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Introduction

t
Ve = Vo +/ b(Vs)ds + oW, — M, (vf” . V’)
0

M; = Z ]l[O,t](Tk)

k>1
Tk+1 = mf{t Z Tk, Vt_ Z Vth} (To = 0)

where
» Vo < V" almost surely.
» V< vih
» (Wi)e>0 is a 1 dim. Brownian motion

» b is a Lipschitz continuous drift
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Introduction

Introduction

A singular McKean-Vlasov equation

t
Vi = Vo +/ b(Ve)ds + oW — M, (vf” - V’) + aE(M,)
0
Me =" To.q(%)
k>1
Tk+1 = mf{t Z Tk, Vt_ Z Vth} (To = 0)

where
» Vo < V¥ almost surely.
» V< vith

» (Wi)e>0 is a 1 dim. Brownian motion

» b is a Lipschitz continuous drift
R -~



Fokker Planck equation

Stochastic process
t
Vi = Vo +/ b(Vs)ds + oW, — M, (vfh - Vf) + aE(M;)
0

M, = Z ]l[o,t](Tk) Tk+1 = inf{t > 7, Vie > Vth}
k>1

Associated Fokker-Planck equation p(v,t) = P(V; € dv)

8 0? 0 , ,
P, t) = 28 2P( £) + 5. [(b(v) + ae(6))p(v, £)] = dvr(v)€'(t)
p(vth? t)=0
10

e(t) = —5 5 p(V, 1)

(1) = SE (M)

dt
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Fokker Planck equation

Main difficulties in our setting

> The processes have jumps
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An existence result with continuous e

“Notations”
» Vth =1 V=0 o=1

Theorem

Lete >0 and Vg <1—c¢.

Jag € (0, 1] such that for any 0 < o < a9 and any T > 0, there
exists a unique solution

Vt Vo + / b ds + Wt Mt + Q]E(Mt)

Z I[[0 t] k) Tk1 = inf{t > 7, Vi > 1}
k>1

with e € C1[0, T].
.



A non-existence result with continuous e

Blow up phenomenon

For any fixed «q, there exist initial conditions Vg such that any
solution blows up in finite time.
[Céceres, Carrillo, and Perthame. J. Math. Neurosci. (2011) ]

Discontinuity of t — e(t)

When a blow up occurs at time t;, a macroscopic proportion of
neurons spikes and e(t1) = E(My,) # e(t1—)

lh‘z/a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 6
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Figure: Plot of t + e(t) for vo = 0.8, b(v) =0, @ = 0.38 and a = 0.39.
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More general solutions including discontinuous e

t
Vt = Vo +/ b(VS)dS + Wt — Mt + CEE(Mt)
0
Me = To.q(7)

k>1
Tk+1 = inf{t > Tk, Vt— -+ OlAe(t) > 1}

l&bzéz.-- Etienne Tanré - Lille 2016 June 1-3, 2016 - §



Proposition

Assume that the pair (V¢, M¢)¢>0 of cadlag processes satisfies
1. (M¢)>0 has integrable marginal distributions;
2. forall t >0, P(AM, < 1) =1;
3. P-almost surely, the previous equations hold true.

Then, for any time t > 0, the jump Ae(t) satisfies

Ae(t) =P(Vi- + ale(t) > 1).

Proof
> For fixed t > 0, My # M;_ iff Vi +ale(t) > 1
» Ae(t) =P(AM; = 1) = P(Vi— + ale(t) > 1).

.hu’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 9



Definition of “physical” solutions

A pair (Vi, Mt) >0 of cadlag adapted processes such that
1. (M¢)>0 has integrable marginal distributions;
2. forallt >0, P(AM; <1)=1,;

3. P-almost surely, hold true;

t
Vt = V() +/ b( Vs)ds + Wt - Mt + OéE(Mt)
0

M, = Z ]l[o,t](Tk)

k>1
Tk+1 = inf{t > 1, Vil + aAe(t) > 1}

4. the discontinuity points of e(t) = E(M,) satisfy

Ae(t) =sup{n>0:Vy <n,P(Vie +ay' >1) >1'}
= inf{n >0: IE”(Vt, +an > 1) < 77}.

. VLTI .. Tanré - Lille 2016 June 1-3, 2016 - 10



A first approximation by a particle system

ViN = v(;'a’V+/ b(ViN)ds + — ZI\/IJ’ + Wi — MmN
0

Vé"N 4 Vo independent and identically distributed,
.7N . .7N
MY =Y "1 (7).

where T(')’N =0 and

June 1-3, 2016 -



A precise definition of the cascade of spikes

» First, consider g := {i € {1, N} : V{_ =1}.
t has to be a spike time for any neuron in .
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A precise definition of the cascade of spikes

» First, consider g := {i € {1, N} : V{_ =1}.

t has to be a spike time for any neuron in .
M= {i € {1, N}\To: V{_ +alldl > 1},

t has to be a spike time for any neuron in I'y.
P {ie{l,N}\FOU---UFk Vi 4 il > 1},

v

v

v

M= Uogngfl Mk

l &de’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 12



A precise definition of the cascade of spikes

» First, consider g := {i € {1, N} : V{_ =1}.

t has to be a spike time for any neuron in .
M= {i € {1, N}\To: V{_ +alldl > 1},

t has to be a spike time for any neuron in I'y.
P {ie{l,N}\FOU---UFk Vi 4 il > 1},

v

v

v

M= Uogngfl Mk

i spikes iff i € T’

l &de’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 12



A precise definition of the cascade of spikes

» First, consider g := {i € {1, N} : V{_ =1}.

t has to be a spike time for any neuron in .
M= {/ € {1, N}\To: V{_ +alldl > 1}

t has to be a spike time for any neuron in I'y.

P {ie{l,N}\FOU---UFk:Vt’_+awzl},

v

v

v

M= Uogngfl Mk

i spikes iff i € T’

Remark
We say that neurons in I'y11 spikes after neurons in g U -+ UT.
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Vt = VO + / b(Vs)dS + Wt — Mt + OéE(Mt)
0
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t
Vt = VO +/ b(Vs)dS + Wt — Mt + OéE(Mt)
0

A “technical” reformulation

Zt = Vt + Mt-

-
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t
Vt = VO +/ b(Vs)dS + Wt — Mt + OZE(Mt)
0

A “technical” reformulation
2& = b&'+ A4b

Property

» M; can be expressed in terms of (Zs)o<s<t

Me=[(sup Z).] = sup [(Z)+]-

0<s<t
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t
Vt = VO +/ b(Vs)dS + Wt — Mt + OéE(Mt)
0

A “technical” reformulation
2& = b&'+ A4b

Property

» M; can be expressed in terms of (Zs)o<s<t
M; = sup Z = su Z .
t [( p s)+J Ogszt [(Zs)+]

0<s<t

Dynamics of Z

t
Z= 7 +/ b(Zs — My)ds + aE(My) + Wi
0
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Convergence of the particles system
1
> Let un = N Z(szi,N

> pp is a random variable with values in P(D ([0, T],R))
> Let Iy denotes the law of upy
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Convergence of the particles system
1
> Let un = N Z(Szi,N

> pp is a random variable with values in P(D ([0, T],R))
> Let Iy denotes the law of upy
Theorem

> The family (NMy)n>1 is tight in P(P(D([0, T], R)))

> Let I'IooAbe a weak limit. For -a.e. measure
w € P(D([0, T],R)), the canonical process (zt)c[o,7] 0N
D([0, T],R) generates, under i, a physical solution, i.e.

t
(Zt — 20 — / b(zs - ms)ds - O‘(M: mt>)t€[0,T)
0

is a Brownian motion, where my = |(supg<s<s Zs)+ ]

. VLTI .. Tanré - Lille 2016 June 1-3, 2016 - 14



Propagation of chaos

Theorem

» Assume there exists a unique physical solution.

» Denote by J the (at most countable) set of discontinuity
points of t — E(M,).

» Foranyk>1and S e R\ J

((ZEN, MENY, L (ZEN, M) o

P .
= (Zs,MS)se[O,S]

s€[0,5]

Etienne Tanré - Lille 2016

June 1-3, 2016 - 15



Another approximation by a delayed interaction

t
Ve =V +/ b(V?)ds + ces(t) + Wy — M?, ¢ >0.
0

0 ift<o
es(t) == 5oy
E(M?_5) if t > 0.

where
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Another approximation by a delayed interaction

t
VP = v0+/ b(V?)ds + ces(t) + Wy — M?, ¢ >0.
0

0 ift<o
es(t) == 5oy
E(M?_5) if t > 0.

where

Proposition

Let T > 0and a € (0,1).

There exists a unique cadlag process (V?, M?)te[O,T]r solution of
the delayed system.

The resulting map es is continuously differentiable.

l &L?J’a—-— Etienne Tanré - Lille 2016 June 1-3, 2016 - 16



Convergence of the delayed system

Theorem

Consider the family of solutions ((V )te[o,T])se(0,1) to the delayed
equation and the associated ((Zg)te[O,T])JE(O,l)-

Define by 1i° the law of (Z9)iepo, 77 on D([0, T],R). Then, the
family (,u‘s)[;e(o’l) is tight in P(D([0, T],R)).

Under any weak limit p as § tends to 0, the canonical process
(zt)ecpo, 1] on D([0, T],R) generates a physical solution.

. &bﬂ’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 17



A more precise result

Theorem

» Assume there exists a unique physical solution.

» Denote by J the (at most countable) set of discontinuity
points of t — E(M,).

» Forany SeR"\ J

(22, MD)sefo,s] = P(zomo)cps

Etienne Tanré - Lille 2016 June 1-3, 2016 - 18



Proofs

Theorem

Lete>0and Vg <1—c¢.

Jdag € (0, 1] such that for any 0 < o < g and any T > 0, there
exists a unique solution

t
Vt = Vo +/ b(Vs)dS + Wt — Mt + OéE(Mt)
0

Mt = Z ﬂ[O,t](Tk) Tk+1 = inf{t > Tk, Vt_ > 1}
k>1

with e € C1[0, T].

l &de'a—- Etienne Tanré - Lille 2016 June 1-3, 2016 - 19



Proof of the existence result

Step 1 Look for a solution in small time Tg via a fixed point argument

Step 2 Prove a bound on the density of the solution at time Ty, i.e.
a bound on the density of V7.

Step 3 Prove that the equation has a solution in small time when V
has a density that behaves as the density of V1, as in the
previous step.

Step 4 Show that an iteration of this procedure gives the existence
and uniqueness of a solution up to any finite time.

. &bﬂ’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 20



Step 1: Solution in small time

> Let e(t) be a deterministic non-decreasing continuous
function on [0, T].
» We introduce the space
L(T,Cr,K,0):={ecC[0,T]:Vs<t 0=e(0) < e(s) <e(t),
e(t) < Cr(vE+ K)e"),

» for e € L(T,Cr,K,0), we consider the linear equation
t
VE=W +/0 b(VS)ds + ae(t) + We — M;
Mg = "1p.q(m)

k>1
Tk = |nf{t > Tk 1 - Ve = 1}

. &bﬂ’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 21



Step 1: Solution in small time

We define
M(e)(t) := E(Mr).

Lemma
For any T > 0, there exists constants Ct and 6 depending only on
T, o and Cp such that L(T, Cr,E|V|,8) is stable by T

Definition

H(A, T) = {e € L(T,Cr,E|Vo|,0) NCH0, T]: sup |€(t)] < A}
0

<t<T

equipped with the norm |le[l5ya, 1) = ll€[lco, 7 + €/ lloc, T

l &L?J’a—-— Etienne Tanré - Lille 2016 June 1-3, 2016 - 22



A contraction

Theorem
Suppose P(Vy € dvp) < B(1 — w)dvg with 3> 1, or Vo = 0. Then
there exists A1 > 1 and T1 > 0 s.t.

[:H(A1, T1) = H(A1, Th).

Moreover, for all e1, e € H(A1, T1)

1
IT(e1) — T(e2)ll340a, 1) < 5 ler — e2llyyay, 71 -

Hence there exists a unique fixed point of the function
[: 'H(Al, Tl) — 'H(Al, Tl)-

Remark
The solution of the linear equation with the fixed point e is
solution of the non-linear equation up until time 7.

. VLT .. Tanré - Lille 2016 June 1-3, 2016 - 23



Step 2: An a priori bound on the firing rate

Theorem

For a given € € (0,1), there exists a positive constant ag € (0, 1],
only depending upon €, the drift coefficient b, such that, for any
a € (0,a0) and any positive time T > 0, there exist a constant
M, only depending on T, €, and b, such that, for any initial
condition Vy = vg < 1 — €, any solution of the non linear equation
satisfies

vee o, 7], €(t) = %E(Mt) < M.

. &bﬂ’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 24



Step 2: A bound on the density of the solution

Lemma

Given an initial condition Vo = vo <1 —¢, withe € (0,1), and a
solution (Vi )o<t<T on some interval [0, T), the random variable V;
has a density on (—o0, 1], for any t € (0, T].

Moreover, we have an explicit uniform bound of the density of V
in a neighbourhood of 1.

l &L?J’a—-— Etienne Tanré - Lille 2016 June 1-3, 2016 - 25



Step 3 and 4

Step 3 was proved during Step 1

Step 4  » We construct a solution up to time Tj.
» If T; < T, we know that

P(Vr, € dv) < Cr,(1 — v)dv < C7(1 — v)dv

» We construct a solution for t € [Ty, Ty + T»] where T,
depends on Cr.
» If Ty + T, < T, we know that

P(Vr+1, € dv) < Cry(1 = v)dv < Cy(1 — v)dv

» We construct a solution for t € [Ty + T2, T1 + 2T3].

l h‘z/a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 26



Recall on the M1 Skorohod topology

» D([0, T],R): cadlag functions on [0, T], left continuous at T
» for £ € D([0, T],R), Gr is the completed graph of f
Gri={(x,t) e Rx [0, T]:x €[f(t—), f(t)]},
» an order on Gr
1 < b
(Xl, tl) < (X2, t2) iff < or
t1 = t» and |f(t1—) —X1| < |f(t1—) —X2|
» a parametric representation of Gr is a pair of continuous
functions (u, r)
(u(t), r(t)) € G,

> Ry the set of all parametric representations of Gr.

. &bﬂ’a—— Etienne Tanré - Lille 2016 June 1-3, 2016 - 27



» The M1 distance between f; and % in D ([0, T],R)

dw,(fi, ) == inf  {llu1 — w2llec VI — r2lloc}-
(uj,ri)e fi
j=1,2

» Define for f € D ([0, T],R),t € [0, T] and 6 > 0,

wr(f,t,0) := sup Hf(tz) — [f(t1), f(t3)]H

0V(t—8)<ti<tr<t3<TA(t+96)

where

Hf(t2) ~If(t), f(t3)]H =, inf, ‘Hf(tl (1 —0)f(ts) — f(tz)‘

i.e. the distance between f(t,) and the set [f(t1), f(t3)]

. &Lﬂ’a—-— Etienne Tanré - Lille 2016 June 1-3, 2016 - 28



» The M1 distance between f; and % in D ([0, T],R)

du, (1, 2) == inf  {[Jug — w2flec V [[r1 — r2f[oc } -
(Uj,fj € fi
j=12

» Define for f € D ([0, T],R),t € [0, T] and § > 0,

wr(f,t,6) = sup | F(2) = 17 (12), £ (1)
0V(t—0)<t1<tr<t3<TA(t+9)

» If f is monotone, then wr(f,t,d) =0.

l VALY I ... Tanré - Lille 2016 June 1-3, 2016 - 28



Theorem

A sequence of functions (f,)n>1 C D ([0, T],R) converges to some
f € D ([0, T],R) in the M1 topology if and only if f,(t) — f(t) for
t in a dense subset of [0, T| that includes O and T, and

lim limsup sup wr(f,, t,9) =0.
020 n—oo te[0,T]

Remark
If f, is monotone for each n, then f, — f in M1 iff f,(t) — f(t) for
all t in a dense subset of [0, T] including 0 and T.

. VLTI .. Tanré - Lille 2016 June 1-3, 2016 - 29



Theorem
Assume f,, — f.
Then for all points t € [0, T| at which f is continuous

lim lim sup sup |fa(s) — f(s)| = 0.
0=0 n—oo se[0v(t—8), TA(t+5)]

> In particular, if f is continuous, (fy)s>1 conv. uniformly to f.

Etienne Tanré - Lille 2016 June 1-3, 2016 - 30



Theorem
A subset A of D ([0, T],R) has compact closure in the M1
topology if and only if supgcp ||f]| < 0o and

ggnoizg{ <t€s[l(JJ7pT] wr(f, t75)> Vovr(f,0,0) V vr(f, T,é)} =0

where vr(f,t,0) .= sup |[F(t1) — f(t2)|.
OV(t—08)<t1 << TA(t+6)
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Properties

» D endowed with M1 is Polish

» the Borel o-field coincides with the o-field generated by the
evaluation mappings

» the law of a process over D is characterized by its
finite-dimensional distribution.
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