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1 The problem: approximation of F (Θ)
1.1 Statement, objectives

X (Ω,F,P): probability space

X (E, |.|): separable Banach space

X a F ⊗B(Rd)-measurable mapping (ω, x) ∈ (Ω,Rd) 7→ F (ω, x) ∈ E, continuous
in x for a.e. ω

X Θ : Ω 7→ Rd be a F-random variable.

Our aim:

X FN and ΘN are some approximations of F and Θ

X control in Lp the error ω ∈ Ω 7→ FN (ω,ΘN (ω))− F (ω,Θ(ω))

X non asymptotic error estimates

X Strong approximation rates: crucial for Multi-Level Monte Carlo methods
[Heinrich ’01, Giles ’08, Glynn-Rhee ’12]

�

Θ and F may be dependent.
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1.2 Application to unbiased simulation of E(f(F (Θ)))

Theorem (adaptation of Glynn-Rhee ’12). Assume

X F (θ) ∈ Rq and f Lipschitz bounded;

X the computational cost for simulating FN (ΘN ) is O(N) as N → +∞;

X strong approximation at order r > 0 in any Lp∥∥FN (ΘN )− F (Θ)
∥∥

Lp
≤ cpN−r, ∀N ≥ 1,∀p ≥ 1;

X Nl := 2l and L d
=G(2−γ) (for γ > 1), independent from (FN (ΘN ))N≥1.

Then, Z := f(FN0(ΘN0)) +
∑L

l=1
f(FNl (ΘNl ))−f(FNl−1 (ΘNl−1 ))

P(L≥l) is such that

X No bias: E(Z) = E(f(F (Θ))).

X The average computational cost for simulating Z is finite.

X Z has a finite Lp-moment (p > 1) provided r > γ(1− 1/p)

à MC confidence Intervals given by von Barh-Essen inequality, rate
M1−1/p.
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1.3 Examples of F (θ) with processes at random times

Typically, (F (t))t≥0 for the process and Θ ≥ 0 for the random time.

1.3.1 When Θ is stopping time

Examples.

X Skorokhod Embedding Problem: given a distribution µ on R, find a
stopping time τ s.t.

µ
d
= Mτ

where M is a given scalar martingale.

[Skorokhod ’61, . . . , Azema-Yor ’79, . . . , overview by Obloj ’04]
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X Exit time position from a domain D: approximation of

Xτ

where τ = inf{t ≥ 0 : Xt /∈ D}.
[Recent Lp-approximations by Bouchard-Geiss-G’ 16]

X Dambis, Dubbins-Schwarz Theorem and other time-change:
representation of continuous local martingales by time-changed Brownian
motion

Mt = β〈M〉t .

X Basic controls when Θ and ΘN are stopping times: from BDG
inequalities when M martingale

‖MΘN −MΘ‖Lp
≤ cp

∥∥∥∥∥∥
√∫ Θ∨ΘN

Θ∧ΘN
d〈M〉t

∥∥∥∥∥∥
Lp

≤ cp

∣∣∣∣d〈M〉tdt

∣∣∣∣
∞

∥∥ΘN −Θ
∥∥ 1

2

Lp/2
.
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1.3.2 When Θ is not a stopping time

X Process evaluated at its maximum Θ = inf{t ∈ [0, T ] : Xt = max
s∈[0,T ]

Xs}

XΘ ≈ ?

I Discrete time approximation?

I When X is a scalar BM [Asmussen, Glynn, Pitman AAP’95]:

ΘN = inf{ti = iT/N ∈ [0, T ] : Xti = max
tj≤T

Xtj}

and √
N(XΘ −XΘN )

weakly
=⇒

√
T min

i∈Z
R(U + i)

where R is a two-sided BES(3) process and U d
= U(0, 1).

Specifically relies on path-decomposition of BM at its maximum.
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X Process at Brownian time: Iterated Brownian motion

Introduced by [Burdzy ’93] as realization of BM on a random fractal. The
second-order iterated Brownian motion is defined by

Zt = BWt

where

I (Bt)t∈R: two-sided BM

I (Wt)t≥0: usual BM, ind. of B434 J Theor Probab (2014) 27:433–448

Fig. 1 First, second, and third iterations of Brownian motions

and B(t) := B−(−t) if t ≤ 0 is called a two-sided Brownian motion. In this paper
we study the iterations of independent (two-sided) Brownian motions. Formally, let
B1,B2, . . . be a sequence of independent two-sided Brownian motions and, for every
n ≥ 1 and every t ∈ R, set

Wn(t) := Bn

(
Bn−1

(
· · ·

(
B2

(
B1(t)

))
· · ·

))
.

Burdzy [5] studied sample path properties of the random function t %→ W2(t) and
coined the terminology of (second) “iterated Brownian motion” for this object. A mo-
tivation for this study is that iterated Brownian motion can be used to construct a so-
lution to the fourth-order PDE ∂u/∂t = 1

8∂4u/∂x4; see [7]. This model has triggered
a lot of work, see [3–6, 12] and the references therein.

Another motivation is that the process Wn is not a semimartingale (unless n = 1).
Indeed, for n = 2, a simple calculation shows that the quadratic variation of W2 =
B2 'B1 does not exist, but its quartic variation does. Similarly the 2n-variation of Wn

is finite for n ≥ 1. Hence, as n increases, the process Wn becomes wilder and wilder.
Also, Wn is self-similar with index 2−n, i.e.,

(
Wn(αt), t ∈ R

) (d)=
(
α2−n

Wn(t), t ∈ R
)

for all α > 0. See Fig. 1 for a comparison of sample paths of Wn, n = 1,2,3. All
these reasons make one suspect that convergence of the laws of the Wns in a “nice”
function space (e.g., the space of continuous functions) is impossible (see Remark 1).

However, following the principle of Berman saying that wild functions must have
smooth local times (see the nice survey [8]), we prove that the occupation measures
µn of Wn over [0,1] converge in distribution to a random measure µ∞ which can be
interpreted as the occupation measure of the infinite iteration “W∞”. More precisely,
let µn be the random probability measure defined by

∫

R
dµn f =

∫ 1

0
dt f

(
Wn(t)

)
(1)

for every Borel-measurable function f : R → R+. Our main result is a limit theorem
for the sequence (µn)n≥1. Restricting the integration to the unit interval is convenient
and poses no loss of generality due to the self-similarity property of Wn.

Let M be the set of all positive Radon measures on R. Although we focus on the
real line, the interested reader should consult [9] for the general theory of random
measures. Endow M with the topology T of vague convergence, that is, the weakest

Self-similar, stationary increments, α-Holder continuous (with α < 1/4).
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Connexion with PDE of Bi-Laplacian form (or fractional-time derivatives):
If we set u(t, x) = E(f(Zt)|Z0 = x), then it solves

∂tu(t, x) =
∆f(x)√

8πt
+

1

8
∆2u(t, x), t > 0, x ∈ Rd,

u(0, x) = f(x), x ∈ Rd.

[Allouba-Zheng (AoP ’01); Deblassie (AAP ’04); Baeumer, Meerschaert, Nane

(TAMS ’09)]

X Brownian-time SDE

If B is replaced by a SDE X, then Zt = Xx
|Wt| is a Brownian-time SDE (with

similar PDE).

Recent interest in approximating hitting times and positions of Z, and
therefore strong approximations.
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X Fractional Brownian motion in Brownian time

[Zeineddine ’13; Nourdin and Zeineddine ’14] Defined by

Zt = B
(H)
Wt

where

I (B
(H)
t )t∈R: Brownian motion with Hurst parameter H ∈ (0, 1), i.e. centered,

Gaussian, continuous process with covariance function

E(B
(H)
t B(H)

s ) =
1

2

(
|t|2H + |s|2H − |t− s|2H

)
.

I (Wt)t≥0: usual BM, ind. of BH

Stationary increments, self-similar with order H/2, α-Holder continuous with
α < H/2.

X Non-semimartingale model and stopping times

B
(H)
Θ ≈ ?

(previous BDG arguments do not apply anymore).
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E. Gobet - Strong appr. of compound random maps 1.4 Examples of F (θ) with composition of random functions

1.4 Examples of F (θ) with composition of random
functions

X Compound SDEs and SPDEs

2 Stochastic Differential Equations driven by a scalar BM (Wt)t≥0:

dXt(x) = µ(t,Xt(x))dt+ σ(t,Xt(x))dWt, X0(x) = x,

dYt(y) = b(t, Yt(y))dt+ γ(t, Yt(y))dWt, Y0(y) = y.

Under regularity assumptions, the Itô-Ventzel formula yields that
U(t, y) := Xt(Yt(y)) solves a SPDE

dU(t, y) =

(
∂yU(t, y)

b(t, Yt(y))

∂yY (t, y)
+

1

2

(
∂2
yU(t, y)− ∂yU(t, y)

∂2
yYt(y)

∂yYt(y)

)γ2(t, Yt(y)

(∂yYt(y))2

+ µ(t, U(t, y)) + ∂xσ(t, U(t, y))γ(t, Yt(y))

)
dt

+

(
∂yU(t, y)

γ(t, Yt(y))

∂yY (t, y)
+ σ(t, U(t, y))

)
dWt.

Approximation of Xt(Yt(y))?
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X Progressive Stochastic Utilities

[Musiela, Zariphopoulou ’10; El Karoui, Mrad ’13]. Assume x 7→ U(ω, t, x) is
a classic utility function (strictly increasing, concave) s.t.

E (U(t,Xπ
t ) | Fs) ≤ U(s,Xπ

s ), ∀s ≤ t,

for any admissible portolio Xπ.

à The solution (t, x) 7→ U(t, x) solves a second-order fully nonlinear SPDE
that can be solved by composition of stochastic flows.
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X Forward and Backward Euler schemes [Cohort, Mrad, G’, 2016]

Scalar diffusion on [0, 1]: dXt = µ(Xt)dt+ σ(Xt)dWt.

Forward Euler scheme at times ti = i/N :

−→
XN

0 = X0,
−→
XN

ti+1
=
−→
XN

ti
+ µ(
−→
XN

ti
)

1

N
+ σ(
−→
XN

ti
)∆Wti .

Backward Euler scheme [Kunita ’97]:
←−
XN

1 =
−→
XN

1 ,

←−
XN

ti
=
←−
XN

ti+1
− µ(
←−
XN

ti+1
)

1

N
− σ(
←−
XN

ti+1
)∆Wti + σ′x(

←−
XN

ti+1
)σ(
←−
XN

ti+1
)

1

N
.

I Convergence rate for
←−
XN
ti −XN

ti ?
à Composition of two (dependent) Euler schemes

I Allows to save memory by reversing the Random Number Generator and
resimulating the (almost) same paths.

I Useful for Regression based Monte Carlo algorithms (American options,
BSDEs).
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2 Main approximation result for F (Θ)

2.1 General assumptions

(H1) For any p > 0, ∃ α(H1)
p ≥ 0 s.t.

sup
λ≥1

λ−α
(H1)
p

∥∥∥∥∥ sup
|x|≤λ

|F (·, x)|
∥∥∥∥∥

Lp

< +∞.

(H2) ∃ κ ∈ (0, 1] such that ∀ p > 0, ∃ α(H2)
p ≥ 0 s.t.

sup
λ≥1

λ−α
(H2)
p

∥∥∥∥∥ sup
x 6=y,|x|≤λ,|y|≤λ

|F (·, y)− F (·, x)|
|y − x|κ

∥∥∥∥∥
Lp

< +∞.

(H3) For any p > 0, ∃ α(H3)
p ≥ 0 and a non-negative sequence (ε

N,(H3)
p )N≥1 s.t.

sup
λ≥1

λ−α
(H3)
p

∥∥∥∥∥ sup
|x|≤λ

|FN (·, x)− F (·, x)|
∥∥∥∥∥

Lp

≤ εN,(H3)
p , ∀N ≥ 1.

Workshop Numerical methods for SDEs and SPDEs - Lille - June 2, 2016 page 14



E. Gobet - Strong appr. of compound random maps 2.1 General assumptions

(H4) For any p > 0, there exists a non-negative sequence (ε
N,(H4b)
p )N≥1 s.t.

sup
N≥1

[
‖Θ‖Lp ∨

∥∥ΘN
∥∥

Lp

]
< +∞,∥∥ΘN −Θ

∥∥
Lp
≤ εN,(H4b)

p , ∀N ≥ 1.

Theorem (general result). Assume (H1-H2-H3-H4). Then for any p > 0

and any p2 > p, there is a constant c independent on N such that∥∥FN(ΘN)− F(Θ)
∥∥

Lp
≤ c

(
ε
N,(H3)
2p + [εN,(H4b)

κp2
]κ
)
.

Corollary (rule of thumb). If

X FN − F "=" O(N−γF ) in any Lp,

X ΘN −Θ = O(N−γθ ) in any Lp,

the order of Lp-convergence of FN (ΘN )− F (Θ) is γF ∧ (κγθ).
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2.2 Simplified assumptions

How to get uniform estimates from local ones?

Theorem. Let p > d. Assume that

X G is F ⊗B(Rd)-measurable mapping (ω, x) ∈ (Ω,Rd) 7→ G(ω, x) ∈ E,

X G is continuous in x for a.e. ω,

X G(x) is in Lp for any x,

X there exist constants C(G) ≥ 0, β(G) ∈ (d/p, 1] and τ (G) ≥ 0 s.t.

‖G(x)−G(y)‖Lp
≤ C(G)|x− y|β(G)

(1 + |x|+ |y|)τ(G)

, ∀(x,y) ∈ Rd ×Rd. (1)

Then, for any β ∈ (0, β(G) − d/p), we have

sup
λ≥1

λ−τ
(G)−β(G)+β

∥∥∥∥∥ sup
x6=y,|x|≤λ,|y|≤λ

|G(y)−G(x)|
|y − x|β

∥∥∥∥∥
Lp

< +∞,

sup
λ≥1

λ−τ
(G)−β(G)

∥∥∥∥∥ sup
|x|≤λ

|G(x)|
∥∥∥∥∥

Lp

< +∞.
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3 Applications of the main convergence result
3.1 Strong approximation of compound SDEs

X Standard probability space (Ω,F,P) supporting two q-dimensional standard
BM W = (W 1, . . . ,W q) and B = (B1, . . . , Bq) on [0, T ].

X
�

W and B may be dependent.

X Two Rd-valued stochastic processes X and Y , solutions of the SDEs (with
Lipschitz coefficients)

dXt(x) = µ(t,Xt(x))dt+

q∑
i=1

σi(t,Xt(x))dW i
t , X0(x) = x,

dYt(y) = b(t, Yt(y))dt+

q∑
i=1

γi(t, Yt(y))dBit, Y0(y) = y,

X Denote by XN
T (x) (resp. Y NT (y)) the related Euler scheme with time step

T/N .

Aim: approximation of Xt(Ys(y)) by XN
t (Y Ns (y)).
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Working assumptions for X

(HP1) The coefficients µ and σ are Lipschitz continuous in space uniformly in
time: ∃CX s.t. ∀t ∈ [0, T ] and x, y ∈ Rd |µ(t, x)− µ(t, y)| ≤ CX |x− y|, |µ(t, 0)| ≤ CX ,

|σ(t, x)− σ(t, y)| ≤ CX |x− y|, |σ(t, 0]| ≤ CX .
(HP1)

(HP2) µ and σ are continuously space-differentiable functions such that their
derivatives are δ-Hölder for a certain exponent δ ∈ (0, 1]: |∇xµ(t, x)−∇xµ(t, y)| ≤ CX,∇|x− y|δ, |∇xµ(t, x)| ≤ CX,∇,

|∇xσ(t, x)−∇xσ(t, y)| ≤ CX,∇|x− y|δ, |∇xσ(t, x)| ≤ CX,∇.
(HP2)

(HP3) µ and σ are αX -Hölder continuous in time, locally in space:

|µ(t, x)− µ(s, x)|+ |σ(t, x)− σ(s, x)| ≤ CX(1 + |x|)|t− s|αX

. (HP3)
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(HP4) µ and σ are continuously space-differentiable functions such that their
derivatives are αX -Hölder continuous in time, locally in space:

|∇xµ(t, x)−∇xµ(s, x)|+ |∇xσ(t, x)−∇xσ(s, x)| ≤ CX,∇(1 + |x|)|t− s|αX

.

(HP4)

Working assumptions for Y : (HP1-HP3) are satisfied for b and γ (instead of
µ and σ) with a Holder-exponent αY (instead of αX).

Theorem. The compound Euler scheme XN
. (Y N. ) converges to X.(Y.) in any

Lp-norm, at the order β := min(αX, αY, 1
2 ) w.r.t. N :

sup
s,t∈[0,T]

∥∥XN
t (YN

s )−Xt(Ys)
∥∥

Lp
= O(N−β).

Workshop Numerical methods for SDEs and SPDEs - Lille - June 2, 2016 page 19



E. Gobet - Strong appr. of compound random maps 3.1 Strong approximation of compound SDEs

Sketch of proof

Application of the general result with extra intermediate results.

Proposition. Assume HP1. For any p > 0, ∃Cp,(2), Cp,(3) s.t.

‖Xt(x)‖Lp ≤ Cp,(2)(1 + |x|), (2)

‖Xt(x)−Xt(y)‖Lp ≤ Cp,(3)|x− y|, (3)

for any (t, x, y) ∈ [0, T ]× Rd × Rd.

Corollary (From local to uniform estimates). Assume HP1. For any
p > 0 and any β ∈ (0, 1), ∃Cp,(4), Cp,(5) s.t.

sup
t∈[0,T ]

∥∥∥∥∥ sup
|x|≤λ

|Xt(x)|
∥∥∥∥∥

Lp

≤ Cp,(4)λ, ∀λ ≥ 1, (4)

sup
t∈[0,T ]

∥∥∥∥∥ sup
x 6=y,|x|≤λ,|y|≤λ

|Xt(x)−Xt(y)|
|y − x|β

∥∥∥∥∥
Lp

≤ Cp,(5)λ1−β , ∀λ ≥ 1. (5)

These estimates are also valid for XN .
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Proposition. Assume HP1 and HP2. For any p > 0, ∃Cp,(6) s.t.

‖∇Xt(x)−∇Xt(y)‖Lp ≤ Cp,(6)|x− y|
δ (6)

for any (t, x, y) ∈ [0, T ]× Rd × Rd.

Corollary (From local to uniform estimates). Assume HP1 and HP2.
For any p > 0 and any β ∈ (0, δ), ∃ Cp,(7), Cp,(8), Cp,(9) s.t.

sup
t∈[0,T ]

∥∥∥∥∥ sup
|x|≤λ

|∇Xt(x)|
∥∥∥∥∥

Lp

≤ Cp,(7)λδ, ∀λ ≥ 1, (7)

sup
t∈[0,T ]

∥∥∥∥∥ sup
x 6=y,|x|≤λ,|y|≤λ

|∇Xt(x)−∇Xt(y)|
|y − x|β

∥∥∥∥∥
Lp

≤ Cp,(8)λδ−β , ∀λ ≥ 1, (8)

sup
t∈[0,T ]

∥∥∥∥∥ sup
x 6=y,|x|≤λ,|y|≤λ

|Xt(x)−Xt(y)|
|y − x|

∥∥∥∥∥
Lp

≤ Cp,(9)λδ, ∀λ ≥ 1. (9)

Workshop Numerical methods for SDEs and SPDEs - Lille - June 2, 2016 page 21



E. Gobet - Strong appr. of compound random maps 3.1 Strong approximation of compound SDEs

Euler scheme errors, uniformly in the starting point

Theorem. Assume HP1, HP2, HP3, HP4 and set βX = min(αX , 1
2 ). Then,

for any p > 0, ∃Cp,(10) s.t.

sup
t∈[0,T ]

∥∥∥∥∥ sup
|x|≤λ

|Xt(x)−XN
t (x)|

∥∥∥∥∥
Lp

≤ Cp,(10)

NβX
λ2, ∀λ ≥ 1. (10)

The rest of the proof of sups,t∈[0,T ]

∥∥XN
t (Y Ns )−Xt(Ys)

∥∥
Lp

= O(N−β) follows by
applying the main theorem. �
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3.2 Strong approximation of stochastic processes

3.2.1 The case of semimartingales at random times

Let (Mt)t≥0 be a Rd-valued continuous martingale, which componentwise bracket
is of the form 〈M (i)〉t =

∫ t
0
m

(i)
s ds for a progressively measurable process m(i)

bounded by C(M).

Proposition. The measurable mapping (ω, t) 7→Mt(ω) satisfies (H1-H2) for
any κ ∈ (0, 1

2 ).

Proof. Follows from local estimates ‖Mt −Ms‖Lp ≤ C
(M)
p |t− s|1/2.

Theorem. Let θN and θ be random times with finite moments at any order,
uniformly bounded w.r.t. N . For any p > 0, any κ ∈ (0, 1/2), ∃ cp,κ s.t.

‖MθN −Mθ‖Lp
≤ cp,κ

∥∥θN − θ
∥∥κ

Lp/2
.

�

Remind that in the case of stopping times, we can take κ = 1
2 .
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Corollary (approximation of the maximum). Set

Θ = inf{t ∈ [0, T ] : Mt = max
s≤T

Ms}

and
ΘN = inf{ti = iT/N ∈ [0, T ] : Mti = max

tj≤T
Mtj} :

we have
‖MθN −Mθ‖Lp

= O(N−κ)

for any κ < 1
2 .
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3.2.2 The case of non-semimartingales at random times

Example (Fractional Brownian motion).

X (BHt )t∈R: Brownian motion with Hurst parameter H ∈ (0, 1).

Centered, Gaussian, continuous process with covariance function

E(BHt B
H
s ) =

1

2

(
|t|2H + |s|2H − |t− s|2H

)
.

X Mandelbrot and van Ness representation (1968):

B
(H)
t =

1

Γ(H + 1
2 )

∫ t

−∞

[
(t− s)H− 1

2 − (−s)H−
1
2

+

]
dBs

where B is a standard two-sided BM.

X Approximation of B(H)
Θ for a random time Θ ∈ [0, T ]?
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By using Randow Walks for B, [Szabados (SPA, ’01)] provides an explicit
continuous approximation of (B

(H),N
t )0≤t≤T (with N = 22m points) and sharp

deviation probability in sup-norm.

Theorem. Let H ∈ (0, 1). Then (B
(H),N
t )0≤t≤T converges uniformly to a fBM

(B
(H)
t )0≤t≤T and∥∥∥∥ sup

0≤t≤T
|B(H),N

t −B
(H)
t |

∥∥∥∥
Lp

= O(N−min(H, 12 ) log(N)).

Since
∥∥∥B(H)

t −B(H)
s

∥∥∥
Lp
≤ c|s− t|H (for s, t ∈ [0, T ]), our main result gives

Theorem. For any random times Θ,ΘN taking values in [0, T ], we have∥∥∥B(H),N

ΘN −B
(H)
Θ

∥∥∥
Lp

≤ c
(
N−min(H, 12 ) log(N) +

∥∥ΘN −Θ
∥∥H

Lp

)
.

Includes Brownian times.
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Save the date: July 5-8, 2016

Website: http://montecarlo16.sciencesconf.org
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Save the date: July 17 - August 25, 2017

Website: http://smai.emath.fr/cemracs/cemracs17/
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