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Introduction

@ Stochastic multi-armed bandits
@ Boundary crossing probabilities

@ Analysis for exponential families
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Stochastic multi-armed bandits



Application examples

Clinical trials

» K possible treatments (unknown effects)

@ G -

» What treatment allocate to each patient, depending on
observed effects on previous patients?

Online advertising
> K ads that can be dis

>

played
Gat ; [—

GUERLAIN
HOMME

4

Pp

L = N

» What ad show to each user, depending on observed clicks
from past users?

AT
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The stochastic Multi-Armed Bandit setting

. Set of choices A. Each a € A is associated with an un-
Setting 1 own probability distribution », € D with mean /..

The game is sequential: At each round t > 1,

Game
» the player first picks an arm A; € A based on
previous observations.
> then receives (and sees) a stochastic payoff Y; ~ va,.
T
Goal Maximize the cumulative payoff E lz Yt] or equivalently
t=1

minimize the regret at round T:

-
Rt def Ty —E [Z Yt] where
t=1

= max{u,;a€ A}, a* cargmax{p,;ac A}.

peoo=
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Applications of Bandits

What power to
inject in the
electrical network?

What book to

display? What drug is the most

efficient?
(+Few

interactions) (+Economic/Human cost)

(+Fast decisions)

How to organize
future cities?

What news to
display?

What action to choose?

(+Risk Aversion) (+Long-term

decisions)

(4Short lifespan)
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Core problem

DECISION MAKING UNDER
UNCERTAINTY

EXPLORATION VERSUS EXPLOITATION

» Sample more information or trust current estimates ?

OPTIMISM IN FACE OF (MODELED) UNCERTAINTY

» Build empirical confidence bounds on value. Choose point
with highest value.
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Some historical facts

» 1933: Introduction by Thompson ("Bayesian" way)
» 1952: Frequentist formalization by Robbins.
» 1985: Lai and Robbins’ first lower-performance bounds.

» 1996: Burnetas and Katehakis get general lower-performance
bounds.

» 2002: Upper-Confidence Bound (UCB) algorithm gets first
non-asymptotic guarantee.

» 2010+: Provably optimal strategies KL-UCB, D-MED,
Thompson Sampling for specific distributions.

» This talk: Extension to general exponential families.
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Typical performance guarantees

Lower bound (Burnetas and Katehakis 96)
For all "consistent" algorithm, for arbitrary D C P(]0, 1])

..o Rt P — Ha
lim inf > ,
T—oo log(T) = 2= Kinf(va, pix)

where Kinr(va, i) = inf{KL(va,v) : v € D,E,[Y] > s}

Upper bounds (Cappe, Garivier, M., Munos, Stoltz 2013)

KL-UCB achieves for specific D (e.g. 1-dim exponential families):

Mx — Ha 2/3
Rr < S 22 16g(T) + olog(T)?/3.
T ;Kinf(yaaﬂ*) g(T) g(T)
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The KL-UCB algorithm

Pull arm A;41 that maximizes the upper bound

sup{Ey[Y]: veD, KL(”D(/V\&Na(t)),V) < f(t) }

> I/j\avn = %an:]. 6Xa,m' Na(t) = ZEZI ]I{As = a}'
> Mp : M1(R) — D projection on D.
» f: N — R non-decreasing. .

Build empirical distribution for arm a.
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The KL-UCB algorithm

Pull arm A;41 that maximizes the upper bound

sup{Ey[Y]: v eD, KL(HD(Da,Na(t)),V>§ f(t) }

where

> /V\avn = %EIFIHZI 5Xa,m' Na(t) = ZEZI ]I{As = a}'
» Mp : M1(R) — D projection on D.
» f: N — R non-decreasing. .

Project it on D.
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The KL-UCB algorithm

Pull arm A;41 that maximizes the upper bound

SUP{EV[Y]: v €D, KL(”D(DayNa(t)),V) < f(t) }

where
> Van = %er;yzl 0Xo,mr Na(t) = a1 I{As = a}.
» Mp : M1(R) — D projection on D.
» f: N — R non-decreasing. Threshold.

Consider all v € D close to this distribution.
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The KL-UCB algorithm

Pull arm A;41 that maximizes the upper bound

sup{Ey[Y]: veD, KL(HD(Da,Na(t)),V>§ f(t) }

where

> /V\avn = %EIFIHZI 5Xa,m' Na(t) = ZEZI ]I{As = a}'
> Mp : M1(R) — D projection on D.
» f: N — R non-decreasing. .

Compute the maximal mean of these candidate distributions.
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The KL-UCB+ algorithm

Pull arm A;41 that maximizes the upper bound

f(t/Na(t))}

sup{E,,[Y]: v eD, KL(”D(I//\a’Na(t)),V> < NA(D)

> /I/\a’n = % 2121 5Xa,m' Na(t) = 2521 ]I{AS = a}'
> Mp : M1(R) — D projection on D.
» f : N — R non-decreasing.
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From Regret to Boundary Crossing Probz

The regret is given by ,_()L (b)
Rr = () EIN(TY] < S (0 ) 1o Glog (1)
? 7 Kinf (Va, pts)
acA acA inf\¥as Fox

Let 0 < e < min{u* — pa, a € A}. Then, the number of pulls of a
sub-optimal arm a € A by Algorithm KL-UCB satisfies

E[N7 2+Z P{KCine (N> (7,0, 1" — €) < F(T)/n}
T—1 (a) Easy term, via Sanov

+ 37 P{Kinr (0P 0 (1)), 15 =€) = F(E)/Nor (£)]}
t=|A|

(b) Difficult: Boundary Crossing Probability
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From Regret to Boundary Crossing Probz

The regret is given by —_
Rr = E[N _18(T) 4 5 1og(7)273
T =2 (W= pa)BNS(T)] < D ("= pa) i ) T og(T)*3.

acA acA !

Theorem

Let 0 < e < min{u* — pa, a € A}. Likewise, the number of pulls
of a sub-optimal arm a € A by Algorithm KL-UCB?" satisfies

E[N7 2+—§: {Kint (Mp(Pa,0), 1" = €) < F(T/n)/n}

T-1 (a) Easy term, via Sanov

+ 37 P{Kinr (Mp(Pae 0 (1)), 1° =€) > F(E/Nor (£))/ N (£) } -

t=|A|

(b) Difficult: Boundary Crossing Probability
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Exponential families

& parametric family of distributions of the form
vg(x) = exp ((0, F(x)) = v(0) )ro(x) ,
» F: X — RK, vy € P(X): reference function/measure.

>0y {9 c R (0) < oo} natural parameter.

where

> () et Iog/ exp ((9, F(x)))yo(dx): log-partition function.
X

» Bernoulli: X = {O 1}, F:x—=>x(K=1),0p=
¥(0) = log(1 + €). B(u): parameter 0 = Iog(u/(l — n)).
» Gaussian: X =R, F:x — (x,x?)(K =2), ®p = R x R,

__ % 1 —r 2y.
P(0) __E+§|°g(9_2)' N (u,0°): parameter 6 = (027W)
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Basic properties of regular exponential families

> By, (F(X)) = Vi(0)
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Basic properties of regular exponential families

> By (F(X) = V(o)
> KL(vg,up) = BY(0,0) = (0~ 0,90(6) — 9(0) + 0(0)).

Bregman div. natural  dyal
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Basic properties of regular exponential families

> By, (F(X)) = Vi(0)
| 2 7)) = w / — _p _ /
KL(vy,ve) BB (0,9&) (0 : HI,V;M?» P(0) + 9 (6").
regman div. natura ua

» Estimation for regular family:
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Basic properties of regular exponential families

> By, (F(X)) = Vi(0)
| 2 ;) = 1/) / — _p _ /
KL(vy,ve) BB (9,9&) (0 : HI,V;M?» P(0) + 9 (6").
regman div. natura ua

» Estimation for regular family:
> Let {X,'},'gn ~ Vgx, Up = %Z?:l 5Xi'
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Basic properties of regular exponential families

> By (F(X)) = V()
> KL(vg,vp) = BY(0,6') = (0 —0,Vu(8)) — v(0) +¥(9).
Bregman div. natural  dyal
» Estimation for regular family:
> Let {X },<n ~ Vgx, Up = %27:1 5Xi'
Fo S 1500 F(X) = B (F(X)) € Vi(©p)

In the sequel, we would like to have
Ne(Darn) = vy for some 0, € O¢.
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Technical assumption: Well-defined empirical®pa

We assume that 6* € © and F, € V(©,) where

» O is convex
» Neighborhood ©,, C é/ where
> Oy, = {0 :infocolld —0'|| < 2p}
> 0, {0 € 0s 5 0 < Mrn(V26(0)) < Auax(V20(6)) < o0,
with Ayryuax(M): min/max eigenvalues of a sdp matrix M.
> 2p < p*=d(0%,0f)

H*GGCGQpCé/C@g J

Then we can form Mg(U p) = v with 5,7 €0, and

Kint (Mo (P ), * = €) = Inf (B (0. 0) : By [X] > pt* — ¢}
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Boundary crossing probabilities

for general exponential families



B {Kine (Me(Pae o)), 17— €) > F(/ N (8))/Non(£)} <

Po+{ | inf{BY (0, 0) : Euy[X] > p* — £}> £(t/n)/n}

n=1

E.g. for canonical exp. family of dimension 1:

Unique 6 = 6% € R such that E,, [X] = p* — ¢, thus:

PG*{O BY(0,,0%) > f(t/n)/n}

n=1

We want this to be o(1/t) for well-chosen f. |
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Known results

Theorem (Cappé, Garivier, M., Munos, Stoltz 2013)

For canonical (F(x) = x € X) exp. families of dimension K = 1:
t
B {{U B0, 0%) > £(8)/n} < e[f()log(t)]e~").
n=1

For f(x) = log(x) + £ log log(x), the bound is O(w).
A similar result is shown for discrete distributions.

> Requires £ > 2, while experiments shows & < 0 still works
(and even better).

» Only for threshold f(t)/n, does not work for f(t/n)/n.
» Consider 0*: does not take advantage of ¢ > 0.
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Forgetted result

Theorem (Lai, 1988; exponential family of dimension K)

For~ € (0,1) let C,(0) = {¢' € RK: (¢/,0) > ~|0||¢|}. Then, for
f(x) = log(x) + & loglog(x) it holds for all 6T € ©, such that
|07 — 6%|% > &, where 6; — 0, t§; — 00 as t — o0,

Pg*{U 0,€0,NBY(0,,0") > f(t/n)/n NV(0,)— V(o) eC, (6T —6*

n=1

—

t

*|—2
t—200 O(‘QT —0 ‘ Iog—§—1+K/2(t’9’[ _ 9*|2)> )

» £ > K/2—1is enough.
» For f(t/n)

» Blue term

» Asymptotic

"Boundary crossing problems for sample means", 1988.
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lllustrative experiment on Bernoulli distributions

70 : : : : ,_.
MUCB+(20) - . ¥
KUCB+-0.5)

60 I |fkuce+00)

{1 KIUCB+(24)

"“'--.: , . L
0 500 1000 1500 2000 2500 3000 3500 4000 4500

Regret as function of time for KL-UCB and KL-UCB+
(mean and quantiles).
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» Explain the proof technique for this result:
@ Peeling (standard) and covering
@ Change of measure argument
@ Localization + change of measure
@ Concentration (standard)
@ Fine tuning (gain log? factor)
» Show that Lai's theorem can be made non-asymptotic, and
used to control the general case.
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Analysis and proof technique.

(up to some details for presentation purpose)

P+ { Urcnce On € O, 0 Kine(Ne (Vs o), 1" — €) > F(t/n)/n }
En




l. Peeling

Let np=1<n; <---<n,=t+1forsomel; € N,.

li—1

Pe*{ U En}<izgl%*{ U E,,}.

1<n<t ni<n<nj1

For some b > 1 and 8 € (0,1), use:

i<t  Tlog, (Bt + B)]
Yt tifi=1,

(valid sequence since nj,_; < b'98s(Bt+A) <t 41 =n,)
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Il. Cone covering

@ First:

’Cinf(ng(ﬁa*,n)a M* - 5)

inf{BY(0,,0): 0 € Og, g > pi* — e}
= inf{BY(0,,0" — A): 0" — A € Og, pge_p > pi* —e}

) =BY(0* — 1,0%) — (A, V(6" — A) — Vi(B,))

shift

Odalric-Ambrym Maillard

Bandits
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Il. Cone covering

Consider half-cone C.(A) = {O’GRK o, >>~,H9/||||Ay|},

then set {Ac}1<c<c,  of directions s.t. RK = U Cy(Ac).

» Cy(A) invariant by rescaling of A: We can choose Ac small
enough so that 0* — A, € ©,,.

» C1 =2, C, k — oo when v — 1.
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Il. Cone covering

L4 Kinf(ng(l//\a*,n)a M* - 5)
= inf{BY(0,,0" —A): 0" — A € Og, pgr_p = pu* — e}
< BY(0,,0" — D) VO — A €O, pigr—a. = p* — e, ¢ € [Cy k]

e Thus ]P’g*{ U En}gmcin%(IP’g*{ U E}

ni<n<njiy1 c’'=1 ni<n<njy1
where  Epoo = {5,, €0, N V(8" — Ac) - Fy € Cy(AL)

Bd’(gm 0* — A) > f(t/”) }

Ep.c.c is almost the event appearing in Lai's theorem. J
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Recap of steps I. Il.

li—1

IP’Q*{ U } Zmln ZIF’g*{ U En,c,c'}-

1<n<t ni<n<nji1
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I1l. Change of measure

Lemma (Change of measure)

If n — nf(t/n) is non-decreasing and 6* — A. € ©,, then

2n,~f(t/n,~)>

o
IP’G*{ U E,,7C7C/} < Cexp < — E’v,ﬁg — Y0cV, v
P

n;<n<nji1

XP@*_AC{ U En,c,c’} )

ni<n<njti

where v, = infoco, A (V29(0)), V), = supgeo, Amax(V24(6)),
o = [|Ac]].

Concentration of BY(6,,,0* — A.) for distribution g« vs
concentration of BY(6,,0* — A.) for distribution vg«_n,.
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I1l. Change of measure: proof details

» for ni.i.d. variables look at the ratio

dPo-  _ Mi_yvp-(Xk)
dPge_a, N7_ ve—a (Xk)

— e (n< Ac,Frn) — n(¢(9*) — (0 — Ac)))

— ep ( (B, V(O — Ad) — By ) —nBY(0" — A, e*)) .
(a) (b)
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I1l. Change of measure: proof details

» for ni.i.d. variables look at the ratio

dPy.

o exp ( — (D, V(0" — Al) — Fae ) —n BY(0" — A, 9*)) .
d]P)G*—AC .

(a) (b)

» For (b):
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I1l. Change of measure: proof details

» for ni.i.d. variables look at the ratio

dlgi exp ( —n{Ae, V(0" — Ac) — Far ) —n BY (0% — A, 9*)) .
0*—Ac
(a) (b)
» For (b):
BY(6* — A, 6%) > %vpég .
» For (a):

(up to going from A, to AL

)
(B, VOO0~ B) — Fa) > B lIVH(6 - A) - Bl
> v,y — 6"+ Acl|

5 R
> Yoo Vp\/vgw(ena 0* — Ac)
P
2f(t/n)
> 0 .
YOc' Vp V,n
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IV. Localization

» By construction:
V(0" — Ac) — Fr € Cp (Be) &
(Do, V(0" = De) = Fr) 2 [ Ac[[[V(6" — Ac) — Fll

Thus, we look at ||Vi(8* — Ac) — Fal|.
» Decomposition, for some constant ¢ > 0

PO*—AC{ U En,c}

ni<n<njt1

< Bpoad U EncnlIVE(" = Ad) - Full < etic)

n;<n<njt1

(a) Requires some care

+PG*—AC{ U En,c N HVI/J(Q* — ) F H Et,l,c} .

n;<n<nji1

(b) "Standard" concentration
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V. Localized change of measure and co

Lemma (Concentration (admitted))

Under some technical assumption,

n?e?,
b) < 2K — e
(6) exp( 2KV2p”i+1>

For egic = \/ 2KVapmias f(t/nis1) | ghen (b) < 2K exp(—F(t/ni11)).

!

Lemma (Localized change of measure)

For the € ; . considered, we have

(@) < 2o 0 ( — F(t/misn) ) F(e/ma) 2,

2KbVs,

2,2
V5

8K2b2VZ }K/Z

for an explicit constant Cj, , = max { K2)v3

4,
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Po-{ U On € O N Kint(Me(Dar ), 1" —€) > £(t/n)/n}

1<n<t
Cyk -1 ni 2n:£(t/n;)
: — iy, 82 —ySev,y | T
S 5D SR i

c=1 i=0 Change of measure

Peeling+Covering

x e~ f(t/ni+1) [2CCb7pf(t/n,-+1)K/2 + 24

Localized change of measure + Concentration

End of the proof:

» "Change of measure" term kills n; > 52/ log(t62) terms
> Remains e~ (190) £(£62)K/2 / log(t62) ~ 2L, log(t52)~€+K/2-1
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lllustrative experiment on Bernoulli distributions

70

KIUCB+(-0'"

60 |
KIUCB(3.
50 |
40 |
30 |

20

ey —

0 500 1000 1500 2000 2500 3000 3500 4000 4500

Regret as function of time for KL-UCB and KL-UCB+
(mean and quantiles).
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Back to V.(a) Localized change of measure

Po—af{ U EncnlIVH(O =B = Fall < eric)

ni<n<njyi

> let0: o - co,
> Ene C {0, €0,NBY@0,,05) > f(t/n)/n}.
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Back to V.(a) Localized change of measure: ide

Change of measure from Py: to the mixture Qg(-) = [pcgPo(-)

where
2f':l',i,c

B = ©,, N Ball(6?,

vy )
» We have Ball(f,, min{gtv’;’ﬂp}) C BC O3,
» Study for n iid points the ratio

dPg . n',Z:lVe/(Xk) /
e o, 90
dQp oeg MP_qve(Xk)

_ [/eleB exp (n<9’ — 0, Fae ) — n((0) — (8)) )d&’] N

h(6")
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Back to V.(a) Localized change of measure: idea

Studying h, it comes for §' € ©,,
hO) > nBY(6,,0) - g(e' —8,)V2(B)(0 — )

> f(t/n)— g||9’ - §n|]2V2p (convexity of ©,)

Thus using that Ball(d,, min{gtv’—;‘,p}) CB

dPy n ~
zo < f _ /o R 2\/ > /
g [/”p( (t/n) = 516" = 6|12 Vs, d@]
-1

< eff(t/niﬂ) [/ exp < Rit || H2V2p> 1 )
x€Ball(0,min{p, 1<)

-1
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Back to V.(a) Localized change of measure: ide

Thus for our event of interest €,

-1

PGQ{Q} < e—f(t/ni+1) / . o e_niTH|X|2V2de /]PQ/{Q}C!G/,
Ball(0,min{p, 2L 1}) B

‘P —_—
<|B|

Volume of a Gaussian ball

And after some easy computations

(K + 2)Vp2 }_K/22K K

Pe;{Q} < 2exp ( - f(t/ni+1)) min {02V§»€%,i,c, Kni 1 Vs tii,ce
1 P

. 2KVa,ni1 f(t/n;
We conclude using ¢y c = \/ 20001 (t/niv1) d

n;
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Conclusion

For a general exponential family £, known, we can*

» Exhibit a concentration of measure for the Bregman
divergence induced by the family:
» in finite time.
» for all dimension K.
» powerful proof technique.

» Get fine understanding of the threshold
f(x) = log(x) + & loglog(x)
» improve over existing work: £ > K /2 — 1 is enough + hold for
all K + KL-UCB+ as well.
> closely follows what is observed in experiments

> ... show this was known 30 years ago by Lai.

... but we still need to know the family &£.

* we skipped some regularity restrictions on &£.
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20 +
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0 £

0 500 1000 1500 2000 2500 3000 3500 4000 4500

Regret as function of time for KL-UCB, KL-UCB+ and BESA
(mean and quantiles)

BESA does not know the family £.
"Sub-sampling for the multi-armed bandit", A. Baransi et al. 2014
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» Looking for Interns, PhD candidates, collaborations...

Thank you
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