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Introduction
Application 1 : The longest head run

000110010101011111110000101001101111111111100000110111111110010

Question : Law of  longest series of 1’s starting in the first  tosses = longest head run ?Rn n

Large number of independent tosses of a coin, .Ci ∼ ℬ(p)
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mn=5

0100001010011011111
mn=5

11111
mn=5

10000011011111
mn=5

1010010

Runs of length mn at positions j = 14, 33, 38, 52.
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P(run at j + 1 | run at j) = p

Large number of independent tosses of a coin, .Ci ∼ ℬ(p)
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 : test lengthmn

{Rn < mn} = {Un = 0}  : nb of starting positions  
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Un
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Clumps

Question : Law of  longest series of 1’s starting in the first  tosses = longest head run ?Rn n

P(run at j+k | run at j) = pk

Large number of independent tosses of a coin, .Ci ∼ ℬ(p)



Introduction
Application 1 : The longest head run

 : test lengthmn

{Rn < mn} = {Un = 0}  : nb of starting positions  
in  of a head run 

Un
{1,…, n}

11 1000110010101011111
mn=5

01000010100110 11111
mn=5

111100000110 11111
mn=5

010010

Runs of length mn at positions j = 14 ,33 , 34 , 35 , 36 ,37 , 38 ,39 ,52 , 53

Clumps

Question : Law of  longest series of 1’s starting in the first  tosses = longest head run ?Rn n

Average size of clump : 1 + p + p2 + …

Large number of independent tosses of a coin, .Ci ∼ ℬ(p)



Application 2 : a rare word in a DNA sequence
Series  from  X1X2…Xn 𝒜 = {A,C,G,T}

Rare word :  of length Wn = w1w2…whn
hn ∼ log(n)

Example :

GACTAACTAAACTAATGAAACTAACG

ACTAA. One  Wn = p = 4

Question : number of occurrences of  ?Wn

𝔗(Wn) = ∑
j∈I

Zj = ∑
j∈I

1{Xj=w1,…,Xj+hn−1=whn}
,

I = {1,…, n − hn + 1}

E[Zj] = μ(Wn)



Series  from  X1X2…Xn 𝒜 = {A,C,G,T}

Rare word :  of length Wn = w1w2…whn
hn ∼ log(n)

Example :

GACTAACTAAACTAATGAAACTAACG

ACTAA. One  Wn = p = 4

Question : number of occurrences of  ?Wn

𝔗(Wn) = ∑
j∈I

Zj = ∑
j∈I

1{Xj=w1,…,Xj+hn−1=whn}
,

I = {1,…, n − hn + 1}

E[Zj] = μ(Wn)

ACTAA

3-clump at , 1-clump at j = 2 j = 20

GACTAACTAAACTAATGAAACTAACG
Clumps

Application 2 : a rare word in a DNA sequence



Motivation Poisson approximation ?

Head runs
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Motivation Poisson approximation ?

Head runs

DNA sequence

, Xn
k = (1 − Ck−1)

k+mn−1

∏
i=k

Ci, Ci ∼ Ber(p)

  : nb of runs of lenght Un = ∑
k∈I

Xn
k mn

Declump 

Average size of clump : 1 + p + p2 + …

Un ∼ 𝒫(λn) ?

P(occ . word k times at j) = λnV({k})𝔗(Wn) ∼ 𝒫𝒞(λn, V)?

Question : How to quantify the convergence rate for TV- distance ? 

For ,   probability measures on P Q ℕ = {0,1,…} dTV(P, Q) = sup
A⊆ℕ

|P(A) − Q(A) |



Chen-Stein method

 Stein operator  L : Lφ(F) = λ0 ∑
k⩾1

kφ(F + k)V({k}) − Fφ(F)

 dTV(PF, P⋆) = sup
A⊂ℕ

E[λ0 ∑
k⩾1

kψA(F + k)V({k}) − FψA(F)]

P⋆ = 𝒫𝒞(λ0, V), F : ℕ-valuedEquivalent problem

  Stein’s class(ψA, A ⊂ ℕ)



F = ∑
i∈I

∑
k⩾1

Xi1{occ. at i of size k}, Xi = 1{occ. at i} ∼ Ber(p), I ⊂ ℕ .Frame

Neighborhoods 
of dependence 

(𝒩i, i ∈ I) Xi is independent of {Xj, j ∉ 𝒩i ∪ {i}}

Approximation
b1 = ∑

i∈I

(E[Xi])2 + ∑
i∈I

∑
j∈𝒩i,j≠i

(E[Xi])(E[Xj])

b2 = ∑
i∈I

∑
j∈𝒩i

E[XiXj]

b3 = ∑
i∈I

E[ E[Xi − pi |σ(Xj, j ∉ 𝒩i)] ]

 dTV(PF, P⋆) ⩽ b1 + b2 + b3

Original approach dTV(PF, P⋆) = sup
A⊂ℕ

E[λ0 ∑
k⩾1

kψA(F + k)V({k}) − FψA(F)]



dTV(PF, P⋆) = sup
A⊆ℕ

E[λ0 ∑
k⩾1

kψA(F + k)V({k}) − FψA(F)]

Idea 1.

 = f((ΔN1, V1), …, (ΔNn, Vn), …)

(ΔNj)j ⊥⊥ (Vj)j .

New approach 

 F = ∑
i∈I

∑
k⩾1

Xi1{occ. at i of size k}

ΔNj ∼ ℬ(λ), Vj ∼ V
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dTV(PF, P⋆) = sup
A⊆ℕ

E[λ0 ∑
k⩾1

kψA(F + k)V({k})−FψA(F)]

Idea 1.

 = f((ΔN1, V1), …, (ΔNn, Vn), …)

(ΔNj)j ⊥⊥ (Vj)j .

New approach 

 F = ∑
i∈I

∑
k⩾1

Xi1{occ. at i of size k}

ΔNj ∼ ℬ(λ), Vj ∼ V

Idea 2.  E[FψA(F)] as one term of some integration by parts?

E[FψA(F)]

Integration by parts ?

Nourdin Peccati 2009 



Malliavin calculus for marked  
binomial processes (MBP)



Framework
(Ω, ℱ, P)Marked binomial processes

 countable = mark space.E n = 1 ΔN1 = 1, V1 = 1
η(1,1) = 1
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Framework
(Ω, ℱ, P)Marked binomial processes

 countable = mark space.E n = 1 ΔN1 = 1, V1 = 1
η(1,1) = 1

η(2,⋅) = ∑
k∈E

η(2,k) = 0

1

1 n = 4 ΔN4 = 1, V2 = 5
η(4,5) = 1

n = 5,6 Etc.

n = 2,3 ΔN2, ΔN3 = 0



Framework
Marked binomial processes (Ω, ℱ, P)

MBP  (λ, V)

  -th jump, Tt t T0 = 0 and Tt − Tt−1 ∼ 𝒢(λ), i.i.d.

 mark of the -th jump i.i.d. Vt t Vt ∼ V, (Vt)t ⊥⊥ (Tt)t

N0 = 0, ΔNt = Nt − Nt−1 = 1{jump at t}

δ(Tt , Vt)              η =
∞

∑
t=1

1{Tt<∞}

Intensity of MBP  (λ, V) dν(t, k) = λV({k})δ(t,k) ΔNt ∼ Ber(λ)

𝕏 = ℕ* × E



Marked binomial functionals Marked binomial processes 

Lp(P) = {F : E[ |F |p ] < ∞}

  𝔣 representative of F   representative of  𝔲 u

Lp(P ⊗ ν) = {u : E[∑
(t,k)

|u( ⋅ , (t, k)) |p ] < ∞}

Functionals and processes 

F = 𝔣(η)

(Ω, 𝒜, P)

u = ∑
(t,k)∈𝕏

𝔲(η, (t, k))1(t,k)

ℱt = σ{η(s, k), s ⩽ t, k ∈ E} .

p ⩾ 1

Filtration  (ℱt)t⩾1



-theory L1

For 𝔲 non-negative, 

E[ ∑
(t,k)∈η

𝔲(η, (t, k))] = E[∫𝕏
𝔲(πt(η) + δ(t,k), (t, k)) dν(t, k)]

Mecke formula

Lemma (H) 

  representative 
of  

𝔲
u



-theory L1

Lemma (H) 

E[ ∑
(t,k)∈η

𝔲(η, (t, k))] = E[∫𝕏
𝔲(πt(η) + δ(t,k), (t, k)) dν(t, k)]

where
πt(η) = ∑

s≠t
∑
k∈E

η(s, k)

Mecke formula

For 𝔲 non-negative, 



Add-one cost operator « Skorokhod integral »

D+
(t,k)F = 𝔣(πt(η) + δ(t,k))) − 𝔣(πt(η)) δ̃(u) = ∑

(t,k)∈𝕏

u(t,k)ΔZ(t,k)

  ΔZ(t,k) := 1{η(s,k)=1} − λV({k})
Proposition.  (H) L1 integration by parts

For u predictable, F s.t. D̃ Fu ∈ L1(P ⊗ ν),

E[∫𝕏
D̃ (t,k)F u(t,k) dν(t, k)] = E[Fδ̃(u)]

where D̃ (t,k)F = 𝔣(πt(η) + δ(t,k)) − 𝔣(η) .

-Operators and integration by partsL1

•  ΔZ(t,⋅) ⊥⊥ ΔZ(s,⋅) for t ≠ s

•  E[ΔZ(t,k)ΔZ(t,ℓ)] ≠ 0.

•  E[ΔZ(t,k)] = 0



Add-one cost operator « Skorokhod integral »

D+
(t,k)F = 𝔣(πt(η) + δ(t,k))) − 𝔣(πt(η)) δ̃(u) = ∑

(t,k)∈𝕏

u(t,k)ΔZ(t,k)

Proposition.  (H) L1 integration by parts

For u predictable, F s.t. D̃ Fu ∈ L1(P ⊗ ν),

E[∫𝕏
D̃ (t,k)F u(t,k) dν(t, k)] = E[Fδ̃(u)]

where D̃ (t,k)F = 𝔣(πt(η) + δ(t,k)) − 𝔣(η) .

-Operators and integration by partsL1

•  ΔZ(t,⋅) ⊥⊥ ΔZ(s,⋅) for t ≠ s

•  E[ΔZ(t,k)ΔZ(t,ℓ)] ≠ 0.

•  E[ΔZ(t,k)] = 0

  ΔZ(t,k) := 1{η(s,k)=1} − λV({k})



-theoryL2

The family ℛ

ΔZ(t,k) = 1{(t,k)∈η} − λV({k})

 
  

ΔR0 = 1, ΔR(t,1) = ΔZ(t,1) and ΔR(t,k) = ΔZ(t,k) − ΔR(t,j)

k−1

∑
j=1

E[ΔZ(t,k)ΔR(t,j)]
E[(ΔR(t,j))2]

•  

•  ΔR(t,⋅) ⊥⊥ ΔR(s,⋅) for t ≠ s

The  satisfy ΔR(⋅,⋅)

•  E[ΔR(t,k)ΔR(t,ℓ)] = 0 for k ≠ ℓ and E[(ΔR(t,k))2] =: κk

ΔR(t,k) = ΔZ(t,k) −
k−1

∑
j=1

ρj ΔZ(t,j)

•  E[ΔR(t,k)] = 0



Chaotic decomposition (tn, kn) = ((t1, k1), …, (tn, kn))

Proposition. -integration (H) 
The -integral of   is    

           and     

Isometry property : for  

     

ℛ
ℛ fn ∈ 𝒞n(𝕏n, ℝ)

J0( f0) = f0 Jn( fn) = n! ∑
(tn,kn)

fn(tn, kn)
n

∏
i=1

ΔR(ti,ki) (n ⩾ 1)

fn ∈ L2(ν̃)∘n, gm ∈ L2(ν̃)∘m,

E[Jn( fn)Jm(gm)] = 1n(m)n! ⟨ fn, gn⟩L2(ν̃)∘n

  

 

ΔZ(t,k) = 1(t,k) − λV({k})

ΔR(t,k) = ΔZ(t,k) −
k−1

∑
j=1

ρjΔZ(t,j)

E[(ΔR(t,k))2] =: κk

⟨ fn, gn⟩L2(ν̃)∘n = n!∫𝕏n,<

fn(tn, kn)gn(tn, kn)d ν̃⊗n(tn, kn) with ν̃(t, k) = κk ν(t, k)

Hilbert space of symmetric functions



   Jn( fn) = n! ∑
(tn,kn)

fn(tn, kn)
n

∏
i=1

ΔR(ti,ki)
Chaotic decomposition

Marked binomial functionals

F = f01{η(𝕏)=0} + ∑
n⩾1

∑
(tn,kn)∈𝕏n

fn(tn, kn)1{η(𝕏)=n}

n

∏
i=1

1{η(ti,ki)=1} ;

ℋ0 = R and ℋn = {Jn( fn) ; fn ∈ L2(ν̃)∘n}
Marked binomial chaoses

Theorem. Chaotic decomposition (H) 
L2(P) = ⨁

n∈N

ℋn

In other words,  can be uniquely expandedF ∈ L2(P)

F = E[F] + ∑
n∈N*

Jn( fn)

  fn ∈ L2(ν̃)∘n



-Integration by parts - Malliavin calculusL2

Proposition. (Extended) -Integration by parts (H)L2

 For any (F, u) ∈ domD × domδ,

E[Fδu] = E[⟨DF, u⟩L2(𝕏,ν̃)]

Annihilation operator Itô-Wiener integral

δ(u) = J1(u) = ∑
(t,k)

u(t,k)ΔR(t,k)
D(t,k)Jn( fn) = nJn−1(fn( ⋆ , (t, k))1{1,…,t−1}n)



 correspondence?L1 − L2

F ∈ domL

L1 -theory L2 -theory

D+F = DF, P-a.s.

δ̃(u) = ∑
t

u(η, t)ΔZt = δ(u)

F ∈ L2(P) s.t. 
D+F ∈ L2(P ⊗ ν)

u ∈ domδ

D+F ∈ L2(P ⊗ ν) L̃F = − δ̃(D+F) = − δ(DF) = − ∑
n⩾1

nJn( fn) = LF

 ΔZt = 1{η(t)=1} − λ

A particular case : E = {1}



ΔZ(t,k)

No chance to get a  unified theory L1/L2

The general case :  countableE
L1 -theory L2 -theory

D+F = DF, P-a.s.

δ̃(u) = ∑
(t,k)

u(η, (t, k)) δ(u) = ∑
(t,k)

u(η, (t, k))ΔR(t,k)

F ∈ L2(P) s.t. 
D+F ∈ L2(P ⊗ ν)

u simple ≠
F ∈ domL

D+F ∈ L2(P ⊗ ν) L̃F = − δ̃(D+F) LF = − ∑
n⩾1

nJn( fn) = − δ(DF)≠

F ∈ L2(P) The operator  is not the L̃
generator of (Pτ)τ⩾0

PτF = ∑
n⩾0

e−nτJn( fn)

 correspondence?L1 − L2



Mehler’s formula and corollaries
Thinning

 is a MBP of intensity ητ,0 := η1{ετ
t =0} e−τν .

Let ετ
t := 1{θt⩽τ} where θt ∼ ℰ(1) i.i.d.

ετ
1 = 1

Thinned processOriginal process

1

1

1

1
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Mehler’s formula and corollaries
Thinning

 is a MBP of intensity ητ,0 := η1{ετ
t =0} e−τν .

Let ετ
t := 1{θt⩽τ} where θt ∼ ℰ(1) i.i.d.

Thinned processOriginal process

1

1

1

1

ετ
1 = ετ

3 = ετ
6 = 1

ετ
2 = ετ

4 = ετ
5 = 0



Proposition (H) 
Let  finite and . For  

 

where  is the distribution of a MBP( ) and the distribution of  is s.t. 

η F = 𝔣(η) ∈ L1(P) τ ∈ R+,

PτF = ∫ E[𝔣(ητ,0 + εη̃) | η]Πν(d η̃) P-a.s.

Πν ν η̃ |η

P((t, k) ∈ η̃ | (t, k) ∉ η) = λV({k}) and P((t, k) ∉ η̃ | (t, k) ∈ η) = 1 − λV({k})

Integral representation of (Pτ)τ⩾0



Proposition (H) 
Let  finite and . For  

 

where  is the distribution of a MBP( ) and the distribution of  is s.t. 

η F = 𝔣(η) ∈ L1(P) τ ∈ R+,

PτF = ∫ E[𝔣(ητ,0 + εη̃) | η]Πν(d η̃) P-a.s.

Πν ν η̃ |η

P((t, k) ∈ η̃ | (t, k) ∉ η) = λV({k}) and P((t, k) ∉ η̃ | (t, k) ∈ η) = 1 − λV({k})

P((t, k) ∈ η̃ | (t, k) ∈ η) = P((t, k) ∉ η̃ | (t, k) ∉ η) = 0

Integral representation of (Pτ)τ⩾0



Corollaries

Corollary 2 Melher’s formula

For F ∈ L2(P) s.t. E[F] = 0,

L−1F = − ∫
+∞

0
PτF dτ, P ⊗ ν-a.s. and DL−1F = − ∫

+∞

0
e−τPτDF dτ,

Corollary 1 Contraction property 
For F ∈ L2(P), τ ∈ R+,

DPτF = e−τPτDF



Application :  
Poisson approximations



Poisson approximation

Theorem (H)
Let a -valued RV  Thenℕ F ∈ L2(P) s.t. E[F] = λ0 > 0.

  dTV(PF, 𝒫(λ0)) ⩽
1 − e−λ0

λ0
E[ |λ0 − ⟨ D̃ F, − DL−1(F − E[F])⟩L2(ν) |]

+
1 − e−λ0

λ0
E[∫ℕ*

| D̃ tF( D̃ tF − 1)DtL−1(F − E[F]) |dν(t)] .

General bound 

 
   

D̃ tF = 𝔣(πt(η) + δt) − 𝔣(η)
DtF = D+

t F = 𝔣(πt(η) + δt) − 𝔣(πt(η))



Sketch of Proof

1. Prove that (Mehler’s formula + contraction property)  

D+φA(F) D+L−1(F − E[F]) ∈ L1(P ⊗ ν)

2. IBP

E[FφA(F) − λ0φA(F + 1)] = E[(L̃L̃−1(F − E[F]))φA(F)] − λ0E[∇φA(F)]

∇φA(F) = φA(F + 1) − φA(F)

= − E[∫ℕ
D̃ t(φA(F))DtL−1(F − E[F])dν(t)]−λ0E[∇φA(F)]

= − E[∇φA(F)∫ℕ
( D̃ tF)DtL−1(F − E[F])dν(t) + remA]

−λ0E[∇φA(F)]

3. Bound  + take E[ | remA | ] sup
A∈⊂ℕ



Application : the longest head run  

 

Xn
k = (1 − Ck−1)

k+mn−1

∏
i=k

Ci, Ci ∼ Ber(p), i.i.d.

Un = ∑
k∈I

Xn
k

Un =
mn

∏
i=1

ΔNi +
n

∑
i=1

(1 − ΔNi)ΔNi+1ΔNi+2…ΔNi+mn

Theorem (H)
Let Then,λn = pmn((n − 1)(1 − p) + 1) .

dTV(PUn
, 𝒫(λn)) ⩽

pmn

λn [pmn[2(mn − 1)q2 + 2mnq + 1] + cm2
n(1 − p)2pmn−1

+2(n − mn + 1)(1 − p)pmn + o(pmn)] .

Remark The CDF of the longest head run can be approximated by 
P(Rn < mn) = P(Un = 0) = e−λn .

Test length mn = log1/p((n − 1)(1 − p) + 1) + cst



Application : the longest head run  

 

Xn
k = (1 − Ck−1)

k+mn−1

∏
i=k

Ci, Ci ∼ Ber(p), i.i.d.

Un = ∑
k∈I

Xn
k

Un =
mn

∏
i=1

ΔNi +
n

∑
i=1

(1 − ΔNi)ΔNi+1ΔNi+2…ΔNi+mn

Theorem (H)
Let Then,λn = pmn((n − 1)(1 − p) + 1) .

dTV(PUn
, 𝒫(λn)) ⩽

pmn

λn [pmn[2(mn − 1)q2 + 2mnq + 1] + cm2
n(1 − p)2pmn−1

+2(n − mn + 1)(1 − p)pmn + o(pmn)] .

Remark The CDF of the longest head run can be approximated by 
P(Rn < mn) = P(Un = 0) = e−λn .

Test length mn = log1/p((n − 1)(1 − p) + 1) + cst

∼ 1/n



Compound Poisson approximation

Theorem (H)
Let  λ0 > 0, V probability distribution on ℕ* .

  dTV(PF, 𝒫𝒞(λ0, V)) ⩽ sup
A⊂ℤ+

∫𝕏
[D+L̃−1(𝔣(η) − E[𝔣(η)])ψA(𝔣(πt(η) + δ(t,k)))

Let a -valued RV  Then,ℕ F ∈ L2(P) s.t. E[F] = λ0E[V1] > 0.

−kψA(𝔣(η) + k)]dν(t, k)

General bound 

 

  
  

D̃ tF = 𝔣(πt(η) + δt,k) − 𝔣(η)
L̃F = − δ̃D+F

D+
t,kF = 𝔣(πt(η) + δt,k) − 𝔣(πt(η))

+c𝒫𝒞 ∫𝕏
[D+L̃−1(𝔣(η) − E[𝔣(η)]) − k] dν(t, k)



                                                                                                
𝔗(Wn) = ∑

j∈I

Zj := ∑
j∈I

1{Xj=w1,…,Xj+hn−1=whn}

Proposition (H) 

Application : count of a rare word in a 

Let λn = (n − hn + 1)(1 − α)μ(Wn) and V = 𝒢(1 − α) . Then,

dTV(P𝔗(Wn), 𝒫𝒞(λn, V)) ⩽ dTV(P𝔗(Wn), PFn
)+ dTV(PFn

, 𝒫𝒞(λn, V))

⩽ 2hnμ(Wn)+ (n − hn + 1)c𝒫𝒞μ(Wn)2

Let Fn = ∑
j∈I

VjΔNj where Vj ∼ V = 𝒢(1 − α) i.i.d.

ΔNj ∼ Ber((1 − α)μ(Wn)) i.i.d.

DNA sequence



Conclusion Open questions

Possible applications in stochastic geometry ?

What about inserting dependence in the process ?
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