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o Brownian motion with discontinuous drift

e The two-skew Brownian motion
© Generalized and retrospective rejection sampling schemes

@ Some numeric examples



BM with discontinuous drift

Real valued Brownian diffusion with discontinuous drift

Let b € CH(R ~ {0,z}),

[dX = b(X) dt +dW,, t€[0.T] — P, 2(C(0. TLR))]|

Example: Intensity of the jumps:

g, = DO —b(07) )

b(z*) — blz")
2

2

Value at the discontinuities:

b(z") + b(z7)
2

+ —
b(0) = W’ b(z) =

Aim (Exact simulation of P)

One can sample directly from P, without approximating b by continuous
drifts.




BM with discontinuous drift

Exact simulation, retrospective rejection sampling scheme

For b € C}(R) [Beskos, Roberts, Papaspiliopoulos (2008)];
The exact simulation scheme consists in

e Qe Z(C([0, T];R)) easy to sample from,
@ a functional of the path of the form fOT o(Xe)dt with 0 < o < M,
such that

Py(dX) x e~ Jo (X9 q(gx)
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Proposition (Retrospective rejection sampling)

@ Simulate a Poisson Point Process on the rectangle [0, T] x [0, M]
with intensity A = 1, and obtain {(t;,yi;), i=1,...,N}

@ sample the marginals (Xy,)i<n under the measure Q. Obtain (x;)i<n

© accept if y; > p(x;) for all i, otherwise reject and repeat.

Output: the finite-dimensional marginals of Pp:

{Xt1)Xt27"'7XtN7XT; OS tl < t2 < ... < tNS T}



BM with discontinuous drift

Exact algorithm if the drift b has two (or more) jumps

@ It is easy to find £, but not to sample from it.

Q(dX) x eB(XT)=B(Xo)—01 LT (X) 62 L7(X) P(dX), B(x):= /X b(u)du.
0

@ The function ¢:= 3(b*>+ b') + c a.e., c constant such that ¢ > 0.
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Suppose 6, = 0. 9 is BM conditioned on (X1, L% (X)) ~ h(y, ()dy d?

h(y,0)dy dl o exp (B(y) — B(xo) — 61 0)P(Xt € dy, L% € d?).

Remark (Two approaches)

@ Obtain the rejection sampling as the limit of rejection sampling
schemes for one-skew BM with drift b. [Etoré and Martinez (2013)]

@ Sample jointly Brownian motion and its local times
[Papaspiliopoulos, Roberts and Taylor (2015)]




The (B1, B2)-skew BM

Heuristics on the (51, #2)-skew BM

Let B, f € [-1,1]

0 z
|

[ [
1-p 1453
2 2

«—

dXe = dW, + pdt + By dLY(X) + B2 dLE(X);
LX) = [y Ix—oydLAX), L3i(X) = [y Ix—rydLE(X)

(0.3,0.7)-SBM with drift p=1
Example:
y e p*00(1,05, ) 7
is the density of X; where 1
(Xt)¢ is the (0.3,0.7)-skew 0.2 -
BM with drift ;1 = 1 starting
at Xo = 0.5.

B:1=0.3




The (B1, B2)-skew BM

The transition density of the (51, 5)-skew BM

Proposition (without drift)

p(ﬂhﬁz)(t’ x,y) = p(t,x,y) - V(ﬁhﬁz)(t,X,y)

where z is the distance between the barriers,

0o 4
V) (£ x,y) = S (~ i kzcj(y)e—we ey 222
k=0 j=1
aly)=1 ai(x,y) =0
a(y) = (210,100 (y) -1)p a(x,y) =yl + x| = |y — x|
a(y) = (2l o) (¥) — 1) B2 a3(x,y)=ly —zl+ly —z| = ly — x|
al(y) = (1 21y, z) ) )) B1S2 as(x,y) = 2(z — max(x,y, 0))+ + 2 (min(x, y, z))+



The (B1, B2)-skew BM

Representation of the transition density

B1 =02 B =05 p=05

L1+ B)(1— B)e™ 0<x<z

(1= B1)(1 — B2)e?™ x <0,
Let k( ) =
L1+ B1)(1 + B2)e?™* x>z

Lemma

The infinitesimal generator L is self adjoint in L?>(k(x)dx), and

1
PR Iex,y) = 5 [ G (x,yiN)a

where I is a complex contour of o(L) C (—o0,0],
and Gl(fjl’ﬁz) is the Green's function of the resolvent (A — £)~1.

If & =0, this is known as the Titchmarsh-Kodaira-Yoshida method.



The (B1, B2)-skew BM

The Green's function for the (51, 52)-SBM with drift

Let y € R and A € C\ (—o0, 0], the Green's function solves

{()\ — L)G(x) = 81,3 (x), G € C(R\ {0,2}) N C(R)
k(0T)u'(07) = k(07)u'(07), k(zM)u'(zT) = k(z7)u'(z7).

Let the change of variable: A +% \/2X + w?=:we{veCR(v)>0}

Lemma (The Green's function)

e(y=x) S Gk, yi w)em Wby

G(,Bl,ﬁz) ; _ .
a by w) w o B1Bae2% (w2 — 1i2) 4+ (w + Brp)(w + Bapr)

6i(1, ys w) = w?cio(y) + wigi(y) + 12c2(y), where
c0=1, ca,1=p1+p c2 = BB
2,0 = (2Ljp,100)(¥) — 1) A1 o1 =—P1— a0 02 =130

c3,0 = (2]1[2 +oo)(y 1) B2 a1 =—P2+ cp a2 = —P202,0
Ca0 = (1 - 2]1[0 z)(y )/3152 a1 =0 C42 = —C40-




The (B1, B2)-skew BM

Ideas of the proof

1 1. 2, 1,2 )
pflﬁl’BZ)(t,X,y) _ %/FGZO()\) ta—3n tGl(lﬂLBz)(X’y;@()\))d)\,

and we use techniques of complex analysis:

R
o a+ iR
iR T v \
o(1) L ‘ 1
r oo oo
R i N
_____ .)2_. 677|f[+*l
L c---, pole
5 | L’ S
|/ o(r)
Do) |




The (B1, B2)-skew BM

The transition density for the (1, 32)-SBM with drift

Proposition

pPrP(t, %, y) = pu(t, x, y)v{P (8, x, y)
where the function v}(fﬁ,ﬁz) is given by a series of Fourier transforms.
They involve two functions

w

Jo(w, Bip/t) = \/27Te_“72e%(‘*’+5"/"\/f)2¢c(w + Bipuy/t) with i € {1,2}
2
Ji(w) = —e 7,

evaluated in w € {wj,k = A 1234, ke N}.



The (B1, B2)-skew BM

The explicit representation of transition density...

Let a > 0, —281u, —28,. The function vl([gl’&) which does not depend
on a, admits the following series representation

4

o0
ViR (8, y) = S (—B1Bapt)< S Fiwii, ),
k=0 Jj=1

K “n , : )

F, = En:O (2kk ) n!(Blp‘\/f_ﬁz(Z)\/E)Zkﬁ»lfn jk+h—5,m.,n(wj,k7 a)a if B1 # Ba;
= .

’ (—1)k+17(2k+(f))! Gt hs,mok+1(Wj k> AVE, BLun/t), if 81 = Bo;

where
Y

. . . 2 2
Cjo:=¢o, Cji=npg1+2¢Goea, Cjr:=cjop”+¢ipa+ ¢oa




The (B1, B2)-skew BM

The transition density... completion

<97K.,m.,n(wv Cl) = g4K.m.,n((“)7 Cl\/E, 62/14\/E) - (_1)ngK,m,n(W7 CI\/E, ﬁlﬂ\/E)
57)

G mn(w,a,7) =
(=0

Sin(w,a,7) ZOLZ < )( > W+7)""(a+ 1) T (w,7),

(—1)K (K + m)!

2¢ K +m— 2@)!SK+m725.n(w, a,7)

oleo,7) = Vame 1l on(y 4 7) a=0,
Ji(w) = —e~ 3 g=1,
Ja =\ Zo(w,7)(q ~ 1 = i )Zi_ol(w—&-T)q_”‘_l% g > 2 even,
T(0) S Zplw + 7)1 Mk s ’k), g>3odd,
where 2n+ 1)1 =(2n+1)-(2n—1)-...-3-1, neN.



GRS and RRS

Sample the finite-dimensional distributions of £.

Propagation of the retrospective rejection sampling

Let P{"%) the distribution of the (81, 3,)—skew BM with drift b,

Choosing /8]_ = %, ﬁ2(n) = W and ,u(n) = 91” == b(O)

Pgﬁhﬁz)(dx) o e Jo P(Xe)dt Q(BlaBZ)(dX)
Q(Bhﬁ?)(dx) x exp(B(XT) — B(XO) = /t(n) (XT — XO)) 51 ﬁz)(dX)

PP gi(n) » 0 By

! !

(81,82)
P 1

7 )
(B1,82) ﬂi(n) -0 9



GRS and RRS

Sampling from ) (B1,B2)

The finite-dimensional distributions of Q(%:%2) converge to the
finite-dimensional distributions of £, and are given by the product

N—-1

h(ﬂIBZ)(y) H q;(fl’ﬁz)(th ti+17 Ta )’iy)/i+1»}/)d}/1 e dyNdy7
i=0
where q(ﬁl’BZ) are the bridges of the skew BM with drift and

h(/ﬁl,ﬁz)(y) x eBr)—B(x) p(T,x0,¥) V;(fl’BZ)(T,xo,y)

ql(llﬁl,ﬁz)(t/7 t,T,x,y,x) _ V[&Bhﬁ?)(T —t,y,x) v, 51752)(1. t',x',y)
q(t/at7 T7X/7y7x) Vp(bﬁlngz)(T— t/,X,X)

(517[32)(
Bi — 0, Biw — 60;, i = 1,2 where 0; are the half jumps.

There exists a pointwise limit v(?:92)(t, x, y) of v, t,x, y) for




GRS and RRS

Sampling from Q

The finite-dimensional distributions of Q(%:%2) converge to the
finite-dimensional distributions of 9 given by the product

N—-1

WO () TT %) (8, tisa, T, yi yier, y)dya - . dyndy,
i=0

where g(?1:%2) are the limit of the bridges of the skew BM with drift and
h(91,92)(y) X eB(y)_B(XU) p( Ta X0, }’) V(l91,92)( T7 X0, y)

q ) ('t T, X'y, x) _ VOO (T — ¢y x) V00 (¢ — ¢/ x| y)
q(t', t, T,x',y,x) o v(00.0) (T — ¢/ x' . x)

There exists a pointwise limit v(?192)(t, x, y) of V,SBI”BQ)(t,X,y) for

Bi — 0, Bip — 6;, i = 1,2 where 0; are the half jumps.




GRS and RRS

Generalized rejection sampling method

Rejection sampling method

Instrumental density: g(x)dx of a random variable Y

Goal density: h(x)dx of a random variable X

! MglforallxeR;

g(x)

then X & (Y|U < £(Y)) is an exact simulation if f can be evaluated.

assume M > 0 such that f(x) :=

N

Generalization

If there exists a sequence of functions (f,),
converging pointwise to f at a decreasing rate (6,)n-
Moreover for each x € R f,(x), d,(x) can be evaluated,

then X 2 (Y| 3n: U < £,(Y) - 6,(Y)).




Simulations

Application of the generalized RS method at the 2-SBM

Lemma (Bound, uniform in x and y)
For each term of the series v,&ﬂl’ﬂz)(t,x,y),

)
sup ‘(Vp(bﬂhﬁz)) (tvxv)/)‘ < Ca,.6 e_sz
x,yER k

ct smulation histogram

y = p(=0703)(1,0.5, y) with
drift 4 = 0:

comparison between

-the truncation at the 10
term

-the histogram for 50000 exact
simulations through GRS.




Simulations

Exact simulation of the BM with drift b = 1(q )

The solution of dX; = dW; + 11)(Xt)dt, t € [0, T],
with initial condition Xy = 0.5,

linear kernel density estimation of X;. Bandwidth=0.1

— Exact
-~ Euler10™®
Euler 102
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0.3F
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0.1F
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-4 -2 0 2 4 6

0.0




Simulations
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Simulations

Sampling from the finite-dimensional distributions of

h(®1.02) () Coo.T 7 o= Y55 oB(y)—B(x) V09T xq, y)
= s e v _ s 20> ’
po(%7X07.y) m e \/( T)
cr )
where Cp ,, 7 is the normalizing constant for the density h(%1:02)
BT o
and < —-%— is an upper bound for B(y) — B(x) — “Y5+—.
An appropriate choice of ¢, for each specific case, can make the bound
sharper.
g0 (t, T, x1,%,x)  0(t) o(T —t)  vO102)(t, xq, x) v(01.02)(T — t, x, x5)
q(t, T, x1,x,x)  v(01.92)(T x, x0) (1) W(T — 1)

B £, (x)



Simulations

Another example

The solution of dX; = dW; + b(X;)dt, t € [0, T]; with initial condition
Xo = 0.5 for a piecewise continuous drift

—2 cos(x) x <0
b(x) = { sin(x) 0<x<1,
cos(x — 1) +sin(l) x>1

linear kernel density estimation of X ;. Bandwidth=0.17

The drift b oy LB

035} -~ Euler10®
Euler 1072
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