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Introduction
Application 1 : The longest head run

Large number of independent tosses of a coin, C; ~ AB(p).
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Question : Law of R, longest series of 1’s starting 1n the first n tosses = longest head run ?
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Application 1 : The longest head run

Large number of independent tosses of a coin, C; ~ H(p). m, : test length

0001100101010111110100001010011011 111100000110111111010010

=~

m,=5 m,=5

Question : Law of R, longest series of 1’s starting 1n the first n tosses = longest head run ?

K, <m,j = U, =0} U, : nb of starting positions
in {1,...,n} of ahead run
Runs of length m, at positions j = 14,33, 34, 36,37,38.,39 .52 .53

Clumps Average size of clump: 1+ p +p* + ...
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Application 2 : a rare word in a DNA sequence - Thyine

= = Cytosine

2 = Guanine

Series X X,...X, from & = {A,C,G,T}

= Phosphate
backbone

Rare word : W, = wyw,...w,, of length /1, ~ log(n)

Question : number of occurrences of W, ?
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Example : W, = ACTAA.
GACTAACTAAACTAATGAAACTAACG
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Application 2 : a rare word in a DNA sequence - Thyine

= = Cytosine

2 = Guanine

Series X X,...X, from & = {A,C,G,T}

= Phosphate
backbone

Rare word : W, = wyw,...w,, of length /1, ~ log(n)

Question : number of occurrences of W, ?

SURED I 3 O
jel JEI

ElZ] = u(W,)
I={1,...n—h,+ 1}

Example : W, = ACTAA.

GACTAACTAAACTAATGAAACTAACG
ACTAA

Clumps
GACTAACTAAACTAATGAAACTAACG

3-clump atj = 2, 1-clump at j = 20
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Motivation Poisson approximation ? | ,
Average sizeof clump: 1 +p+p-+ ...

k+m,—1
Head runs U, ~ P 7! Declump X;' = (1 —C;_) H C;, C; ~ Ber(p),
i=k
U, = Z X, : nb of runs of lenght m,,
kel
DNA sequence <I(W)) ~ PE(4,V)? P(occ.word ktimes atj) = 4, V({k})

For P, Q probability measures on N = {0,1,...} dv(P,Q) =sup|P(A) — Q)|
ACN



Chen-Stein method

Equivalent problem P* = %%(4,,V),F : N-valued

L : Stein operator Le(F) = A, Z ko(F+ k)V({k}) — Fo(F)
k=1

(yy, A C N) Stein’s class

dry(Pr P*) = sup [E|2) Y ky(F + DV({k}) - Fl//A(F):

ACN ) k>1




Original approach

Frame I = Z ZXil{occ. ati of size k}» Xi — l{occ. ati} B@I‘(p), I CN.

el k>1

Neighborhoods (4 iel) X; isindependentof {X,j¢& /U {i}}

of dependence |

Approximation
drv(Pr, P*) < by + b, + b;

by= Y EIXD’+ ) Y (EXDELX]

el

i€l jeN , j#i

by =2, 2, EIXX]

el jes,

by= ) E

_|E[Xi —piloX;,] &€ V)]




New approach

Idea 1. F = Z Z Xil{occ. ati of size k} (A]Vj)j Al (V])] :

el k>1

= f((AN,, V), ..., (AN, V,), ... ) AN; ~ B(A),V;~V



New approach

Idea 1. F = Z Z Xil{occ. ati of size k} (A]Vj)j Al (V])] :
el k>1
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Idea 2.

Nourdin Peccati 2009



New approach

Ideal.  F= Z D Xl joce.ati ofsize] (AN); 1L (V),.
el k>1
= f((AN,, V), ..., (AN, V,), ... ) AN; ~ B(A),V;~V
Idea 2.
E[Fy,(F)] Nourdin Peccati 2009

Integration by parts ?



Malliavin calculus for marked
binomial processes (MBP)
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Framework

Marked binomial processes (Q,F,P)

E countable = mark space.

n=1 Alel,Vlzl
n(1,1) = 1
n2,) = Zn(lk) = 0

keE

n:4 AN4:1,V2:5
n4,5) =1

n=>56 Etc.




Framework

Marked binomial processes (Q,%,P)

MBP (1. V) X =N*XE

Tt t-th jump, TO = 0 and Tt — Tt—l ~ ?(/1), 1.1.d. NO = 0, ANt — Nt o Nt—l — 1{jumpatt}
V. mark of the ¢#-th jump 1.1.d. V., ~ V, (V). I (7)),

Intensity of MBP (4. V) du(t, k) = AV({ kD6, AN, ~ Ber(1)



Functionals and processes (Q, o, P)

Marked binomial functionals Marked binomial processes

F =f(n) I representative of F U = 2 u(n, (6, ), U representative of u
(t,k)eX

[PP)={F : E[|FPl<o} p>1 [L[’P®u)= {u : Elzw(-,(t,k))\p]<oo}
(2,k)

Filtration (&), F. = g{}/](s, k),s < t,k € E} .



L'-theory
1t representative

Mecke formula of u

Lemma (H)

For 1t non-negative,

E[ » un. (. k))] =E” w(7(n) + 8, (1, K)) du(t, k)
X

(t,k)En



L'-theory
Mecke formula

Lemma (H)

For 1t non-negative,

E[ 2 u(y, (¢, k))] :E” u Sy iy (1, K) ) du(t, k)
X

(t,k)En

where

ZOEDIDICNS

s#t keE



L'-Operators and integration by parts

Add-one cost operator « Skorokhod integral »
D (_;,k)F — f(ﬂt(rl) T 5(t,k))) o f(ﬂt(n)) g(u) — Z u(t,k)AZ(t,k)
(t,k)EX

Proposition. L' integration by parts (H)

AZq = Ly =1y —AVALD

For u predictable, F' s.t. DFue L\ (P®Uv),
® E[AZ(Z‘,]C)] — O
E [J' E(I,k)F u(l‘,k) dl/(t, k) — E[Fg(u)] ® AZ(t,) J.I_ AZ(S,) fOI‘ [ # \)
where D (t,k)F = {(m(n) + 5(t,k)) —{(n).



L'-Operators and integration by parts

Add-one cost operator « Skorokhod integral »
D (_;,k)F — f(ﬂt(rl) T 5(t,k))) o f(ﬂt(n)) g(u) — Z u(t,k)AZ(t,k)
(t,k)EX

Proposition. L' integration by parts (H)

AZ(I,]() = 1{7](S,k)=1} — A«V({k})

For u predictable, F' s.t. DFue L\ (P®Uv),
® E[AZ(Z‘,]C)] — O

E [J'(l‘,k) dl/(ta k)] — E[Fg(u)] ® AZ(L) J.I_ AZ(S,) fOI‘ [ # S
X

> o E[AZ,yAZ,p)] #0.
where D, F = {(7(n) + 0 )



L’*-theory
The family £

ARO — 1, AR(t,l) — AZ(I,I) and AR(Z,k) — AZ(I,]C) — Z

The AR, satisty

AZiw = Yiapen — AV(ik})

AR

E[(AR(t, j))z]

j=1

AR, . 1L AR  fort # s
E[AR, yAR 4] k=1() for k # £ and E[(AR(t,k))z] =: K

ARy = ALy — 2 P AZ,
j=1



1

ARy = ALy gy — 2 PiBL

Chaotic decomposition (t k)= ((t.k),...,(t,k))

j=1

Hilbert space of symmetric functions

<fn9 gn>L2(7)” — n'J' f (tn9 n)gn(tn’ n)d}7®n(tn9 n) with U(t k) — Kg I/(t k)
Xn,<

Proposition. #-integration (H)
The R-integral of f, € E"(X",R) is

Jo(f) =fy and J(f) =n! ) f(t, n)HAR(tk) (n >

(t,.K,)

Isometry property : for f, € L*(?)™, g, € L*(v)"",



Chaotic decomposition

Marked binomial functionals

— - : 2(7\on
I _f()l{n(X)=O} T Z Z fn(tn’ k’”l)l{’?(x)=n}Hl{ﬂ(fiaki)=1} ’ fn € L(v)

n>1 (t k )EX" i=1

Marked binomial chaoses
Fo=R and #, =1{J(f);f, €L*D)"}

Theorem. Chaotic decomposition (H)

LXP) =P,

neN

In other words, F € L*(P) can be uniquely expanded

F=E[F1+ ) J,(f)

neN*



Lz-lntegration by parts - Malliavin calculus

Annihilation operator I1to-Wiener integral

D o/, (f,) = an_l(fn( *, (1, k))l{l,...,t—l}”) o(u) = J(u) = Z U AR gy

Proposition. (Extended) L2-Integration by parts (H)
For any (F,u) € domD X domo,

E[Félxl] =K [(DF, M)Lz(xj)]



AZ = 1iyp=1y — 4

L' — L* correspondence?
A particular case: E = {1}

L' -theory L? -theory
F € L*(P) s.t.
DYF € L*(P ® v) D*F = DF, P-as.
u € domd S(u) = ) u(n,HAZ, = 8(u)
4
F e doml LF = — §(D*F) = — §(DF) = J(f)=LF
DF e LAP ® 1) =~ 3(D*F) = = 8(DF) = = ) nJ,(f,) =
n=1




L' — L* correspondence?

The general case : E countable

L' -theory L* -theory

F € L*(P) s.t.
DFe L’ (P®v)

DTF = DF, P-a.s.

g(u) = Z u(n, (¢, k) AZ, 1, ;A o(u) = Z u(n, (¢, k))AR(t,k)

impl
u simple o m
F € domL ~ ~ LF = - ) nl(f,) = — 8DF)
LF = — 5(DYF n\Jn
DTFe L’ (P®vU) (D7) 7& n>1
The operator L is not the — —nt
2 P P F = e " J (f.)
Fe L ® generator of (P,) ,g)

No chance to get a L'/L? unified theory



Mehler’s formula and corollaries
Thinning Letef := 1,5, where §, ~ &(1)i.i.d.

n™Y =yl (er=0} 1S @ MBP of intensity e™"v.

Thinned process

Original process
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Integral representation of (P,), .

Proposition (H)
Let # finite and F = f(n) € L'(P). Forz &€ R..

PF = JE f(n™ +en) | n|IL(dn)  P-as.

where I is the distribution of a MBP(v) and the distribution of 77 | 77 is s.t.

P((,k) €71(,k) &) = AV({k}) and P((1,k) €716,k € ) = 1 — AV({k})



Integral representation of (P,), .

Proposition (H)
Let # finite and F = §(n) € L'(P). Forz € R_,

P F = JE F(n™" + €7) | ;7] [T (dn) P-a.s.

where I is the distribution of a MBP(v) and the distribution of 77 | 77 is s.t.
P((.k) €771 (1,k) & n)|=AV({k})) and [P((t,k) € 77| (t.k) € n)|= 1 = AV({k})

P((t,k) €|t kyen) =Ptk &7tk &n) =0




Corollaries

Corollary 1 Contraction property
For F € L*(P),t € R,

DP_F = e~ "P.DF

Corollary 2 Melher’s formula

For F € L*(P)s.t. E[F] = 0,
+00 00
L™'F =— J PFdr, PQu-as. and DL 'F=— J e "P_DF dbr,
0 0



Application :
Poisson approximations




Poisson approximation

General bound

Theorem (H)
Let a N-valued RV F € L*(P) s.t. E[F] = Ao > 0. Then

1 —4 —~
dry(Pp, P(4y)) < ———E[ |4y — (DF, = DL™\(F = E[F])) 20, ]

+ E ” |'D F(D.F—-1)DLY(F-E[F))] du(t)] .
N>I<



Vo (F) = @ F+ 1) — @ (F)
Sketch of Proof A A A

1. Prove that (Mehler’s formula + contraction property)

D*e,(F)DTL™Y(F - E[F]) € L'\(P ® v)
2. IBP

E|Fiu(F) = Jgga(F + D| = B[ (L1 (F = EIF D)), (F)| = 1 Vo, (F)]

— E” D (¢ (F))D,L~\(F — E[F ])dv(t)] —ME[ Vo, (F)]
N

- —E[wA(F)J

(D F)D,L~(F — E[F])du(f) + rem A]
N

—AEL V@, (F)]

3. Bound E[ [rem, | ] + take sup
AecN



k+m,—1

Application : the longest head run xr=1-C.) [[ ¢ C~Ber(p)iid

1=k

U,=[]AN.+ ) (1 - AN)AN,, | AN,,...AN,,,
=1 =1

Test length m, = log,,((n — 1)(1 —p) + 1) + cst

Theorem (H)
LetA, = p"((n—1)(1 —p)+ 1). Then,
p
A

dry(Py . P(2,) < =— |p™[2(m, — 1)g* + 2m,q + 1] + cm>(1 — p)*p"™~!

n

+2(n—m,+ 1)(1 — p)p"™ + o(p"™)| .

Remark The CDF of the longest head run can be approximated by
P(R, <m,)=PU,=0)= e .



k+m,—1

Application : the longest head run xr=1-C.) [[ ¢ C~Ber(p)iid

1=k

U,=[]AN.+ ) (1 - AN)AN,, | AN,,...AN,,,
=1 =1

Test length m, = log,,((n — 1)(1 —p) + 1) + cst

Theorem (H)
LetA, = p"((n—1)(1 —p)+ 1). Then,

m

p n
Ay
~ 1/n +2(n—m,+ 1)(1 —p)p" + o(p™)] .

dpy(Py, P(4,) < [pmn[Z(mn — Dg* +2m,qg + 1] + cm*(1 — p)*p™~1

Remark The CDF of the longest head run can be approximated by
P(R, <m,)=PU,=0)= e .



D F = f(z(n) + 6,;) — f(n)

Compound Poisson approximation| Zr=-or

D} F = f(z(n) + 6,3) — f(z(n))
General bound k k

Theorem (H)
Let 4, > 0, V probability distribution on N* .

Let a N-valued RV F € L*(P) s.t. E[F] = AoE[ V] > 0. Then,

don(Py, PB (4, V) < sup J (DL (§(7) — ELF) Dy () + 8,1)
AC/Z
. —ky(F() + B du(e, k)

tCo% J [DYL' () — ELf()]) — k] du(t, k)
X



Application : count of a rare word In a
DNA sequence

Let F,= ) VAN, where V.~V =% -a)iid
el
“’ AN; ~ Ber((1 — a)u(W,))i.i.d.

Proposition (H)
LetA, =(n—h,+ 1)(1 —a)u(W )andV = (1 — a) . Then,

dry(Pg 1, PB (A, V) < dyPagy  Pp)+ diy(Pp, PE(,. V)

< 2hu(W)+ (n = h, + Degeu(W,)?



Gonelusion Open questions

What about inserting dependence in the process ?

Possible applications in stochastic geometry ?
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