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Mabhler operator of radix b (b € IN, b > 2, y a function or series):

(My)(x) = y(x").
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Recent interest (Bell and Coons; Dreyfus, Hardouin, Roques; Roques, 2015)
motivates algorithmic search for solutions.
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motivates algorithmic search for solutions, in particular rational solutions.

K = Q (Nishioka, 1985): any solution v is rational or transcendental.

B MEEENENNN (i Sottons of Lineas Mahler Equatons



Linear Mahler Equations

Mahler operator of radix b (b € N, b > 2, y a function or series):

(My)(x) = y(x").

Linear Mahler equation (coefficients ¢;(x) € K[x]):
| 6:(x) (MTy) (x) + - + Lo(x)y(x) = 0. |

o automata theory o partition theory
o enumeration of words o transcendence theory

o complexity analysis of divide-and-conquer algorithms

Recent interest (Bell and Coons; Dreyfus, Hardouin, Roques; Roques, 2015)
motivates algorithmic search for solutions, in particular rational solutions.

K = Q (Nishioka, 1985): any solution v is rational or transcendental.

In contrast, if b = char K and is prime, all solutions y are algebraic:
y(x") = y(x)". (See Dumas’s talk.)
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Targeted classes

Given L of order r, with polynomial coefficients of degree < d, find
algorithms of reasonable complexity for:

o (power/Puiseux) series solutions,
o polynomial solutions,

o rational-function solutions.
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Our Goal in this Work: Solutio

Targeted classes

Given L of order r, with polynomial coefficients of degree < d, find
algorithms of reasonable complexity for:

o (power/Puiseux) series solutions,

o polynomial solutions,

o rational-function solutions.

Challenge
o L(x™) has degree d + b'n,

o similarly, change of unknowns y = = — deg M"q = b" degg.
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Our Goal in this Work: Solutio

Targeted classes

Given L of order r, with polynomial coefficients of degree < d, find
algorithms of reasonable complexity for:

o (power/Puiseux) series solutions,
o polynomial solutions,

o rational-function solutions. < our focus in this talk

Challenge
o L(x™) has degree d + b'n,

o similarly, change of unknowns y = = — deg M"q = b" degg.

<
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Y feMt <§) =0, pAg=1,q(0) £0.

k=0

r—1 r—
Z 0(M'q) ((M"q) VM >(M"p) +4 <\/1Miq> (M'p) =0.

=0 =0

polynomial
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iékMk <§) =0, pAg=1,q(0) £0.

k=0
r—1 r—1
E (e(M7q) ((qu) M )(Mkp) + & (\/ M’ﬂ) (M'p) = 0.
=0 i=0
polynomial dividable by M"q
r=1
Mg\ M'q

i=0

g(a) =0~ (Zy(,B) =0 for g = a) or (q(a’) =0for (@) =a, k> 0)
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Initiating the Ques

iekMk <§) =0, pAg=1,q(0) #£0.

k=0
r—1 r—=1 r—=1
Y G(Mq) ((M"q)’1 V M’q) (M*p) + £ (\/ M’a) (M'p) =0.
k=0 =0 i=0
polynomial dividable by M"q
r=1
Mg\ M'q
i=0

gla) =0~ (Zr(ﬁ) =0 for g = uc) or (q(a’) =0for (@) =a, k> 0)

Geometric intuition

If &, not a root of unity, is a root of g, it generates:
o a finite sequence ay = &, a1, ..., &, of two by two distinct roots of g,
o then, a b"th root B, of w, that is a root of ¢;.
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y=ab (Gp)(%r) =0 Gp= ReSy(g” —x,p(y))

aeC pla) =0 p € Kx]
\ 1 1
p'=u  (Mp)(p)=0 Mp = p(x)



y=ab (GP)(%Y) =0 Gp= ReSy(g” —x,p(y))

aeC pla) =0 p € Kx]
1 1 1
p'=u  (Mp)(p)=0 Mp = p(x)

deg Mp =bdegp, degGp =degp,
GMp = pb, p | MGp.



The Graeffe

y=ab (GP)(Tv) =0 Gp= ReSy(%/” —x,p(y))

4

aeC pla) =0 p € Kx]
1 1 1

p'=u  (Mp)(p)=0 Mp = p(x)

degMp = bdegp, degGp =degp,
GMp = pb, p | MGp.

Key lemma

Given ¢ € K][x]:
g€ Kx] \K r—1
1 s JueKEK\K, Mu|l or {;"Ilcu”w

Mrq | £ ViZg Mg
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The Graeffe Opera

y=ab (GP)(Tv) =0 Gp= ReSy(z” —x,p(y))

4

aeC pla) =0 p € Kx]
1 1 1

p'=u  (Mp)(p)=0 Mp = p(x)

degMp = bdegp, degGp =degp,
GMp=1p', p|MGp.

Key lemma

Given ¢ € K][x]:
g€ Kx] \K r—1
1 s JweKEK\K, Mu|l or {;"Ilcu”w

Mrq | £ ViZg Mg

Remark: left case impossible = g is a product of cyclotomic polynomials.
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Mp= I a

qst. VG(q)=p
Mo, = O, D, Dy Dg
M(x —2°%) = (x = 2)(x +2) (x> — 2x +4) (x> +2x + 4)
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Mp= I q

qst. VG(g)=p
M®D,; = O, Py, D3, D¢, aNb=1
M(x — 26) (x—2)(x —|—2)(x2 —2x+4)(x +2x +4)
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L= D)8 -2 — )12 429 1260 — 3 1 1) 18 — 9+ (@23 — 0B 11062 4 (P T — M2 4

L(?)=o M2q | 05 (qV Mg).

4
512v — 1 /x)2—439204x—1
/SJ\r—'l\ 64x2 4 8x + 1 /le—%x—l x4 47633 4 5777x2 — 76x + 1
2 =1 42 4241 6420 483 +1 x2—4x—< A ad 17 —ax el 21247629 577766 — 763 41
21:3—1 4x6+213+1 xz—x—l x4+x3+2x2—x+l
T T T
29 -1 X631 412 426 -3 41
le 8291
T T
2 xi1 P42 51234 1023488133 - .-
T T
R 4 3L 68 67 4 ...
631 ; 8234 —369x3 ¢ 64x98 + 2952167 -
819 2234 9x33 110532 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
T
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L= D)8 -2 — )12 429 1260 — 3 1 1) 18 — 9+ (@23 — 0B 11062 4 (P T — M2 4

L (E> =0, M2q | 05 (qV Mg).

4
512v — 1 x2 — 439204x — 1
8x —'1\ 64x2 4 8x + 1 X2 —76x -1 x4 47633 4 5777x2 — 76x + 1
2v =1 4x? 4 2x 41 6420 483 +1 241 A ad 17 —ax el 21247629 577766 — 763 41
21:3—1 4x6+213+1 xz—x—l x4+x3+2x2—x+l
T T T
29 -1 N X631 2429 4056 3 41
0 1 1
x+1 8291
T T
54 07 34 _ 33, ...
2 vt P 512x34 — 1023488133 4
T 4 3 ... 68 67 4 ...
631 8x34 —369x33 + 64x08 4295267
A8 9 2234 9x33 110532 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
T

m=2x -2 —x+1D2—x-1)x°* x> 1) = M>uy | (,
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L[ul]:(Zx—l)(xz—x+l)(x2—x—l)(2x3—1)(x6—x3+1)(x6—x3—l)(xlz+x9+---)(x18—xg—l)(2134—9x33+---)M2+---
L] (£) =0, Mq|6a(qvM
bal{ ) =0 qlt2(qv Mg).

4

512x — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+13+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—x3+1
Q T 1
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...
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Lluq] = (Zx—l)(xz —x+l)(x2 —x—l)(2x3 —1)(x6 —x3+1)(x6 -3 —l)(;\'12 +x9+---)(x18 -0 —l)(2x34—9x33+---)M2+---

L] (g) —0, M| (g Mg).

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+13+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—x3+1
Q T 1
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

= —x—1)(x% —dx —1) = Mu |1,
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Lluqup] = (2x — 1)(3:2 - x+1)(x2 —x— 1)2(x2 —4x— 1)(2x3 — 1)(x4 +x3 42—t 1)(x6 -4 1)(2(6 . 1)(23{34 —oxB . -)M2 +o-
p 2
L{uqup] 7 =0, Mg | 0> (qV Mg).

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
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Q T )
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4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 xan x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

u3:1
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L[uluzus]:(2x—l)(x2—x+l)(x2—x—l)z(xz—4x—1)(2x3—1)(x4+x3+2x2—x+1)(x6—xs+l)(x6—x3—1)(2x34—9x33+4~)M2+4
P 2
L[ujupus) 7))~ 0, M*q|/(qgVMy).

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 -1 4x? 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
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Lluqupug| = (Zx—l)(xz —x+l)(x2 —x—l)z(xz —4x—1)(2x3 —1)(x4+x3+2x2—x+1)(x6 —xs+l)(x6—x3 —1)(2:{34—91(33 +4~)M2+'

Liuyizu) (g) —0, M|V M)

4

512v — 1 x2 — 439204x — 1
SX—'l\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 =1 42 4241 6420 483 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+x9+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 vt x4 327 512x34 — 10234881x33 +
T 4 3. 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

i=02x—1)(x*>—x+1)(x* —x—1)(x* ~4x —1) = Mi |, and q | Gi .
' FredericChyzak  Computing Solutions of Linear Mahler Equations



Lluqupug| = (Zx—l)(xz —x+l)(x2 —x—l)z(xz —4x—1)(2x3 —1)(x4+x3+2x2—x+1)(x6 —xs+l)(x6 e —1)(2:{34—91(33 +4~)M2+'

Liuyizu) (g) —0, M|V M)

4

512v — 1 x2 — 439204x — 1
8x —'1\ 64x2 4 8x + 1 x2 —76x—1 x4 47633 4 5777x2 — 76x + 1
20 =1 4x? 4241 6420 4833 +1 2 —dx—1 A ad 172 —dax e 1 21247629 4 5777x6 — 763 41
2x371 4x6+2x3+1 xzfxfl x4+x3+2x2—x+1
2x9—1 x6—x3—1 x12+19+2x6—xs+1
Q T )
x+1 8
T 5427 34 _ 33, ...
2 vt x4 327 512x34 — 10234881x33 +
T 4 26033 1 ... 68 67 4 ...
633 8x34 —369x33 4 64x68 4 2952167 |
819 2234 9x33 110232 .. 4268 1 18x67 ... 64x204 4 20524201 4 ...

i=2x=1)(* —x+1)(x* = 1) (x> —4r—1) = Mi|lbandq|Gi
' FredericChyzak  Computing Solutions of Linear Mahler Equations



Operator to solve:

L= (2x9 - 1)()c18 —9 - 1)(Jc12 429 4200 - 53 Jrl)(x18 -4 1)(2)(34 —ox3 110432 4 )()c54 —x%7 - 1) M2
22 —x -1 D) P 422 — x4 (8 =B 1) — B - )18 — 2 —1)(2488 —0a87 18186 )M

4222012 —x+ 122 —x = 1) (2 +x+1) (22 —4x —1)(2x102 = 9x9 11096 4 ..

Denominator bound found:

7 = uupGit = 2x — 1) (x* —x +1)%(x2 —x —1)?(x® —dx — 1) (x® — x> - 1)
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Operator to solve:

L= (2x9 - 1)()c18 —9 - 1)(x12 429 4200 - 53 Jrl)(x18 -4 1)(2)(34 —ox3 110432 4 )()c54 —x%7 - 1) M2
22 —x -1 D) P 422 — x4 (8 =B 1) — B - )18 — 2 —1)(2488 —0a87 18186 )M

+ x2(2x - l)(x2 - x+l)2(x2 —x— 1)(3(2 +x +l)(Jc2 —4x — 1)(23c102 —0x99 410296 4 .. -)

Denominator bound found:

7 = uupGit = 2x — 1) (x* —x +1)%(x2 —x —1)?(x® —dx — 1) (x® — x> - 1)

Explicit rational solutions:

2x q x—3
-2 —x-1) M @ xr 1) —dx—1)(x® 3 1)
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~ Looking fora Denominator:an Prample Conclusion)

Operator to solve:

L= (2x9 - 1)()(18 —x9 - 1)(x12 a0 420 -3 Jrl)(x18 -4 1)(2)(34 —0x33 110432 4 )()c54 —x 1) M2
22 —x -1 D) P 422 — x4 (8 =B 1) — B - )18 — 2 —1)(2488 —0a87 18186 )M

+ xz(Zx - 1)(x2 - x+l)2(x2 —x— 1)(x2 +x+ 1)(x2 —4x — 1)(2Jc102 —9x99 £ 10x% 4 .. -)

Denominator bound found:

7 = uupGit = 2x — 1) (x* —x +1)%(x2 —x —1)?(x® —dx — 1) (x® — x> - 1)

Explicit rational solutions:

2x q x—3
-2 —x-1) M @ xr 1) —dx—1)(x® 3 1)

Remark: deg ¢, = 145 > deglp[uq] = 84 > degly[uquy] = 62.

8/ 11
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Computing Denomi

ith section in radix b
0 =Y, cpyt LSO IATD,

Ln>0 CornriX" = fi
Algorithm
@ Set ¢ =/, then repeat for k =1,2,...:
@ setup = /\f;gl fi where ¢ = Z?;Bl XM’ f; with f; € K[x];
@ setl = (¢/M'uy) Vlf;a Miuy
until deg uy = 0.
@ Setii = /\5":_(;71 fi where ¢ = Z?:Sfl X' M1 f; with f; € K[x].
@ Return g* = uq - - - u_q Gil.

Theorem (correctness)

Assume Ly = 0 with y = ;% and g(0) # 0. Then, q | g*.
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Computing Denominator Bounds _

n ith section in radix b
%

=Y ,>0cnx Y0 Contix" =: fi

Algorithm
@ Set ¢ =/, then repeat for k =1,2,...:
@ setup = /\5’;51 fi where ( = Z?;Bl XM’ f; with f; € K[x];
@ set{ = (£/M'uy) Vg Miuy,
until deg uy = 0.
@ Setii = /\f’:_(;fl fi where ¢ = Z?:(;*l X' M1 f; with f; € K[x].
@ Return g* = uq - - - u_q Gil.

Theorem (correctness)

Assume Ly = 0 with y = ;% and q(0) # 0. Then, q | g*.

Theorem (complexity and degree bounds)
o algorithm runs in O(d M(d) logd) ops
o degg* <difb=2, degg*< d/b—1ifb >3
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Series and

L of order r, with polynomial coefficients ¢} of valuation vy and degree < d.

Valuation and degree bounds

Introducing suitable Newton polygons:

. . . . Oy )
o valuation v of series solutions: — FIp=1) <v< b1
o degree ¢ of polynomial solutions: § < Wz—l)

10/ 11
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L of order r, with polynomial coefficients ¢} of valuation vy and degree < d.

Valuation and degree bounds

Introducing suitable Newton polygons:

. . . . Oy )
o valuation v of series solutions: — FIp=1) <v< b1
o degree ¢ of polynomial solutions: § < Wz—l)

In particular: 3 < v,/ (b" — b1,

10/ 11
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Series and Polynomial Solutio

L of order r, with polynomial coefficients ¢} of valuation vy and degree < d.

Valuation and degree bounds
Introducing suitable Newton polygons:
. . . . Oy Y0
o valuation v of series solutions: — o1 ( - 1) <v< b1
o degree ¢ of polynomial solutions: § < m

In particular: 3 < v,/ (b" — b1,

Complexity

o basis of approximate series solutions in O(rv3 +r*M(v)) ops,

o basis of polynomials solutions in O(d?/b" + M(d)) ops.

10 /11
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Series and Polynomial Solutions

L of order r, with polynomial coefficients ¢} of valuation v} and degree < d.

Valuation and degree bounds
Introducing suitable Newton polygons:
. . . . Oy Y0
o valuation v of series solutions: — o1 ( - 1) <v< b1
o degree ¢ of polynomial solutions: § < m

In particular: 3 < v,/ (b" — b1,

Complexity

o basis of approximate series solutions in O(rv3 +r*M(v)) ops,

o basis of polynomials solutions in O(d?/b" + M(d)) ops.

In particular: reasonable complexity for numerators.
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o theory of Newton polygons
o algorithms for denominator bounds:
o good: complexity is polynomial in r and d,
o bad: quadratic in output size.
o other algorithms for series solutions, polynomial solutions, and
rational-function solutions.
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Conclusions

Summary

o theory of Newton polygons
o algorithms for denominator bounds:
o good: complexity is polynomial in r and d,
o bad: quadratic in output size.
o other algorithms for series solutions, polynomial solutions, and
rational-function solutions.

Future work
o the case £y =0,
o infinite-product solutions,

o rational solutions of Riccati-type equation.
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