = −µZ1 (p1 − p2)

∂tp2 = −µ
(
pI − ρ22∂ρ2e2 − pI

α2ρ2∂p2e2

)
(p2 − p1) = −µZ2 (p2 − p1)

As before, in exponential relaxation method, we let
∆p = p1 − p2, and obtain ODE for ∆p:

∂t∆p = −µ (Z1 + Z2)∆p

With initial condition ∆p0, exact solution of ODE over ∆t is

∆p∗ = ∆p0 exp {−µ (Z1 + Z2)∆t}

Stability condition of the method is Z1 + Z2 ≥ 0; if not we set
∆p∗ = 0
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Use exponential solution for α∗
k & p∗k, k = 1,2:

α∗
1 = α0

1 − (Z1 + Z2)
−1 (∆p∗ −∆p0

)
α∗
2 = α0

2 + (Z1 + Z2)
−1 (∆p∗ −∆p0

)
p∗1 = p01 − Z1

(
α∗
1 − α0

1

)
, p∗2 = p02 − Z2

(
α∗
2 − α0

2

)

If positivity condition α∗
k ∈ (0, 1), k = 1, 2 is satistied; we

are done. Otherwise, we modified p∗1 & α∗
k using

saturation condition proposed by Boukili & Hérard:
α1ρ1

ρ1(p1, e1)
+

α2ρ2
ρ2(p1 −∆p∗, e2)

= 1;

for p∗1 & set p∗2 = p∗1 −∆p∗ with arbitrary rate constant µ

Pelanti (2022) considered µ→ ∞, where equilibrium pressure
p∗ is updated from total internal energy

2∑
k=1

αkρkek(ρk, p
∗) =

2∑
k=1

αkρkEk −
1

2
ρu · u = constant
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Compressible non-barotropic multiphase flow

Pelanti-Shyue (2019): 1-velocity phasic-total-energy model
without phase transition

∂t(αkρk) + div(αkρku) = 0 , k = 1, 2, . . . ,N,

∂t(ρu) + div (ρu⊗ u) +∇
(∑N

k=1 αkpk

)
= 0

∂t(α1ρ1E1) + div(α1ρ1H1u) + Υ1 = −
∑N

j=1 pI1jP1j

∂t(α2ρ2E2) + div(α2ρ2H2u) + Υ2 = −
∑N

j=1 pI2jP2j

∂t(αkρkEk) + div(αkρkHku) + Υk = −
∑N

j=1 pIkjPkj

∂tαk + u · ∇αk =
∑N

j=1 Pkj , k = 1, 2, . . . , N

Υk = u⃗ ·
(
Yk∇

(∑N
j=1 αjpj

)
−∇(αkpk)

)
, k = 1, 2, . . . , N

Pkj = µkj(pk − pj)
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Non-barotropic multiphase flow: pressure

relaxation

Assume µkj = µ, pIkj = pI for all k, j. ODE system for
N -phase flow in exponential pressure relaxation method is

∂t


∆p12
∆p13
...

∆p1N

 = −µA


∆p12
∆p13
...

∆p1N

 , with Zk =
pI − ρ2k∂ρkek
αkρk∂pkek

,

A =


Z1 + (N − 1)Z2 Z1 − Z2 · · · Z1 − Z2

Z1 − Z3 Z1 + (N − 1)Z3 · · · Z1 − Z3
...

. . . . . .
...

Z1 − ZN Z1 − ZN · · · Z1 + (N − 1)ZN
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With initial condition ∆p01k, k = 1, 2, . . . , N & arbitrary rate
µ, exact solution of ODEs over ∆t is

∆p12
∆p13
...

∆p1N


∗

= exp (−µA∆t)


∆p12
∆p13
...

∆p1N


0

Stability condition for real part of eigenvalues of A,
Re(λk(A)) ≥ 0 should be check first

We then continue determining phasic pressure pk for
k = 1, 2, . . . , N using various techniques mentioned before
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Moving vessel problem: all gas 3-phase case

Moving velocity u = (−100, 0)
EOS: pk(ρk, ek) = (γk − 1)ρkek, k = 1, 2, 3
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Moving vessel problem: all gas 3-phase case
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Moving vessel problem: all gas 4-phase case

Moving velocity u = (−100, 0)
EOS: pk(ρk, ek) = (γk − 1)ρkek, k = 1, 2, 3, 4
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Moving vessel problem: all gas 4-phase case
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Cavitating Richtmyer-Meshkov: liquid-gas case

Moving velocity u = (−200, 0)
EOS: stiffened gas for gas & liquid
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Cavitating Richtmyer-Meshkov: liquid-gas case



65/81

Cavitating Richtmyer-Meshkov: liquid-gas case
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Hybrid barotropic & non-batropic 2-phase flow

Suppose we model liquid-gas 2-phase flow by hybrid barotropic
& non-barotropic EOS, & use reduced model equations:

∂t (α1ρ1) + div (α1ρ1u) = 0 (9a)

∂t (α2ρ2) + div (α2ρ2u) = 0 (9b)

∂t(ρu) + div (ρu⊗ u) +∇ (α1p1 + α2p2) = 0 (9c)

∂t (α2ρ2E2) + div (α2ρ2H2u)−Υ = −µpI (p2 − p1) (9d)

∂tα1 + u · ∇α1 = µ (p1 − p2) (9e)

∂tα2 + u · ∇α2 = µ (p2 − p1) (9f)

Murnaghan isentropic EOS for phase 1

p1(ρ1) =

(
p0,1 +

K0S,1

K
′
0S,1

)(
ρ1
ρ0,1

)K′
0S,1 − K0S,1

K
′
0S,1

Mie-Grüneisen EOS for phase 2

p2(ρ2, e2) = pref,2(ρ2) +
Γ2

ρ2
(e2 − eref,2)
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As before, in exponential relaxation method, we let
∆p = p1 − p2, and obtain ODE for ∆p:

∂t∆p = −µ (Z1 + Z2)∆p

with

Z1 =
ρ1c

2
1

α1

Z2 =
pI − ρ22 ∂ρ2e2
α2ρ2 ∂p2e2

With initial condition ∆p0, exact solution of ODE over ∆t is

∆p∗ = ∆p0 exp {−µ (Z1 + Z2)∆t}

Model extension to multiphase flow can be formulated
analogously
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Cavitating Richtmyer-Meshkov: liquid-gas case

Moving velocity u = (−200, 0)
EOS: Tait for liquid & ideal for gas
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Cavitating Richtmyer-Meshkov: liquid-gas case
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Compressible multiphase flow with phase transition

Pelanti-Shyue (2019): 1-velocity model for compressible
multiphase flow with liquid-vapor-gas phase transition is

∂t(α1ρ1) + div(α1ρ1u) = M
∂t(α2ρ2) + div · (α2ρ2u) = −M
∂t(αkρk) + div(αkρku) = 0 , k = 3, . . . ,N

∂t(ρu) + div (ρu⊗ u) +∇
(∑N

k=1 αkpk

)
= 0

∂tαk + u · ∇αk =
∑N

j=1Pkj , k = 1, 2, . . . , N

Here we have

Pkj = µkj(pk − pj) (volume transfer)

Qkj = ϑkj(Tj − Tk) (heat transfer)

M = ν(g2 − g1) (mass transfer between liquid & vapor phases)

gk = hk − Tksk (Gibbs free energy), hk = ek + pk/ρk
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Equations for total energy of each phase k are:

∂t(α1ρ1E1) + div(α1ρ1H1u) + Υ1 = −
∑N

j=1 pI1jP1j+

N∑
j=1

Q1j +
(
gI +

|u|2
2

)
M

∂t(α2ρ2E2) + div(α2ρ2H2u) + Υ2 = −
∑N

j=1 pI2jP2j+

N∑
j=1

Q2j −
(
gI +

|u|2
2

)
M

∂t(αkρkEk) + div(αkρkHku) + Υk = −
∑N

j=1 pIkjPkj+

N∑
j=1

Qkj , k = 3, . . . , N

Closure model: Stiffened gas EOS (linear EOS)
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Constitutive law: metastable fluid

Stiffened gas equation of state (SG EOS) with

Pressure

pk(ek, ρk) = (γk − 1)ek − γkϖk − (γk − 1)ρkηk

Temperature

Tk(pk, ρk) =
pk +ϖk

(γk − 1)CV kρk

Entropy

sk(pk, Tk) = CV k log
Tk

γk

(pk +ϖk)γk−1
+ η′k

Helmholtz free energy ak = ek − Tksk

Gibbs free energy gk = ak + pkVk
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Metastable fluid: saturation curve

Assume two phases in chemical equilibrium with equal Gibbs
free energies (g1 = g2), saturation curve is

G(p, T ) = A+
B

T
+C log T +D log(p+ϖ1)− log(p+ϖ2) = 0

A =
Cp1 − Cp2 + η′2 − η′1

Cp2 − Cv2

, B =
η1 − η2
Cp2 − Cv2

C =
Cp2 − Cp1

Cp2 − Cv2

, D =
Cp1 − Cv1

Cp2 − Cv2

or, from dg1 = dg2, we get Clausius-Clapeyron equation

dp(T )

dT
=

Lh

T (v2 − v1)

Lh = T (s2 − s1): latent heat of vaporization
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Thermo-chemical relaxation: instantaneous rate

Look for solution of ODEs in limits µ, θ, & ν → ∞
∂t (α1ρ1) = M
∂t (α2ρ2) = −M
∂t (αkρk) = 0, k = 3, 4, . . . , N

∂t (ρu) = 0

∂t (α1ρ1E1) = −
∑N

j=1 pI1jP1j +
∑N

j=1Q1j +
(
gI +

|u|2
2

)
M

∂t (α2ρ2E2) = −
∑N

j=1 pI2jP2j +
∑N

j=1Q2j −
(
gI +

|u|2
2

)
M

∂t(αkρkEk) = −
∑N

j=1 pIkjPkj +
∑N

j=1Qkj , k = 3, . . . , N

∂tαk =
∑N

j=1Pkj , k = 1, 2, . . . , N

under mechanical-thermal-chemical equilibrium conditons

p1 = p2, T1 = T2, g1 = g2
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Infinite-rate pTg relaxation: algebraic apporach

In this case, states remain in equilibrium are

ρ = ρ0, ρu = ρ0u0, ρE = (ρE)0, e = e0,

& αkρk = (αkρk)0, but αkρk ̸= αk0ρk0 & Yk ̸= Yk0, k = 1, 2

Impose mechanical-thermal-chemical equilibrium to

1. Saturation condition for temperature

G(p, T ) = 0

2. Saturation condition for volume fraction

Y1
ρ1(p, T )

+
Y2

ρ2(p, T )
=

1

ρ0

3. Equilibrium of internal energy

Y1 e1(p, T ) + Y2 e2(p, T ) = e0
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From saturation condition for temperature

G(p, T ) = 0

we get T in terms of p, while from

Y1
ρ1(p, T )

+
Y2

ρ2(p, T )
=

1

ρ0

&
Y1 e1(p, T ) + Y2 e2(p, T ) = e0

we obtain algebraic equation for p

Y1 =
1/ρ2(p)− 1/ρ0

1/ρ2(p)− 1/ρ1(p)
=

e0 − e2(p)

e1(p)− e2(p)

which is solved by iterative method
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Instantaneous-rate pTg relaxation: remarks

Having known Yk & p, T can be solved from, e.g.,

Y1 e1(p, T ) + Y2 e2(p, T ) = e0

yielding update ρk & αk

Feasibility of solutions, i.e., positivity of physical
quantities ρk, αk, p, & T , for example

Employ hybrid method i.e., combination of above
method with differential-based approach (not discuss
here), when it becomes necessary



78/81

Arbitrary-rate pTg relaxation: 2-phase flow case

Pelanti (2022): In exponential thermo-chemical relaxation
method, we write ODEs governing chemical relaxation process
as ODEs for ∆g = g1 − g2:

∂t (α1ρ1) = −ν (g1 − g2) (10a)

∂t (α2ρ2) = −ν (g2 − g1) (10b)

∂tg1 = −ν
(
Sp

ρ1
− s1ST

)
(g1 − g2) (10c)

∂tg2 = ν

(
Sp

ρ2
− s2ST

)
(g2 − g1) (10d)

∂tα1 = −νSα (g1 − g2) (10e)

∂tα2 = −νSα (g2 − g1) (10f)

See Pelanti (IJMF 2022) for explicit expression of terms: Sα,
Sp, ST
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With initial condition ∆g0, we find the exact solution of ∆g
over ∆t:

∆g∗ = ∆g0 exp {−ν (K1 −K2)∆t} , Kj =
Sp

ρj
− sjST

As before, we may use exponential solution ∆g to compute
αkρk & αk, k = 1, 2 under stability condition K1 −K2 ≥ 0

Choice of relaxation parameters ?
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Homogeneous hyperbolic step: remark

To achieve high resolution in step 1, care must be taken

Positivity preserving

The larger phase N is, the more difficulty in obtaing
positivity preserving is

Solution reconstruction
Physics-informed THINC (tangent of hyperbola for
interface capturing) for interface sharpening in N > 2 is
open

BVD (boundary variation diminishing); use 2 or more
solution reconstruction techniques as basis, & take one
by BVD criterion

Riemann solver in finite-volume Godunov method

Solution differs not much by any state-of-the-art solver
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Thank you


