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Quantum states: ∣v⟩ ∈ Cd such that ∥ ∣v⟩ ∥ = 1 and ∣v⟩ ∼ e
iθ ∣v⟩.

Measurement: orthonormal basis ∣1⟩ , . . . , ∣d⟩.

If
∣v⟩ =

d

∑
j=1

αj ∣j⟩ where αj ∈ C with ∑
j

∣αj ∣
2
= 1,

then the probability of observing the outcome j is ∣αj ∣
2.

Example. Let ∣1⟩ , ∣2⟩ be any orthonormal basis of C2. For the state
∣∎⟩ = 1√

2
(∣1⟩ + ∣2⟩) the probabilities of the results 1 and 2 are 50%,50%.

Same for the states ∣▲⟩ = 1√
2
(∣1⟩ − ∣2⟩) and ∣♡⟩ = 1√

2
(∣1⟩ + i ∣2⟩).

Observe that ∣∎⟩ , ∣▲⟩ is another orthonormal basis ∼ measurement.

For ∣∎⟩ the probabilities of the results ∎ and ▲ are 100%,0%.

For ∣♡⟩ and ∣1⟩ the probabilities of the results ∎ and ▲ are 50%,50%.

Quantum Tomography: reconstructing a state based on the outcomes of
a series of measurements (on an ensemble of state copies).
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1
−1
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[
1
i
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MUBs

Let B1 = {e1, . . . , ed} and B2 = {f1, . . . , fd} be two orthonormal bases of Cd .
We say that B1 and B2 are mutually unbiased bases (MUBs) if

∣ ⟨ei , fj⟩ ∣
2
= 1

d for all i , j ∈ {1, . . . ,d}

If a system is prepared in a state belonging to one of the bases, all outcomes

of the measurement with respect to the other basis are equally likely.

Example. Three MUBs in C2:

[
1
0
] , [

0
1
] 1√

2
[
1
1
] , 1√

2
[
1
−1
] 1√

2
[
1
i
] , 1√

2
[
1
−i
]

Why? Maximal sets of d + 1 MUBs are optimal projective measurements for
quantum state tomography. Plus various applications in quantum computing
(error correction, teleportation, entanglement detection).



MUBs - what we know

NMUB(d) ∶= the maximal number of MUBs in Cd .

NMUB(d) ≤ d + 1 [Wootters & Field 1989]

NMUB(d) = d + 1 if d is prime or a prime power [Ivanovic 1981, W&F 1989]

If d = pk11 ⋯p
kn
n , where p1, . . . ,pn are distinct primes, and pk11 < . . . < p

kn
n ,

then NMUB(d) ≥ NMUB(p
k1
1 ) = p

k1
1 + 1

NMUB(d) ≥ 3 for all d and M(d) ≥ 4 if d is odd

NMUB(d) > NMUB(p
k1
1
) in in�nitely many dimensions [Wocjan & Beth 2005]

NMUB(d
2) ≥ d1/14.8 for almost all square dimensions. [W&B 2005]

If NMUB(d) ≥ d , then NMUB(d) = d + 1. [Weiner 2013] "Last one is for free"



MUBs - what we know

NMUB(d) ∶= the maximal number of MUBs in Cd .

NMUB(d) ≤ d + 1 [Wootters & Field 1989]

NMUB(d) = d + 1 if d is prime or a prime power [Ivanovic 1981, W&F 1989]

If d = pk11 ⋯p
kn
n , where p1, . . . ,pn are distinct primes, and pk11 < . . . < p

kn
n ,

then NMUB(d) ≥ NMUB(p
k1
1 ) = p

k1
1 + 1

NMUB(d) ≥ 3 for all d and M(d) ≥ 4 if d is odd

NMUB(d) > NMUB(p
k1
1
) in in�nitely many dimensions [Wocjan & Beth 2005]

NMUB(d
2) ≥ d1/14.8 for almost all square dimensions. [W&B 2005]

If NMUB(d) ≥ d , then NMUB(d) = d + 1. [Weiner 2013] "Last one is for free"



MUBs - what we know

Example. The three MUBs in C2

[
1
0
] , [

0
1
] 1√

2
[
1
1
] , 1√

2
[
1
−1
] 1√

2
[
1
i
] , 1√

2
[
1
−i
]

are the eigenvectors of the three Pauli matrices

Z = (
1 0
0 −1

) X = (
0 1
1 0
) Y = iXZ = (

0 −i

i 0
)

Theorem. Fix a basis e1, . . . , ed of Cd and de�ne the operators X and Z as

Xej = ej+1 and Zej = ω
jej

where ω ∶= exp(2πi/d) for j = 1, . . .d . If d is prime, then the eigenbases of
Z ,X ,XZ , . . .XZd−1 form a complete set of MUBs.



MUBs - what we (don't) know

In every dimension X ,Z ,XZ give a set of three MUBs.

In every odd dimension X ,Z ,XZ ,XZd−1 give a set of four MUBs.

Conjecture: in even dimensions X ,Z ,XZ give a (strongly) unextendible
set of three MUBs. Con�rmed for d ≤ 12, in particular for d = 6.

If we start from the eigenbases of X ,Z :

in dim 6 they can be extended to three MUBs at most

in dim 7 there are 532 unbiased vectors, which form 146 bases.
Among them we �nd XZ , . . . ,XZ 6. Each of the remaining 140 bases
gives a (strongly) unextendible set of three MUBs.

Zauner's Conjecture: There are no more than 3 MUBs in dim 6.



Latin Squares

Latin Square is a d × d array with coe�cients 1, . . . ,d such that each row
and each column contains all the coe�cients.

Two Latin Squares are Orthogonal (OLS) if by superimposing them we get
an array where every ordered pair of symbols appears exactly once.

[
1 2
2 1
] [

2 1
1 2
]

[
(1,2) (2,1)
(2,1) (1,2)

] ← BAD :(

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 2 3
2 3 1
3 1 2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 2 3
3 1 2
2 3 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎣

(1,1) (2,2) (3,3)
(2,3) (3,1) (1,2)
(3,2) (1,3) (2,1)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

← GOOD!

So there are no OLS of size 2. There is at least one pair of OLS of size 3.
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36 o�cers of Euler

Six army regiments each have six o�cers of six di�erent ranks.

The Emperor (Joseph II?) was to visit a garrison town (St. Petersburg?).

The commanding general wanted to arrange 36 o�cers in a square, so that,

whichever row or column the Emperor walked along, he would meet one

o�cer of each of the six ranks and one from each of the six regiments.

Can the 36 o�cers be arranged in a 6-by-6 square so that no row or column

repeats a rank or regiment?

Euler's Problem: Do there exist OLS of size 6?

After we have put a lot of thought into �nding a solution, we have to admit

that such an arrangement is impossible, though we can't give a rigorous

demonstration of this. (Euler 1782)

Euler: At least two OLS exist for all odd d and all d divisible by 4.
Conjecture: No OLS exist if d = 2 mod 4.

Theorem: No OLS exist for d = 6. [Tarry 1901]

Theorem: Two OLS do exist for all sizes except 2 and 6, i.e., Euler's
conjecture is (mostly) false. [Bose, Shrikhande, Parker 1960] ← Euler's spoilers
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OLS and MUB are strangely similar

NOLS(d) ∶= the maximal number of OLS of size d .

NOLS(d) ≤ d − 1 for all d .

NOLS(d) = d − 1 if d is prime or prime power.

If d = pk11 ⋯p
kn
n , where p1, . . . ,pn are distinct primes, and pk11 < . . . < p

kn
n ,

then NOLS(d) ≥ NOLS(p
k1
1 ) = p

k1
1 − 1. (MacNeish's Theorem)

NOLS(d) ≥ d
1/14.8 for d large enough

If NOLS(d) = d − 2, then NOLS(d) = d − 1 ("Last one is for free")

If NOLS(d) = k , then NMUB(d
2) = k + 2.

NOLS(6) = 1
???
Ô⇒ NMUB(6) = 3
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Quantization

Elements Rule

Classical symbols 1, . . . ,d don't repeat symbols

Quantum unit vectors in Cd build orthonormal bases

A quantum Latin square of order d is a d × d array of vectors from Cd

such that each row and each column is an orthonormal basis.

Quantum orthogonal Latin square: pair of tensored quantum Latin
squares such that all the elements form an orthonomal basis in Cd ⊗Cd .

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∣1⟩ ∣2⟩ ∣3⟩
∣3⟩ ∣1⟩ ∣2⟩
∣2⟩ ∣3⟩ ∣1⟩

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

√
3
2 ∣1⟩ +

1
2 ∣3⟩ −

1
2 ∣1⟩ +

√
3
2 ∣3⟩ ∣2⟩

1
2 ∣1⟩ −

√
3
2 ∣3⟩ ∣2⟩

√
3
2 ∣1⟩ +

1
2 ∣3⟩

∣2⟩
√
3
2 ∣1⟩ +

1
2 ∣3⟩ −12 ∣1⟩ +

√
3
2 ∣3⟩

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

√
3
2 ∣11⟩ +

1
2 ∣13⟩ −

1
2 ∣21⟩ +

√
3
2 ∣23⟩ ∣32⟩

1
2 ∣31⟩ −

√
3
2 ∣33⟩ ∣12⟩

√
3
2 ∣21⟩ +

1
2 ∣23⟩

∣22⟩
√
3
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1
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squares such that all the elements form an orthonomal basis in Cd ⊗Cd .

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∣1⟩ ∣2⟩ ∣3⟩
∣2⟩ ∣3⟩ ∣1⟩
∣3⟩ ∣1⟩ ∣2⟩

⎤
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⎥
⎥
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⎥
⎥
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⎢
⎢
⎢
⎢
⎢
⎣

∣11⟩ ∣22⟩ ∣33⟩
∣23⟩ ∣31⟩ ∣12⟩
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⎢
⎢
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1
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3
2 ∣3⟩
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⎥
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⎢
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⎥
⎥
⎥
⎥
⎦



Quantization

Elements Rule

Classical symbols 1, . . . ,d don't repeat symbols

Quantum unit vectors in Cd build orthonormal bases

A quantum Latin square of order d is a d × d array of vectors from Cd

such that each row and each column is an orthonormal basis.

Quantum orthogonal Latin square: pair of tensored quantum Latin
squares such that all the elements form an orthonomal basis in Cd ⊗Cd .
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⎥
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Quantization

Elements Rule

Classical symbols 1, . . . ,d don't repeat symbols

Quantum unit vectors in Cd build orthonormal bases

A quantum Latin square of order d is a d × d array of vectors from Cd

such that each row and each column is an orthonormal basis.

Quantum orthogonal Latin square: pair of tensored quantum Latin
squares such that all the elements form an orthonomal basis in Cd ⊗Cd .

Classical OLS of size d → Quantum OLS of size d

⎡
⎢
⎢
⎢
⎢
⎢
⎣

∣1⟩ ∣2⟩ ∣3⟩
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∣2⟩ ∣3⟩ ∣1⟩

⎤
⎥
⎥
⎥
⎥
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⎢
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⎢
⎢
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√
3
2 ∣3⟩

⎤
⎥
⎥
⎥
⎥
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⎢
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⎦



36 Entangled O�cers of Euler

AME(N,d) state (Absolutely Maximally Entangled)

AME(4,6): 4 subsystems, each of dim 6.

System consisting of 4 "quantum dice"

(qu-hexes) such that any pair of dice is

unbiased, but their outcome determines

the state of the other two dice.

Why? quantum teleportation, entanglement swapping, quantum secret
sharing, error-correcting codes

Quantum OLS of size d → AME(4,d).

Classical OLS of size d → AME(4,d) for every d ≠ 2 and d ≠ 6.

AME(4,2) does not exists [Higuchi, Sudbery 2000]. AME(4,6) open.

Classical OLS of size 6 → Quantum OLS of size 6 → AME(4,6)
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36 Entangled O�cers of Euler

AME(N,d) state (Absolutely Maximally Entangled)

AME(4,6): 4 subsystems, each of dim 6.

System consisting of 4 "quantum dice"

(qu-hexes) such that any pair of dice is

unbiased, but their outcome determines

the state of the other two dice.

Why? quantum teleportation, entanglement swapping, quantum secret
sharing, error-correcting codes

Quantum OLS of size d → AME(4,d).

Classical OLS of size d → AME(4,d) for every d ≠ 2 and d ≠ 6.

AME(4,2) does not exists [Higuchi, Sudbery 2000]. AME(4,6) is was open.

Classical OLS of size 6 → Quantum OLS of size 6 → AME(4,6)
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36 Entangled O�cers of Euler

Sizes mean
the absolute
value of
coe�cients

Numbers
mean k in

e
iπ k

20





SIC POVMs

Up to now: (projective) measurement ←→ orthonormal basis in Cd .

Generalized measurement POVM ←→ set of vectors v1, . . . , vk ∈ Cd

such that d
k ∑

k
i=1 Pvi = Id .

A SIC-POVM is a POVM with d2 elements v1, . . . , vd2 ∈ Cd such that

∣ ⟨vi , vj⟩ ∣
2
=

1

d + 1
if i ≠ j

Math: SIC POVM is a maximal set of complex equiangular lines.
They are connected to Hilbert's 12th problem!

Example in C2
∶
⎡
⎢
⎢
⎢
⎣

1

0

⎤
⎥
⎥
⎥
⎦
, 1√

3

⎡
⎢
⎢
⎢
⎢
⎣

1
√
2

⎤
⎥
⎥
⎥
⎥
⎦

, 1√
3

⎡
⎢
⎢
⎢
⎢
⎣

1
√
2ei

2π
3

⎤
⎥
⎥
⎥
⎥
⎦

, 1√
3

⎡
⎢
⎢
⎢
⎢
⎣

1
√
2ei

4π
3

⎤
⎥
⎥
⎥
⎥
⎦



SIC POVMs

Up to now: (projective) measurement ←→ orthonormal basis in Cd .

Generalized measurement POVM ←→ set of vectors v1, . . . , vk ∈ Cd

such that d
k ∑

k
i=1 Pvi = Id .

A SIC-POVM is a POVM with d2 elements v1, . . . , vd2 ∈ Cd such that

∣ ⟨vi , vj⟩ ∣
2
=

1

d + 1
if i ≠ j

Math: SIC POVM is a maximal set of complex equiangular lines.
They are connected to Hilbert's 12th problem!

Physics: SIC POVM is a kind of optimal quantum measurement.
Useful in various quantum computing protocols, crucial in some
interpretations of QM (QBism). But they appear also in "standard"
applications like signal-processing (radars, speech recognition etc.).



SIC POVMs - where they come up



SIC POVMs - what we (don't) know

The existence of SIC POVMs is known in dimensions d ≤ 53 and:

20 more dimensions between 57 and 99

42 more between 103 and 964

10 more between 1027 and 5779

dimensions 19603 and 39604

numerical solutions: for d ≤ 193 and a few other dimensions.

All known SICs are group covariant: they are constructed by
starting with a single vector (called a �ducial vector), and acting
on it with the elements of the Weyl-Heisenberg* group.

Zauner's conjecture. In every dimension there exists a SIC-POVM and its
elements are the orbit of a �ducial vector under the Weyl-Heisenberg group.
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Summary & Recommendation

Five Open Problems in Quantum Information (yes, there are �ve again!)

(Quantum) Orthogonal Latin Squares & 36 Entangled O�cers of Euler

MUBs, SICs & Quantum Designs

Your PhD thesis matters (but you may have to wait)


