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1 The problem: approximation of F'(O)

1.1 Statement, objectives

v (Q,F,P): probability space
v (&,].]): separable Banach space

v a F ® B(R%)-measurable mapping (w,z) € (2,R?) — F(w,x) € &, continuous
in  for a.e. w

v 0 :Q— R?be a F-random variable.
Our aim:
v FN and ©F are some approximations of F and ©
v control in L, the error w € Q +— FV(w, 0N (w)) — F(w, O(w))
v/ non asymptotic error estimates
v/ Strong approximation rates: crucial for Multi-Level Monte Carlo methods

[Heinrich ’01, Giles 08, Glynn-Rhee ’12]

@ © and F' may be dependent.
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1.2  Application to unbiased simulation of E(f(F(©)))

Theorem (adaptation of Glynn-Rhee ’12). Assume
v F(0) € R? and f Lipschitz bounded;
v' the computational cost for simulating FV(©") is O(N) as N — +o0;

v’ strong approximation at order » > 0 in any L,

HFN(@N) — F(@)HLp <c¢, N7, VN >1,Vp>1;

v N;:=2'and LgS(Q_'Y) (for v > 1), independent from (FN(OY))y>1.
Then, Z := f(FNo(@No)) + Zlel f(FN1(®N1>)IPT(tE£EI_1(G)Nl_l)) is such that
v’ No bias: E(Z) = E(f(F(0))).

v The average computational cost for simulating Z is finite.
v' Z has a finite L,-moment (p > 1) provided » > (1 — 1/p)

m  MC confidence Intervals given by von Barh-Essen inequality, rate
Ml—l/p.
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1.3 Examples of F'(f) with processes at random times

Typically, (F(t));>o for the process and © > 0 for the random time.

1.3.1 When O is stopping time

Examples.

v’ SKOROKHOD EMBEDDING PROBLEM: given a distribution p on R, find a

stopping time 7 s.t.
d
= M,

where M is a given scalar martingale.

[Skorokhod ’61, ..., Azema-Yor ’79, ..., overview by Obloj '04]
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v' EXIT TIME POSITION FROM A DOMAIN D: approximation of
X,

where 7 = inf{t > 0: X; ¢ D}.

[Recent L,-approximations by Bouchard-Geiss-G’ 16]

v' DAMBIS, DUBBINS-SCHWARZ THEOREM AND OTHER TIME-CHANGE:
representation of continuous local martingales by time-changed Brownian

motion

Mt = Bimy, -

v’ BASIC CONTROLS WHEN © AND ©Y ARE STOPPING TIMES: from BDG

inequalities when M martingale

d{M)+

< | lev el

eveN
[Mox — Mol <6, / AMY|  <c
eNneN

o

Ly
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1.3.2 When O is not a stopping time

v' PROCESS EVALUATED AT ITS MAXIMUM O = inf{t € [0,T]: X; = rr%ax] Xs}
se|0,T

X@%?

» Discrete time approximation?

» When X is a scalar BM [Asmussen, Glynn, Pitman AAP’95]:

OV =inf{t, =iT/N € [0,T] : X;,, = max X, }

t,<T 7

and
weakl

VN(Xo — Xgn) =" \/Tmi%lR(U + 1)
(S

where R is a two-sided BES(3) process and U L U0, 1).

Specifically relies on path-decomposition of BM at its maximum.
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v PROCESS AT BROWNIAN TIME: ITERATED BROWNIAN MOTION

Introduced by [Burdzy ’93] as realization of BM on a random fractal. The
second-order iterated Brownian motion is defined by

Zi = Bw,

where
» (Byi)icr: two-sided BM
» (Wi)¢>0: usual BM, ind. of B

‘1 ‘ ‘| i lilmll Il I’J

Self-similar, stationary increments, a-Holder continuous (with o < 1/4).
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Connezion with PDE of Bi-Laplacian form (or fractional-time derivatives):
If we set u(t,z) = E(f(Z;)|Zo = x), then it solves

Af(x)
V8t
u(0,2) = f(z), x¢€R%

1
Oru(t, r) = + §A2u(t,x), t>0,z R

[Allouba-Zheng (AoP ’01); Deblassie (AAP ’04); Baeumer, Meerschaert, Nane
(TAMS ’09)]

v' BROWNIAN-TIME SDE
If B is replaced by a SDE X, then Z; = W, Is a Brownian-time SDE (with
similar PDE).
Recent interest in approximating hitting times and positions of Z, and

therefore strong approximations.

Workshop Numerical methods for SDEs and SPDEFEs - Lille - June 2, 2016 page 9



E. Gobet - Strong appr. of compound random maps 1.3 Examples of F(60) with processes at random times

vV FRACTIONAL BROWNIAN MOTION IN BROWNIAN TIME
[Zeineddine ’13; Nourdin and Zeineddine ’14] Defined by

Z; = BY)

where

> (Bt(H))tER: Brownian motion with Hurst parameter H € (0,1), i.e. centered,

(Gaussian, continuous process with covariance function

1
E(B; "B = 2 (1t + s — [t — s*") .

» (Wi)i>0: usual BM, ind. of B#

Stationary increments, self-similar with order H/2, a-Holder continuous with
a< H/2.

v" NON-SEMIMARTINGALE MODEL AND STOPPING TIMES
H)

(previous BDG arguments do not apply anymore).
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1.4 Examples of F'() with composition of random

functions
v ComPOUND SDEs AND SPDES

2 Stochastic Differential Equations driven by a scalar BM (IW});>0:
dX¢(x) = p(t, Xe(x))dt + o(t, Xy (x))dWe, Xo(x) = =,
dYi(y) = b(t, Ye(y))dt + (¢, Ye(y))dWe,  Yo(y) =y.

Under regularity assumptions, the It6-Ventzel formula yields that
Ut,y) := X¢(Y:(y)) solves a SPDE

b(t,Yi(y))
ayY(ta y)

ath(y)) V2 (t, Yi(y)

L/
+5 (8yU(t, y) = oU(L,y) 0yYi(y)/ (9yYi(y))?

dU(t, y) — (ayU(tv y)

Fult, Ut y)) + @;a(t,U(t,ym(t,n(y)))dt

v(t, Yi(y))
9,Y (1, y)

Approximation of X;(Y;(y))?

+ <8yU(t, Y) + o(t,U(t, y))) dW;.
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v PROGRESSIVE STOCHASTIC UTILITIES

[Musiela, Zariphopoulou ’10; El Karoui, Mrad ’13]. Assume x —> U(w,t, x) 18

a classic utility function (strictly increasing, concave) s.t.
E(U,XT) | Fs) < U(s, XI), Vs<t,

for any admissible portolio X™.

w The solution (t,x) — U (t, x) solves a second-order fully nonlinear SPDE
that can be solved by composition of stochastic flows.
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v FORWARD AND BACKWARD EULER SCHEMES [Cohort, Mrad, G’, 2016]
Scalar diffusion on [0,1]: dX; = p(X¢)dt + o(X)dWr.

Forward Euler scheme at times ¢t; = i/N:
= Xo. Y}i ?thu YN +a 71\7 ) AW

Backward Euler scheme [Kunita *97]:

D= X7
1
KN = XN, (XN — o (XN AW, + o (XN )o(XN, )<

» Convergence rate for %é\[ — Xt]j?
w Composition of two (dependent) Euler schemes

» Allows to save memory by reversing the Random Number Generator and

resimulating the (almost) same paths.

» Useful for Regression based Monte Carlo algorithms (American options,
BSDESs).
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2 Main approximation result for F'(O)

2.1 General assumptions

(H1) For any p > 0, 3 ozz(ng) > 0 s.t.
sup Ao sup |F(-, )] < +o0.
A>1 |lz| <A L
(H2) 3k € (0,1] such that V p > 0, 3 aé}u) > 0 s.t.
F(-.v) — F(-
oo™ | FCw-FCRI|
A>1 ety lal<lyl<n 1Y~ 7] L
(H3) For any p > 0, 3 oz}(gHS) > 0 and a non-negative sequence (5}79\[’(H3))N21 s.t.

_ o (H3)
sup A~ %
A>1

sup |[F(-,2) — F(-, )]

<P YN > 1
2| <A

Ly
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(H4) For any p > 0, there exists a non-negative sequence (5]19\[ ’(H4b)) N>1 S.t.

sup [[©]lg,, v [[©V]|y, ] < +oe.
N>1 P
oY -0, <P YN > 1

Theorem (general result). Assume (H1-H2-H3-H4). Then for any p > 0

and any ps > p, there is a constant ¢ independent on N such that
HFN(@N) _ F(@))HLP <c (512\11;(H3) n [glljﬁ(szlb)]m) .
Corollary (rule of thumb). If
v Fy —F "="O(N77F) in any L,
v O —©0=0(N"7) in any L,,

the order of L,-convergence of FN(OV) — F(0©) is 7¢ A (k7).
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2.2 Simplified assumptions

How to get uniform estimates from local ones?
Theorem. Let p > d. Assume that

v G is T ® B(RY)-measurable mapping (w,z) € (Q,RY) = G(w, ) € &,

v' @ is continuous in z for a.e. w,

v’ G(z) is in L, for any =,

v there exist constants C(%) >0, 8% € (d/p,1] and 7(F) > 0 s.t.

IGx) ~ Gy)lly, < COx—y® (L +]x|+y)" . V(xy)eRIxRL (1)
Then, for any $ € (0, 8% — d/p), we have

sup AT =B 18 sup Gly) ~ G| < +00
A>1 xZ£y,| x| <[y <A ly —x|” L |
P
(@) _p@)
sup A sup |G(x)| < +00.
A>1 |x[<A L
P
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3 Applications of the main convergence result
3.1 Strong approximation of compound SDEs

v Standard probability space (€2, F,P) supporting two ¢-dimensional standard
BM W = (W' ..., W% and B= (B',...,BY) on [0,T].
v g% W and B may be dependent.

v Two R9valued stochastic processes X and Y, solutions of the SDEs (with
Lipschitz coefficients)

dX, () = p(t, X (x))dt + Z oi(t, X (2))dWE,  Xo(z) =z,

dY;(y) = b(¢t, Yi(y))dt + Z%‘(ta Yi(y)dBy, Yoly) =y,

v' Denote by X& (z) (resp. Y.V (y)) the related Euler scheme with time step
T/N.

Aim: approximation of X;(Ys(y)) by XN (YN (y)).
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Working assumptions for X

(HP1) The coefficients 1 and o are Lipschitz continuous in space uniformly in
time: 3C¥ s.t. Vt € [0,7] and z,y € R?

pt, ) = pty)l < CHz =yl [u(t,0)] < CF, (HP1)
o(t,z) —o(t,y)| < CF |z —yl, o (2, 0]] < €7

(HP2) p and o are continuously space-differentiable functions such that their

derivatives are d-Holder for a certain exponent 6 € (0, 1]:

Vaop(t,x) — Vap(t,y)| < CHViz —yl°,  |Vep(t,z)| < CXVY,
Veo(t,2) = Vaol(t,y)| < CXV] —yfs,  |[Vao(t, )] < CXV.
(HP2)

(HP3) p and o are a*-Holder continuous in time, locally in space:

n(t,z) = p(s,x)| + |o(t,2) — o(s, )| < CX(1+ |a))|t — s (HP3)
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(HP4) p and o are continuously space-differentiable functions such that their

derivatives are o -Holder continuous in time, locally in space:

Vo i(t, 7)) — Vs, z)| + |Veo(t, 2) — Veo(s,x)| < CXV(1+ |zt — s|* .
(HP4)

Working assumptions for Y: (HP1-HP3) are satisfied for b and v (instead of
1 and o) with a Holder-exponent ot (instead of o).

Theorem. The compound Euler scheme X~ (Y?) converges to X (Y)) in any

L,-norm, at the order 8 := min(a™, oY, %) w.r.t. N:

sup || X§(YS) — Xe(Ys)||, = O(NT7).
s,t€[0,T] P
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SKETCH OF PROOF'

Application of the general result with extra intermediate results.

Proposition. Assume HP1. For any p > 0, 3C), (2), C} (3) s.t.
1Xe (@), < Cp2)(1 + [z]), (2)
1Xe(z) = Xe (W)L, < Cps)lz —yl, (3)
for any (¢, z,y) € [0,T] x R% x R,

Corollary (From local to uniform estimates). Assume HP1. For any
p>0and any 8 € (0,1), 3C, (1), Cp (5 s-t.

sup || sup |X¢(z)] < Cp A, VAZ>1, (4)
tel0,T] |||x|<A I
X — X
sup sup X (2) ;(y” < Cp,(g)))\l_ﬁ, VA > 1. (5)
t€l0.7] ||lazty Jel<hlyl<n 1Y — 2 L

These estimates are also valid for X%V,
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Proposition. Assume HP1 and HP2. For any p > 0, 4C,, (4) s.t.
IVXi(@) = VX W)l < Cpo)lz —yl° (6)

for any (¢,z,y) € [0,T] x R? x R,

Corollary (From local to uniform estimates). Assume HP1 and HP2.
For any p > 0 and any 8 € (0,9), 3 C, (7), Cp (3, Cp,(9) s-t.

sup || sup |VX¢(x)] < C’p7(7))\5, VA > 1, (7)
te[0,T] (||| <A L,
VXi(z) — VX
Sup Sup | t(ZIZ’) ~ t(y)| < Cp,(8)>\6_187 v > 1, (8)
t€[0,7] || 2. |z <X |y <A ly — ] L
X, (z) — X
sup sup X (2) al < Cp7(9))\5, VA > 1. (9)
1el0.T] [ty lal<nli<n v =l |

Workshop Numerical methods for SDEs and SPDEFEs - Lille - June 2, 2016 page 21



E. Gobet - Strong appr. of compound random maps 3.1 Strong approximation of compound SDEs

EULER SCHEME ERRORS, UNIFORMLY IN THE STARTING POINTI

Theorem. Assume HP1, HP2, HP3, HP4 and set f* = min(a®, 3). Then,
for any p > 0, 4C,, (10) s.t.
N Cp,(10) y2
sup || sup |X¢(z) — X" ()] < — A\, VA > 1. (10)
tc(0,7] |||z| <A N N#F

The rest of the proof of sup, ;c(o, 77 HXtN(YSN) — Xt(YS)HL = O(N~P) follows by

applying the main theorem. L]
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3.2 Strong approximation of stochastic processes

3.2.1 The case of semimartingales at random times

Let (My)¢>o0 be a R valued continuous martingale, which componentwise bracket

is of the form (M®), = fg m'Yds for a progressively measurable process m(?

bounded by CM).

Proposition. The measurable mapping (w,t) — M;(w) satisfies (H1-H2) for
any k € (0, 3).

Proof. Follows from local estimates ||M; — M, < C’I()M)|t — s|1/2.

Theorem. Let 8% and 0 be random times with finite moments at any order,

uniformly bounded w.r.t. N. For any p > 0, any « € (0,1/2), 3 ¢, . s.t.

[Mgn — M|y, < cp ||V =01, -

N

@ Remind that in the case of stopping times, we can take k =
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Corollary (approximation of the maximum). Set

© =inf{t € [0,T]: My = m<aj>§M8}

and
O =inf{t; =iT/N € [0,T] : M;, = max M, }:

t,<T 7
we have

Mg~ — M|y, = O(N"")

1
for any x < 3.
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3.2.2 The case of non-semimartingales at random times

Example (Fractional Brownian motion).

V' (Bf)icr: Brownian motion with Hurst parameter H € (0,1).

Centered, Gaussian, continuous process with covariance function

E(BB') = o (|t +|s|* — |t — s|*"").

DO | =

v’ MANDELBROT AND VAN NESS REPRESENTATION (1968):

where B is a standard two-sided BM.

v/ Approximation of B((aH) for a random time © € [0, 77
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By using Randow Walks for B, [Szabados (SPA, ’01)] provides an explicit

H),N
B

continuous approximation of ( o<t<T (With N = 22 points) and sharp

deviation probability in sup-norm.

Theorem. Let H € (0,1). Then (Bt(H)’N)OStST converges uniformly to a fBM

(B Yo<i<r and

sup
0<t<T

BN - B = O(NT M2 log(N)).

Lp

Since HB’SH) —

< c|s —t|" (for s,t € [0,T]), our main result gives

Theorem. For any random times ©, Y taking values in [0, 7], we have

HB(H) N

(N min(H,3) 100(N) + H@N—@Hi).

Includes Brownian times.
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E. Gobet - Strong appr. of compound random maps

SAVE THE DATE: JULY 17 - AUGUST 25, 2017

Website: http://smai.emath.fr/cemracs/cemracs17/

CEMRACS 2017

Numerical methods for stochastic models: C
I control, uncertainty quantification, mean-field

M July 17 - August 25, CIRM, Marseille

Home

News

Summer school CEMRACS Cﬂﬂcept

Research projects The CEMRACS is a scientific event of the SMAI (the french Society of Applied and Industrial Mathematics). The Cemracs concept was initiated

Seminars in 1996 by Yvon Maday and Frédéric Coquel and takes place every vear at CIRM in Luminy (Marseille, France) durikg 6 weeks. The goal of this
event is to bring together scientists from both the academic and industrial communities and discuss these topics.

Registration During the first week, a classical summer school is proposed. It consists of several lectures given by leading scientists and related to the topics of

Participants the research projects. The remaining 5 weeks are dedicated to working on the rechearch projects, possibly after a morning seminar.
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