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The Wiener space and related operators

• dimension: n (none of our estimates depend on n)
• n-dimensional Wiener space : (Rn,B(Rn), γn)
• Ornstein-Uhlenbeck operator : L(f ) = ∆f −

∑n
i=1 xi∂i f

• Square field operator: Γ(f , g) = ∇f · ∇g
• m-th Wiener chaos:

Wm = Ker (L + mId) = Vect
( n∏

i=1
Hki (xi ) |

n∑
i=1

ki = m
)
.

• Wiener orthogonal expansion:

L2(γn) =
∞⊕

m=0
Wm.
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• Integration by parts for f ∈ Dom(Γ), g ∈ Dom(L) ⊂ Dom(Γ):∫
Rn

Γ(f , g)dγn := −
∫
Rn

f L (g) dγn

• Rephrasing using expectations:

E
[
Γ
(
f (~X ), g(~X )

)]
= −E

[
f (~X )L

(
g(~X )

)]
,

where Xi :
{

(Rn,B(Rn), γn) → R
(x1, · · · , xn) → xi ,

and

~X = (X1, · · · ,Xn) ∼ N (0, In).

• Wm ⊂ D∞ :=
(⋂

i≥1 Dom(Li )
)
∩
(⋂

p≥1 Lp(γn)
)

Rwe may skip any domain/integrability consideration on
Wiener chaoses
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State of the art regarding central convergence on Wiener
chaoses (univariate)

• (2005) Nualart-Peccati: (Fn) sequence in Wm

Fn
Law−−−→
n→∞

N (0, 1)⇔ E
[
F 2

n

]
→ 1 & E

[
F 4

n

]
→ 3.

• (2009) Nourdin-Peccati: F ∈ Wm with E
[
F 2] = 1

dTV (F ,N (0, 1)) ≤ 2
√
Var (Γ (F ,F ))

≤ 2√
3

√
E [F 4 − 3].

4



State of the art regarding central convergence on Wiener
chaoses (multivariate)

• (2005) Peccati-Tudor: ~Fn := (Fn,1, · · · ,Fn,d ) sequence in
Wm1 × · · · ×Wmd :

~Fn
Law−−−→
n→∞

N (0,Σ)⇔
{
∀i Fn,i → N (0,Σ(i , i))
∀i , j E [Fn,iFn,j ]→ Σ(i , j)

• (2010) Nourdin-Peccati-Reveillac:

dWass
(
~Fn,N (0,Σ)

)
≤ cΣ

√√√√√∑
i ,j

E

(Σ(i , j)− 1
mj

Γ (Fn,i ,Fn,j)
)2
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State of the art regarding central convergence on Wiener
chaoses (multivariate)

• (2014) Nourdin-Peccati-Swan:
• ~F = (F1, · · · ,Fd ) ∈ Wm1 × · · · ×Wmd with Cov

(
~F
)

= Id

• ~N = (N1, · · · ,Nd ) ∼ N (0, Id )

D
(
~F || ~N

)
≤ C~m

√
E
[
‖~F‖4−‖~N‖4

]
×

∣∣∣log
(
E
[
‖~F‖4−‖~N‖4

])∣∣∣
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Can we go beyond entropy?

• (2014) Nualart-Hu: quantitative C∞ -convergence of densities
if 1

Γ(Fn,Fn) bounded in every Lp, p ≥ 1
• (2016) Nourdin-Nualart: quantitative convergence in Fisher

information if 1
Γ(Fn,Fn)4+δ integrable

• (2016) Nualart-Hu-Tyndel: C∞ convergence of densities for

1√
n

n∑
k=1

P(Xk),

with P ∈ R [X ], (Xk)k≥1 stationary Gaussian process with
spectral density f such that log(f ) ∈ L1.

RAre the above assumptions (in red) necessary or are they
’automatic’?
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Our result

RThe previous assumptions are unecessary. Central convergence
on Wiener chaoses always implies bounded negative moments for
Γ (Fn,Fn) at any order.

Assumptions:

• (Fn) sequence in Wm

• Fn
Law−−−→
n→∞

N (0, 1)

Conclusion: ∀p ≥ 1, lim supE
[
Γ (Fn,Fn)−p

]
<∞

⇒ Fn
C∞−−−→

n→∞
N (0, 1)

⇔ ∀q ≥ 1, ∀ε > 0, ∃δε,q,m > 0 such that ∀F ∈ Wm:

dist(F ,N (0, 1)) ≤ δε,q,m ⇒

 F has a C q density f
supx∈R

∣∣∣f (q)(x)− γ(q)(x)
∣∣∣ ≤ ε

8



Our result in higher dimensions

Assumptions:

• ~Fn = (Fn,1,Fn,2, · · · ,Fn,d ) sequence in Wm1 × · · · ×Wmd

• ~Fn
Law−−−→
n→∞

N (0, Id )

Conclusion: ∀p ≥ 1, lim supn E
[
det (Γ (Fn,Fn))−p

]
<∞

⇒ ~Fn
C∞−−−→

n→∞
N (0, Id )
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A slightly stronger result in dimension one

Assumptions:

• (Fn) sequence in Wm
⊕

Wm−1
⊕
· · ·
⊕

W0

• Jm(Fn) Law−−−→
n→∞

N (0, 1)

• ∀i ≤ m − 1,E
(
Ji (Fn)2) ≤ M

Conclusion: ∀p ≥ 1, lim supn E
[
Γ (Fn,Fn)−p

]
<∞
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Exemple 1:

• XN =
(

Xi,j√
N

)
1≤i ,j≤N

with (Xi ,j)i ,j≥1 are i.i.d. N (0, 1).

• k1 < k2 < · · · < kd

• D = Diag (k1, k2, · · · , kd )
• (

Tr
(
X k1

N

)
− E

(
Tr
(
X k1

N

))
, · · · ,Tr

(
X kd

N

)
− E

(
Tr
(
X kd

N

)))
C∞−−−→

n→∞
N (0,D).
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Exemple 2

Let A be a Gaussian matrix of size N × p.

∀q ≥ 1,∃Cq,p > 0, ∃δq,p > 0,

‖tA · A− Ip‖2≤ ε⇒ E
(

det
(tA · A)−q) ≤ Cq,p.
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Ideas of proof: (1) a decoupling procedure

F = φ(X1, · · · ,Xn)
Sharp operator:

]F =
n∑

k=1

∂F
∂Xk

X̂k ,
(
Xk , X̂k

)
k≥1

i.i.d. ∼ N (0, 1).

E
(
eit]F

)
= E

(
exp

(
− t2

2 Γ (F ,F )
))

.

Γ (F ,F ) has negative moments
⇔ ]F has a smooth law
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Ideas of proof: (2) decoupling twice

]Fhas a smooth law ⇔ Γ []F , ]F ] has negative moments
⇔ ] []F ] has a smooth law

ROne is left to study the smoothness of the law of

∑
i ,j≤n

∂2F
∂Xi∂Xj

X̂i X̂j .
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A random quadratic form

• Set M =
(

∂2F
∂Xi∂Xj

)
1≤i ,j≤n

• if F ∈ Wm then M ∈Mn (Wm−2).∣∣∣∣∣E
(

eit
∑

i,j≤n
∂2F

∂Xi∂Xj
X̂i X̂j

)∣∣∣∣∣ =
∣∣∣E (eit

∑n
k=1 λk X̂2

k
)∣∣∣

=
∣∣∣∣∣E
( n∏

k=1

1√
1 + 2itλk

)∣∣∣∣∣ ≤ E
( n∏

k=1

1
(1 + 4t2λ2

k) 1
4

)

ROne is left to prove negative moments for

Rq (M) =
∑

k1 6=k2···6=kq

λ2
k1 · · ·λ

2
kq

RIt is equivalent to get negative moments for

Dq(M) = inf
rank(B)≤q−1

‖M − B‖2 15



A kind of compress sensing argument

For any matrix A we have ‖A‖22= q E
(
‖AX‖2

)
for X random

matrix with standard Gaussian independent entries of dimensions
n × q

RFor a typical realization of X one should have

P (Dq(M) ≤ ε) ≈q P (Dq(MX ) ≤ ε)

≈q P
(

inf
a∈Sq−1

‖MX ta‖≤ ε
)
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Dealing with a fixed a ∈ Sq−1:

We consider Y ∼ N (0, In) then

F ≈ N (0, 1) & F ∈ Wm ⇒
1√

m(m − 1)
tYMX ≈ N (0, Iq)

⇒︸︷︷︸
conditionning

γn,q

(
χ ∈Mn,q(R) | 1√

m(m − 1)
tYMχ ≈ N (0, Iq)

)
≈ 1

Then for χ typical and a ∈ Sq−1 one should have

1√
m(m − 1)

tYMχta ≈ N (0, 1).
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Reasoning by induction on m

Set Mχa = (z1, · · · , zn),

E
(

e
it 1√

m(m−1)
tYMχta

)
≈ E

(
exp

(
− t2

2
∑

i
z2

i

))

= O
( 1

tp

)
, p >> 1.

Where we use that tYMχta may be seen as an element of Wm−1

so we can proceed by induction.

RP (‖Mχta‖≤ ε) ≤ εp for large p.

RWe manage the inversion of inf and P using a discretization of
the sphere, the union bound and optimizing the constants.
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