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The Busemann-Petty Problem in R”

KNo LNo"

K, L origin symmetric convex bodies in R". Let
volp—1 (KN6*) <volpy (LN6h) vo e

Does it follow that

voln (K) < voln (L)?
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The Busemann-Petty Problem in R”

KNo LNo"

K, L origin symmetric convex bodies in R". Let
volp—1 (KN6*) <volpy (LN6h) vo e

Does it follow that

voln (K) < voln (L)?

Yes, n<4; No, n>5. J

K. Ball, J. Bourgain, R. Gardner, A.Giannopoulos, A. Koldobsky, D. Larman,
E. Lutwak, M. Papadimitrakis, C. Rogers, T. Schlumprecht, G. Zhang. l
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General measures

f(x) - even, positive, continuous function on R".
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General measures

f(x) - even, positive, continuous function on R".
- measure on R” with the density f, i.e.

M(K):/Kf(X)dX and p(KNOL) = / f(x)dx.

KN+
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General measures

f(x) - even, positive, continuous function on R".
- measure on R” with the density f, i.e.

M(K):/Kf(X)dX and p(KNOL) = / f(x)dx.

KN+

Fix n > 2. Given two convex origin-symmetric bodies K and L in R" such that
u(KNo™) < p(Lnet)
for every 8 € S"71, does it follow that

n(K) < pu(L)?
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General measures

f(x) - even, positive, continuous function on R".
- measure on R” with the density f, i.e.

M(K):/Kf(X)dX and p(KNOL) = / f(x)dx.

KN+

Fix n > 2. Given two convex origin-symmetric bodies K and L in R" such that
u(KNo™) < p(Lnet)
for every 8 € S"71, does it follow that

n(K) < pu(L)?

(A.Z., 2005):

The answer to the above problem is independent from the "choice" of measure
and depends only on the dimension n (i.e. YES for n <4 and NO for n > 5).

<
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Isomorphic version of the Busemann-Petty problem

Does there exist a constant £ > 0, so that if
volp—1 (KN6+) <vol,1 (LNOL) Vo €871

then
vol, (K) < L -vol, (L)?
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Isomorphic version of the Busemann-Petty problem

Does there exist a constant £ > 0, so that if
volp—1 (KN6+) <vol,1 (LNOL) Vo €871

then
vol, (K) < L -vol, (L)?

Best known result follows from direct connection to the slicing problem of Bourgain
and works of V. Milman, A. Pajor/J. Brogain/ B. Klartag / Y. Chen/ B. Klartag and

J. Lehec / A. Jambulapati, Y. T. Lee and S. Vempala / B. Klartag:

L < Cy/logn
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Isomorphic version of the Busemann-Petty problem

Does there exist a constant £ > 0, so that if
volp—1 (KN6+) <vol,1 (LNOL) Vo €871

then
vol, (K) < L -vol, (L)?

Best known result follows from direct connection to the slicing problem of Bourgain
and works of V. Milman, A. Pajor/J. Brogain/ B. Klartag / Y. Chen/ B. Klartag and

J. Lehec / A. Jambulapati, Y. T. Lee and S. Vempala / B. Klartag:

L < Cy/logn

As we just noted his question is equivalent to the slicing problem of J. Bourgain: )

Slicing Problem:

Does there exist a constant £; such that for any convex symmetric body K C R?

n—1
vola(K) 7 < L4 maxlvol,,_l(KﬂeJ‘)?
0eSn—

L~L )
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Isomorphic version Busemann-Petty problem for arbitrary measures.

Problem:

Does there exist a constant £, so that if ,u(KﬁBi) < ,u(LﬂOL) for every @ € S"~1, then w(K) < Lop(L)?
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Isomorphic version Busemann-Petty problem for arbitrary measures.

Problem:

Does there exist a constant £, so that if ,u(KﬁBi) < ,u(LﬂOL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!
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Isomorphic version Busemann-Petty problem for arbitrary measures.

Problem:

Does there exist a constant £, so that if ,u(KﬁBi) < ,u(LﬂOL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!
@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus
Loy < Cq /logn.
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Isomorphic version Busemann-Petty problem for arbitrary measures.

Problem:

Does there exist a constant £, so that if M(Kﬁei) < ,u(LﬂBL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!
@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus

Loy < Cq /logn.

v

Problem (A. Koldobsky)

Does there exist a constant £3 > 0 such that for any convex symmetric body K C R”

1
w(K) < L3 max  pu(KN6O )vol,(K)n?
gcsn—1
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Isomorphic version Busemann-Petty problem for arbitrary measure

Problem:

Does there exist a constant £, so that if M(KOOL) < ,u(LﬂBL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!
@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus

Loy < Cq /logn.

Problem (A. Koldobsky):

Does there exist a constant £3 > 0 such that for any convex symmetric body K C R”

1
w(K) < L3 max  pu(KN6O )vol,(K)n?
oesn—1
o
@ (A. Koldobsky): £3 < C+/n and L3 < C for many special classes of bodies K.
v
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Isomorphic version Busemann-Petty problem for arbitrary measure

Problem:

Does there exist a constant £, so that if M(KOOL) < ,u(LﬂBL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!
@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus

Loy < Cq /logn.

Problem (A. Koldobsky):
Does there exist a constant £3 > 0 such that for any convex symmetric body K C R”
n 1
p(K) < L3 max p(KNO )vol,(K)n?
oesn—1

@ (A. Koldobsky): £3 < C+/n and L3 < C for many special classes of bodies K.
@ (A. Koldobsky - A.Z, 2014) If y satisfy a concavity assumption then £3 ~ L (follows from works of K. Ball

and S. Bobkov) and thus Lo < C4 /logn.
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Isomorphic version Busemann-Petty problem for arbitrary measure

Problem:

Does there exist a constant £, so that if M(KOOL) < ,u(LﬂBL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!
@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus

Loy < Cq /logn.

Problem (A. Koldobsky):

Does there exist a constant £3 > 0 such that for any convex symmetric body K C R”

1
n?

w(K) < L3 max (KN O )voly(K)
gcsn—1

@ (A. Koldobsky): £3 < C+/n and L3 < C for many special classes of bodies K.
@ (A. Koldobsky - A.Z, 2014) If y satisfy a concavity assumption then £3 ~ L (follows from works of K. Ball

and S. Bobkov) and thus Lo < C4 /logn.

@ (A. Koldobsky - B. Klartag/ B. Klartag - G. Livshyts) £3 & /n.
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Isomorphic version Busemann-Petty problem for arbitrary measure

Problem:

Does there exist a constant L5, so that if (KN GL) < ,u(LﬂBL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!
@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus

Loy < Cq /logn.

Problem (A. Koldobsky):

Does there exist a constant £3 > 0 such that for any convex symmetric body K C R”

1
w(K) < L3 max  pu(KN6O )vol,(K)n?
gcsn—1

@ (A. Koldobsky): £3 < C+/n and L3 < C for many special classes of bodies K.

@ (A. Koldobsky - A.Z, 2014) If y satisfy a concavity assumption then £3 ~ L (follows from works of K. Ball
and S. Bobkov) and thus Lo < C4 /logn.

@ (A. Koldobsky - B. Klartag/ B. Klartag - G. Livshyts) £3 & /n.

@ Many applications of those facts (including distances to Lg spaces) were done by (S. Bobkov, A.
Giannopoulos, B. Klartag, A. Koldobsky, G. Livshyts, G. Paouris, A.Z.).
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Isomorphic version Busemann-Petty problem for arbitrary measure

Problem:

Does there exist a constant L5, so that if (KN GL) < ,u(LﬂBL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!

@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus

Loy < Cq /logn.

Problem (A. Koldobsky):

Does there exist a constant £3 > 0 such that for any convex symmetric body K C R”

1
w(K) < L3 max  pu(KN6O )vol,(K)n?
gcsn—1

@ (A. Koldobsky): £3 < C+/n and L3 < C for many special classes of bodies K.

@ (A. Koldobsky - A.Z, 2014) If y satisfy a concavity assumption then £3 ~ L (follows from works of K. Ball
and S. Bobkov) and thus Lo < C4 /logn.

@ (A. Koldobsky - B. Klartag/ B. Klartag - G. Livshyts) £3 & /n.

@ Many applications of those facts (including distances to Lg spaces) were done by (S. Bobkov, A.
Giannopoulos, B. Klartag, A. Koldobsky, G. Livshyts, G. Paouris, A.Z.).

@ No idea how L is connected to L3
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Isomorphic version Busemann-Petty problem for arbitrary measure

Problem:

Does there exist a constant L5, so that if (KN GL) < ,u(LﬂBL) for every @ € S"~1, then w(K) < Lop(L)?

(A. Koldobsky - A.Z, 2014 / Denghui Wu, 2020)

@ L5 < /n - Independent of p!

@ If p satisfies a concavity assumption then £, = L (follows from works of K. Ball and S. Bobkov) and thus

Loy < Cq /logn.

Problem (A. Koldobsky):

Does there exist a constant £3 > 0 such that for any convex symmetric body K C R”

1
w(K) < L3 max  pu(KN6O )vol,(K)n?
gcsn—1

@ (A. Koldobsky): £3 < C+/n and L3 < C for many special classes of bodies K.

@ (A. Koldobsky - A.Z, 2014) If y satisfy a concavity assumption then £3 ~ L (follows from works of K. Ball
and S. Bobkov) and thus Lo < C4 /logn.

@ (A. Koldobsky - B. Klartag/ B. Klartag - G. Livshyts) £3 & /n.

@ Many applications of those facts (including distances to Lg spaces) were done by (S. Bobkov, A.
Giannopoulos, B. Klartag, A. Koldobsky, G. Livshyts, G. Paouris, A.Z.).

@ No idea how L is connected to £3 (or how any of them really connected to L£).

Comparison problems for bodies, measures and functi



Standard definition.

Radial function: py (&) =sup{a: af € K}, for ¢ € S" 1.
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Standard definition.

Radial function: py (&) =sup{a: af € K}, for ¢ € S" 1.

Also pk (&) = ||§H;1 where ||£HR1 is a Minkowski functional, or, in convex
symmetric case, just a norm for which K is a unit ball.
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Standard definition.

Radial function: py (&) =sup{a: af € K}, for ¢ € S" 1.

Also pk (&) = ||§H;1 where ||£HR1 is a Minkowski functional, or, in convex
symmetric case, just a norm for which K is a unit ball.

o K is a star body if pi (&) is positive and continuous function on §" L. J

Artem Zvavitch Comparison problems for bodies, measures and functions.



Standard definition.

Radial function: py (&) =sup{a: af € K}, for ¢ € S" 1.

Also pk (&) = ||§H;1 where ||£HR1 is a Minkowski functional, or, in convex
symmetric case, just a norm for which K is a unit ball.

o K is a star body if pi (&) is positive and continuous function on §" L. J

Spherical coordinates and Volume:

PK(O) 1
voln(K):// r”*ldrde:;/p,"((e)de.
Sn—l g Sn—l
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Can we further generalize this question and WHY?

Using spherical coordinates in £ we get

e =t [ arow - 2orgce

Sn—lmgj.
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Can we further generalize this question and WHY?

Using spherical coordinates in £ we get

whatkne= 2 [ o= tiri

Sn—lmgj_

Spherical Radon Transform:
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Can we further generalize this question and WHY?

Using spherical coordinates in £ we get

V0|n—1(Km€L):$ / pic 1 (6)do = ni Rl 1(€)-

Sn—lmgj.

Spherical Radon Transform:

RF(€) = £(0)do

\|

Sn—lngL

So we can rewrite the classical Busemann-Petty problem
K, L origin symmetric convex bodies in R". Let
volp_1 (KNéL) <volp1 (LNEL) Ve es" .

Does it follow that vol, (K) < vol, (L)?

In the following way
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Can we further generalize this question and WHY?

Using spherical coordinates in £ we get

voln_l(Kme):nl / P (0)d0 = —— R (€).

-1 p=i &
Sn—lmgj.
Spherical Radon Transform:
Rf (&) = f(0)do
Sn—lﬁgL

So we can rewrite the classical Busemann-Petty problem

K, L origin symmetric convex bodies in R". Let
volp_1 (KNéL) <volp1 (LNEL) Ve es" .

Does it follow that vol, (K) < vol, (L)?

In the following way

K, L origin symmetric convex bodies in R". Let
Rop(€) < Rp[H(€),ve €8,
Does it follow that [, , pi(§)dé < [, , pj(£)de?
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Can we further generalize this question and WHY?

Spherical Radon Transform:

Rf(€) = / £(0)do

Sn—lﬁgL

So we can rewrite the classical Busemann-Petty problem In the following way

K, L origin symmetric convex bodies in R". Let
Rpj1(€) < Rp[ 71 (€), Ve €S" 1

Does it follow that f5"71 pr(£)dE < fS”’l pL(£)dE?
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Can we further generalize this question and WHY?

Spherical Radon Transform:

Rf(€) = / £(0)do

Sn—lﬁgL

So we can rewrite the classical Busemann-Petty problem In the following way

K, L origin symmetric convex bodies in R". Let

Rpj1(€) < Rp[ 71 (€), Ve €S" 1

Does it follow that f5"71 pr(£)dE < fS”’l pL(£)dE?

Now let £(¢) = pj () and g(&) = p]~*(€) the above becomes

Consider two positive, even functions f,g: S"~1 — R. Let
Rf(€) < Rg(€),v€ € S".

Does it follow that [|f||l, , (sn-1)<llgllL_, (sn-1)
= =
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Can we further generalize this question and WHY?

Spherical Radon Transform:
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Can we further generalize this question and WHY?

Spherical Radon Transform:
Rf(&) = / f(6)do

sn—lﬁgL
y

Spherical Comparison Problem

Fix p > 0. Consider two positive, even functions f,g: S"~! — R. Let
Rf(€) < Rg(€),v¢ e 8",
Does it follow that Hf”LP(S”*l) < ||g||Lp(5n—1)?
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Can we further generalize this question and WHY?

Spherical Radon Transform:
Rf(&) = / f(6)do

sn—lﬁgL
y

Spherical Comparison Problem

Fix p > 0. Consider two positive, even functions f,g: S"~! — R. Let

Rf(€) < Rg(§),¥¢ e S" .
Does it follow that Hf”Lp(S”*l) < ||g||Lp(5n,1)?

Case p=1is "easy" (it is a Fubini theorem on S"~!). Case p=n/(n—1)is a
Busemann-Petty problem.
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Can we further generalize this question and WHY?

Spherical Radon Transform: Rf(&) = f f(0)do

Sn—lmgL
y

Spherical Comparison Problem

Fix p > 0. Consider two positive, even functions f,g: S"~1 — R. Let
Rf(€) < Rg(€),vE € 8" 1.
Does it follow that [|f]|, (sn-1) < llgll,(sn-1)?
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Can we further generalize this question and WHY?

Spherical Radon Transform: Rf(&)= [ f(6)df
Sn—lmgL

v
Spherical Comparison Problem

Fix p > 0. Consider two positive, even functions f,g: S"~1 — R. Let
Rf(€) < Rg(€),v€ € 8" .
Does it follow that [|f]|, (sn-1) < llgll,(sn-1)?

v
Radon Transform:

ch(t,ﬁ):/ o(x)dx, £€S" L teR
£L+tg
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Can we further generalize this question and WHY?

Spherical Radon Transform: Rf(&) = f f(0)do
Sn—lmgL

v
Spherical Comparison Problem

Fix p > 0. Consider two positive, even functions f,g: S"~1 — R. Let
Rf(€) < Rg(€),vE € 8" 1.
Does it follow that [|f]|, (sn-1) < llgll,(sn-1)?

v
Radon Transform:

Rso(t,é):/ p(x)dx, £€S" L teR
£L+tg

4

Comparison Problem for Radon Transform

Fix p > 0. Consider two positive, even functions ¢,1: R" - R, n>2,. Let
Re(t,0) < Rip(t,0), for all (t,0) e Rx S"~L,
Does it follow that HW”LP(R”) S ||1[J||Lp(Rn)?

A
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Can we further generalize this question and WHY?

Spherical Radon Transform: Rf(&) = f f(0)do
Sn—lmgL

v
Spherical Comparison Problem

Fix p > 0. Consider two positive, even functions f,g: S"~1 — R. Let
Rf(€) < Rg(€),vE € 8" 1.
Does it follow that [|f]|, (sn-1) < llgll,(sn-1)?

v
Radon Transform:

Rso(t,é):/ p(x)dx, £€S" L teR
£L+tg

4

Comparison Problem for Radon Transform

Fix p > 0. Consider two positive, even functions ¢,1: R" - R, n>2,. Let
Re(t,0) < Rip(t,0), for all (t,0) e Rx S"~L,
Does it follow that HW”LP(R”) S ||1[J||Lp(Rn)?

A

Clearly, case p=1is "a joke" in both cases.
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Can we further generalize this question and WHY?

Re(t,€) = / (x)dx, €€S"LteR
£ +tg

y

Comparison Problem for Radon Transform

Fix p > 0. Consider two positive, even functions ¢,1: R" - R, n>2,. Let
Re(t,0) < Rip(t,0), for all (t,0) € Rx S"~L.

Does it follow that ||| prny < (9]l o@n)?
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Can we further generalize this question and WHY?

Radon Transform:

Re(t,€) = / (x)dx, €€S"LteR
£ +tg

Comparison Problem for Radon Transform

| A

Fix p > 0. Consider two positive, even functions ¢,1: R" - R, n>2,. Let
Re(t,0) < Rip(t,0), for all (t,0) € Rx S"~L.
Does it follow that ||| prny < (9]l o@n)?

Clearly, case p=1is "a joke"!
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Can we further generalize this question and WHY?

Radon Transform:

Re(t,€) = / (x)dx, €€S"LteR
£ +tg

Comparison Problem for Radon Transform

| A

Fix p > 0. Consider two positive, even functions ¢,1: R" - R, n>2,. Let
Re(t,0) < Rip(t,0), for all (t,0) € Rx S"~L.
Does it follow that ||| prny < (9]l o@n)?

Clearly, case p =1 is "a joke"! But it looks like, in general, we should have enough
information for a positive answer...
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Can we further generalize this question and WHY?

Re(t,€) = / o(x)dx, £€S" L teR
el +eg

Comparison Problem for Radon Transform

| A\

Fix p > 0. Consider two positive, even functions ¢,¢: R" - R, n>2,. Let
Rep(t,0) < Rip(t,0), for all (t,0) €Rx S™ L.
Does it follow that ||| prny < (9]l o@n)?

Clearly, case p =1 is "a joke"! But it looks like, in general, we should have enough
information for a positive answer...

Let n>2, take M >1, c=M~"*1 and set p >

n
n—1°
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Can we further generalize this question and WHY?

Re(t,€) = / o(x)dx, £€S" L teR
el +eg

Comparison Problem for Radon Transform

| A\

Fix p > 0. Consider two positive, even functions ¢,¢: R" - R, n>2,. Let
Rep(t,0) < Rip(t,0), for all (t,0) €Rx S™ L.

Does it follow that ||| prny < (9]l o@n)?

Clearly, case p =1 is "a joke"! But it looks like, in general, we should have enough
information for a positive answer...

Let n>2, take M >1, c=M~"*! and set p > —-. Consider the functions
@(x) = xan(x) and ¥(x) = cxmay (x).

Artem Zvavitch Comparison problems for bodies, measures and functions.



Can we further generalize this question and WHY?

Re(t,€) = / o(x)dx, £€S" L teR
el +eg

Comparison Problem for Radon Transform

| A\

Fix p > 0. Consider two positive, even functions ¢,¢: R" - R, n>2,. Let
Rep(t,0) < Rip(t,0), for all (t,0) €Rx S™ L.

Does it follow that ||| prny < (9]l o@n)?

Clearly, case p =1 is "a joke"! But it looks like, in general, we should have enough
information for a positive answer...

Let n>2, take M >1, c=M~"*! and set p > —-. Consider the functions
©(x) = xgp(x) and ¥(x) = cxmpy(x). Then

Rep(t,€6) < R(£,€), for all (t,6) €Rx 5",

Artem Zvavitch Comparison problems for bodies, measures and functions.



Can we further generalize this question and WHY?

Re(t,€) = / o(x)dx, £€S" L teR
el +eg

Comparison Problem for Radon Transform

| A\

Fix p > 0. Consider two positive, even functions ¢,¢: R" - R, n>2,. Let
Rep(t,0) < Rip(t,0), for all (t,0) €Rx S™ L.
Does it follow that ||| prny < (9]l o@n)?

Clearly, case p =1 is "a joke"! But it looks like, in general, we should have enough
information for a positive answer...

Let n>2, take M >1, c=M~"*! and set p > —-. Consider the functions
©(x) = xgp(x) and ¥(x) = cxmpy(x). Then

Re(t,6) < RY(t,€), forall (t,6) eERx S,
but (||l pwny > (1]l Lp@ny-
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Can we further generalize this question and WHY?

Radon Transform: Re(t,£) = f&¢+t§ o(x)dx, £€S"LteR J

LP-19-estimates for the Radon transform, have been studied for decades.
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Can we further generalize this question and WHY?

Radon Transform: Re(t,£) = f&¢+t§ o(x)dx, £€S"LteR J

LP-19-estimates for the Radon transform, have been studied for decades.
D.M. Oberlin and E.M. Stein proved that given any function f:R" — R, f € LP(R"):

1 q
/ (/IRf(t,f)’dt) dé | < Capqllflieen),
=i R

where 1 < p < nT"l,qu’ (%Jrﬁ:l), and %:§7n+1.
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Can we further generalize this question and WHY?

Radon Transform: Re(t,£) = f&¢+t§ o(x)dx, £€S"LteR J

LP-19-estimates for the Radon transform, have been studied for decades.
D.M. Oberlin and E.M. Stein proved that given any function f:R" — R, f € LP(R"):

1 q
/ (/IRf(t,f)’dt) dé | < Capqllflieen),
=i R

where 1 < p < nT"l,qu’ (%Jrﬁ:l), and %:§7n+1. Also

1
s\ s
</ (S”pr(tvg)) ) < Cm,pz,s”f“fm(Rn)||in;2((¥Rn)
sn—1 \tER

n o l—a _ n—1
whenever s <n, 1< p; < 25 <p2 < oo, and E—’—?_ L.
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Can we further generalize this question and WHY?

Radon Transform: Re(t,£) = f&¢+t§ o(x)dx, £€S"LteR J

LP-19-estimates for the Radon transform, have been studied for decades.
D.M. Oberlin and E.M. Stein proved that given any function f:R" — R, f € LP(R"):

1 q
/ (/IRf(t,f)’dt) dé | < Capqllflieen),
=i R

1 1 _ 1_n_
EJr?_l)' and e n+1. Also

1
s\ s
</ (S”pr(tvg)) ) < Cm,pz,s”f“fm(Rn)||in;2((¥Rn)
sn—1 \tER

whenever s < n, 1 < p; < nTn1 < p2 < o0, and ﬁ + 1?7"‘ = 2=1 E. Lutwak noticed

n
that the limiting case of above takes as back to Convex Geometry.

where 1< p < 220, g < p' (
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Can we further generalize this question and WHY?

Radon Transform: Re(t,£) = f&¢+t§ o(x)dx, £€S"LteR J

LP-19-estimates for the Radon transform, have been studied for decades.
D.M. Oberlin and E.M. Stein proved that given any function f:R" — R, f € LP(R"):

1 q
/ (/IRf(t,f)’dt) dé | < Capqllflieen),
=i R

1 1 _ 1_n_
EJr?_l)' and e n+1. Also

1
s\ s
</ (S”pr(tvg)) ) < Cm,pz,s”f“fm(Rn)||in;2((¥Rn)
sn—1 \tER

whenever s<n, 1< p; < nT"l < p2 < o0, and ﬁ + 1?7"‘ = ";1. E. Lutwak noticed
that the limiting case of above takes as back to Convex Geometry. Take f to be the

characteristic function of a measurable set in ACR", s=n, p1,p2 = 25,

(/ (supAm(sﬂrg)) )”scnm”nl.
gn—1 teER

where 1< p < 220, g < p' (
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Can we further generalize this question and WHY?

Radon Transform: Re(t,£) = f&¢+t§ o(x)dx, £€S"LteR J

LP-19-estimates for the Radon transform, have been studied for decades.
D.M. Oberlin and E.M. Stein proved that given any function f:R" — R, f € LP(R"):

1 q
/ (/IRf(t,f)’dt) dé | < Capqllflieen),
=i R

1 1 _ 1_n_
EJr?_l)' and e n+1. Also

1
s\ s
</ (S”pr(t»§)> ) < Cm,pz,s”f“fm(Rn)||in;2((¥Rn)
sn—1 \tER

whenever s<n, 1< p; < nT"l < p2 < o0, and ﬁ + 1?7"‘ = ";1. E. Lutwak noticed
that the limiting case of above takes as back to Convex Geometry. Take f to be the

characteristic function of a measurable set in ACR", s=n, p1,p2 = 25,

(/ (supAm(sﬂrg)) )”scnm”nl.
gn—1 teER

Take A - convex and symmetric apply Brunn concavity principle you get Busemann
intersection inequality.

where 1< p < 220, g < p' (
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Can we further generalize this question and WHY?

Radon Transform: Re(t,£) = f&¢+t§ o(x)dx, £€S"LteR J

LP-19-estimates for the Radon transform, have been studied for decades.
D.M. Oberlin and E.M. Stein proved that given any function f:R" — R, f € LP(R"):

1 q
/ (/IRf(t,f)’dt) dé | < Capqllflieen),
=i R

1 1 _ 1_n_
EJr?_l)' and e n+1. Also

1
s\ s
</ (S”pr(tvg)) ) < Cm,pz,s”f“fm(Rn)||in;2((¥Rn)
sn—1 \tER

whenever s<n, 1< p; < nT"l < p2 < o0, and ﬁ + 1?7"‘ = ";1. E. Lutwak noticed
that the limiting case of above takes as back to Convex Geometry. Take f to be the

characteristic function of a measurable set in ACR", s=n, p1,p2 = 25,

(/ (supAm(sﬂrg)) )”scnm”nl.
gn—1 teER

Take A - convex and symmetric apply Brunn concavity principle you get Busemann
intersection inequality.
Our "dream" to prove

where 1< p < 220, g < p' (

'reverse" inequalities, may be for some classes of functiens.
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

We have Rpf 1 (€) < Rp)~1(¢), Ve e 8"~
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

We have Rpj™}(€) < Rp] 1(€). V6 € 5"~ 1. Weneed [, ph(e)ds < [ pf(€)de?
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

=1l =il - ; i
We have Rpl 1 (£) < Rp 1 (£), V€ € 8", We need ,fan P (€)dE < fswl p(€)dE? Still the best idea

(E. Lutwak) is to use "Fubini theorem".
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

n—1 n—1 n—1 n
We have Rpl 1 (£) < Rp 1 (£), V€ € 8", We need ,fan (e < [

(E. Lutwak) is to use "Fubini theorem". If p (&) = (Ruk)(£), where uk is a positive measure on S" 1, then we
are done.

1 PL(€)dET Still the best idea
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

—1 —1 = ; i
We have Rp’;( (&) < Rp; ™ 7(8), V¢ € S"1. We need .fgn—l P (&)dE < on—1 p[(£)dE? Still the best idea

(E. Lutwak) is to use "Fubini theorem". If p (&) = (Ruk)(£), where uk is a positive measure on S" 1, then we
are done. Indeed integrate the condition with fu:

/ Rp"(l(s)duks/ Rop M (€)dpuk-
sn—1 gn—1
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

We have Rp (5) < Rp (E),Vé € S" 1. We need .fgn—l P (&)dE < on—1 p[(£)dE? Still the best idea

(E. Lutwak) is to use "Fubini theorem". If p (&) = (Ruk)(£), where uk is a positive measure on S" 1, then we
are done. Indeed integrate the condition with fu:

/ Rpj~ Y€)dux < / Rp| ™ Y(€)dpux.
sn—1

/ L ERuk(€)de < E)RuKdE
sn—1
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

n—1 n—1 n—1 n
We have Rpl 1 (£) < Rp 1 (£), V€ € 8", We need ,fan (e < [

(E. Lutwak) is to use "Fubini theorem". If p (&) = (Ruk)(£), where uk is a positive measure on S" 1, then we
are done. Indeed integrate the condition with fu:

/ Rp"(l(s)duks/ Rp] "M (€)dpk -
sn—1 sn—1
/ pF(&)Rw(&)dss/ o) M (E)RuK dE
sn—1 sn—1
/ Pk (€)dE < / o] M (E)pr(€)de
sn—1 sn—1

1 PL(€)dET Still the best idea
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEJ—) < vol,_1 (ngi-) Ve € S"1 = vol, (K) < vol, (L)? J

We have Rp (5) < Rp (E),Vé € S" 1. We need .fgn—l P (&)dE < on—1 p[(£)dE? Still the best idea

(E. Lutwak) is to use "Fubini theorem". If p (&) = (Ruk)(£), where uk is a positive measure on S" 1, then we
are done. Indeed integrate the condition with fu:

/ Rpj~ Y€)dux < / Rp| ™ Y(€)dpux.
sn—1
/ THORuk(€)dE < &)Rukdg
sn—1

/ Pk (€)dE < / o] M (E)pr(€)de
sn—1 sn—1

Apply Hélder's inequality and finish.
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEL) < vol,_1 (ngl-) Ve € S"1 = vol, (K) < vol, (L)? J

We have Rp (5) < Rp:7 (€),V€ € 8" 1. We need f _a pK(g)dg < on—1 pL(g)dg? Still the best idea

(E. Lutwak) is to use "Fubini theorem". If p (&) = (Ruk)(£), where uk is a positive measure on S" 1, then we
are done. Indeed integrate the condition with fu:

/ Rog Y&)duk < / Rp| ™ L&) dpk-
sn—1 sn—1
/ p;”(s)mm(z)d«/ )Rpukcdg
gn—1 n—1
/ Pk (€)dE < / o] M (E)pr(€)de
sn—1 sn—1

Apply Hélder's inequality and finish.

(E.Lutvak; R. Gardner; G. Zhang) K is an intersection body if there exists a non-negative, finite Borel measure pu

/ Pk (E)f (x)dx = (pk (£); ) = (Ruk,f) :/ [Rf(&)duk (€)
sn—1 sn—1

holds for all f € C(S"~1).
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Idea of the solution of the Busemann-Petty Problem in R”

vol,_1 (KHEL) < vol,_1 (ngl-) Ve € S"1 = vol, (K) < vol, (L)? J

We have Rp (5) < Rp:7 (€),V€ € 8" 1. We need f _a pK(g)dg < on—1 pL(g)d§7 Still the best idea

(E. Lutwak) is to use "Fubini theorem". If p (&) = (Ruk)(£), where uk is a positive measure on S" 1, then we
are done. Indeed integrate the condition with fu:

Rog Y€)dux < / Rp| ™ Y(€)dpux.
sn—1 sn—1

P H(E)Rux (€)dE </ )R de
sn—1 n—1

=1
pr(£)de < pp(€)pk(£)dE
sn—1 sn—1
Apply Hélder's inequality and finish.

(E.Lutvak; R. Gardner; G. Zhang) K is an intersection body if there exists a non-negative, finite Borel measure pu

pr(€)f(x)dx = (pk(§),f) = (Ruk, f) = [RFI(€)dpk (&)
sn—1 sn—1
holds for all f € C(S"~1).

(A. Koldobsky) An origin-symmetric star body K in R” is an intersection body if, and only if, py is a positive
~
definite distribution on R”, i.e. "p) > 0".
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Spherical Radon Transform Case

Theorem (A. Koldobsky, M. Roysdon and A.Z., 2023):

Let f, g be even continuous positive functions on the sphere S"=1 and suppose that
Rf(0) < Rg(0), forall 0 € S"~ L. (1)

Then:

(a) Suppose that for some p > 1 the function \x\;lf”_l (XL\Z) represents a positive definite distribution on

R". Then 11l p(sn—1y < llgll p(sn—1)-

(b) Suppose that for some 0 < p < 1 the function \xl;lg"71 ( |><X\2 ) represents a positive definite

distribution on R”. Then Hf”LP(S"—l) < Hg||Lp($,,_1).
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pherical Radon Transform Case

23):

Theorem (A. Koldobsky, M. Roysdon and A.

Let f, g be even continuous positive functions on the sphere S"=1 and suppose that
RF(0) < Rg(#),  forall 6 € S"~ L. (1)
Then:

x
[xI2

(a) Suppose that for some p > 1 the function \x\;lf”_l ( ) represents a positive definite distribution on
R Then [I7ll p(sn—1y < &l pgsn—1-

X
IxI2

(b) Suppose that for some 0 < p < 1 the function \xl;lg"*l ( ) represents a positive definite

distribution on R”. Then Hf”LP(S"—l) < Hg||U,($,,_1).

The following hold true:
(c) Let g be an infinitely smooth strictly positive even function on S"=1 and p > 1. Suppose that the

distribution \><|2_1g‘;'71 ( ) is not positive definite on R”. Then there exists an infinitely smooth even

IxI2
function f on S" ! so that the condition (1) holds, but “f”LP(Sﬂfl) > Hg||Lp(5,7,1).

(d) Let f be an infinitely smooth strictly positive even function on 5"~ ! and 0 < p < 1. Suppose that the

distribution \><|2_1fp71 ( IXx\z) is not positive definite on R”. Then there exists an infinitely smooth even

function g on S"~! so that the condition (1) holds, but Hf|\Lp(5n,1) > Hg||Lp(5,7,1).
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Spherical Radon Transform: Reverse bounds
"Slicing Theorem" FOR A VERY SPECIAL CLASS OF FUNCTIONS !

Corrolary (A. Koldobsky, M. Roysdon and A.Z., 2023):

Let 7 be a positive even, continuous function on the sphere S"~1 Assume p > 1 and if
|x\;1fP*1 (ﬁ) represents a positive definite distribution on R”, then

1
|s" P

f -1y < ——— max Rf(§).
1l Lp(sn-1y < 1572 ¢, (€)
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Spherical Radon Transform: Reverse bounds

“Slicing Theorem" FOR A VERY SPECIAL CLASS OF FUNCTIONS !

Corrolary (A. Koldobsky, M. Roysdon and A.Z., 2023):

Let 7 be a positive even, continuous function on the sphere S"~1 Assume p > 1 and if
|x\;1fP*1 (ﬁ) represents a positive definite distribution on R”, then

1
|s" P

f -1y < ——— max Rf(§).
1l Lp(sn-1y < 1572 ¢, (€)

Let g be a positive even, continuous function on the sphere S"~1 Assume 0 < p < 1

and if |x\;1g"*l (ﬁ) represents a positive definite distribution on R”, then

1
el > B i Ree)
g Lp(Sn—1) = |Sn_2| cesn1 g .
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Radon Transform in R”: Intersection Functions

Definition (A. Koldobsky, M. Roysdon and A.Z., 2023):

A non-negative, even, continuous, integrable function f on R” is called an intersection function if,
for every direction 6 € S"~!, the function

reR e |r|" 1 (r6)

is a positive definite function on R for each § € S"~! (note where f denotes the Fourier transforms
of f on R").
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Radon Transform in R”: Intersection Functions

Definition (A. Koldobsky, M. Roysdon and A.Z., 2023):

A non-negative, even, continuous, integrable function f on R” is called an intersection function if,
for every direction 6 € S"~!, the function

reR e |r|" 1 (r6)

is a positive definite function on R for each § € S"~! (note where f denotes the Fourier transforms
of f on R").

We will stay more "practical /geometric" definition as a theorem:

measures and functions.
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Radon Transform in R”: Intersection Functions

Definition (A. Koldobsky, M. Roysdon and A.Z., 2023):

A non-negative, even, continuous, integrable function f on R” is called an intersection function if,
for every direction 6 € S"~!, the function

reR e |r|" 1 (r6)

is a positive definite function on R for each § € S"~! (note where f denotes the Fourier transforms
of f on R").

We will stay more "practical /geometric" definition as a theorem:

Theorem

An even, continuous, non-negative, and integrable function f defined on R" is an intersection
function if, and only if, for every direction 6 € S"~*, there exists a non-negative, even, finite Borel
measure (g on R such that

@ the function
0es" ! /Rap(t,é)dug(t)
R

belongs to L1(S"~ ') whenever p € S(R") (Schwartz space of rapidly decreasing infinitely
differentiable test functions on R"), and

/ fo= / /ch(t 0)dpe(t)do.

holds for all ¢ € S(R").
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Comparison Problem in R”

Theorem (A. Koldobsky, M. Roysdon and A.Z., 2023):

Let p > 0 and consider a pair of continuous, non-negative even functions ¢, € L*(R") N LP(R")
satisfying the condition

Reo(t,0) < Rap(t,0) for all (£,6) € R x S" L.
Then:
(a) if p> 1 and ¢P~! is an intersection function, then llellep@ny < [1%|lp@ny, and

(b) if0< p<1and P! is an intersection function, then lellp@ny < 1]l pwny-
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Comparison Problem in R”

Theorem (A. Koldobsky, M. Roysdon and A.Z., 2023):

Let p > 0 and consider a pair of continuous, non-negative even functions ¢, € L*(R") N LP(R")
satisfying the condition

Reo(t,0) < Rap(t,0) for all (£,6) € R x S" L.
Then:
(a) if p> 1 and ¢P~! is an intersection function, then llellep@ny < [1%|lp@ny, and

(b) if0< p<1and P! is an intersection function, then lellp@ny < 1]l pwny-

The following hold:

(c) Fix p>1 and let ¢ € S(R") be non-negative and even. If 1)?~* is not an intersection
function, then there exists an even, non-negative ¢ € S(R") such that

Re(t,0) < Rip(t,0) for all (t,6) € R x S" 1,
but with [|4]|prn) < l|¢llpn)-

(d) Fix0 < p<1and let p €S(R") be non-negative and even. If P~ is not an intersection
function, then there exists a non-negative, even 1) € S(R") such that Re < R4, but with
19l e @ny < llllp@ny-
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Is the a humane way to understand "intersection functions"?
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Is the a humane way to understand "intersection functions"?

E. Lutwak: Intersection body, of a body K

IK

K
(€)
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Is the a humane way to understand "intersection functions"?

E. Lutwak: Intersection body, of a body K

IK

So pik(€) = [Rel(€), where g : 5"~ —
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Is the a humane way to understand "intersection functions"?

E. Lutwak: Intersection body, of a body K

IK

So prx (€) = [Re](€), where g : S"~1 — R* (o.k. in this case g(£) = Lo 1(¢)).
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Is the a humane way to understand "intersection functions"?

E. Lutwak: Intersection body, of a body K

IK

So prx (€) = [Re](€), where g : S"~1 — R* (o.k. in this case g(£) = Lo 1(¢)).

From now we will talk about very nice functions (even, continuous, integrable) only
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Is the a humane way to understand "intersection functions"?

E. Lutwak: Intersection body, of a body K

IK

So prx (€) = [Re](€), where g : S"~1 — R* (o.k. in this case g(£) = Lo 1(¢)).

From now we will talk about very nice functions (even, continuous, integrable) only

A function f on R" is an intersection function of the function g if, for any ¢ € S(R"):

(F,e) = / P(x)F(x) dx = / / Rep(t,0)g(t,0) dt db = (g, Rep).
RN sn—1Jg
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Is the a humane way to understand "intersection functions"?

E. Lutwak: Intersection body, of a body K

K IK

(&)
P (® =Volrmpl/

So p1x(€) = [Rel(€), where g : S"~ — R™ (o.k. in this case g(&) = =25 o) '(€)).

From now we will talk about very nice functions (even, continuous, integrable) only

A function f on R" is an intersection function of the function g if, for any ¢ € S(R"):

(F,e) = / P(x)F(x) dx = / / Rep(t,0)g(t,0) dt db = (g, Rep).
RN sn—1Jg

Any way to connect it to intersection bodies?
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Is the a humane way to understand "intersection functions"?

E. Lutwak: Intersection body, of a body K

K IK

(&)
P (® =Volrmp|/

So pix (&) = [Re](€), where g : S"~* — R* (o.k. in this case g(£) = -+ p"K_l(ﬁ)).

n—1

From now we will talk about very nice functions (even, continuous, integrable) only

A function f on R" is an intersection function of the function g if, for any ¢ € S(R"):

(F,e) = / P(x)F(x) dx = / / Rep(t,0)g(t,0) dt db = (g, Rep).
RN sn—1Jg

Any way to connect it to intersection bodies?

Theorem

For any nice g : R x S"~! — R the function f: R" — R defined by

f(x):/ g((x,0),0)do
sn—1

is an intersection function of g.

Artem Zvavitch Comparison problems for bodies, measures and functions.




Is the a humane way to understand "intersection functions"?

From now we will talk about very nice functions (even, continuous, integrable)
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Is the a humane way to understand "intersection functions"?

From now we will talk about very nice functions (even, continuous, integrable)

A function f on R” is an intersection function of the function g if, for any ¢ € S(R"):

<f7<p>:/ P(x)f(x) dXZ/ /Rw(t@)g(tﬁ) dt df = (g, Rep).
RN sn—1JRr

Any way to connect it to intersection bodies?

For any nice g : R x S"~' — R the function f: R" — R, defined by

f(x):/ g(({x,0),0)do
gn—1

is an intersection function of g.

May be there is a formula that Artem can actually use to check?
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Is the a humane way to understand "intersection functions"?

From now we will talk about very nice functions (even, continuous, integrable)

A function f on R” is an intersection function of the function g if, for any ¢ € S(R"):

<f7w>:/ P(x)f(x) dXZ/ /Rw(tﬁ)g(t»@) dt df = (g, Rep).
RN sn—1JRr

Any way to connect it to intersection bodies?

For any nice g : R x S"~' — R the function f: R" — R, defined by

f(x):/ g(({x,0),0)do
gn—1

is an intersection function of g.

May be there is a formula that Artem can actually use to check?

A function f on R" is an intersection function of g if, and only if,

f:3(|xl;"“ (g(t,i)) (\xwz)) :
T |x|2 . .

where the interior Fourier transform is taken with respect to t € R, and the exterior Fourier
transform is with respect to x € R".
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Examples

Example (Exponentials)

Fix g € (0,2], and let £ € C(5"1) be even and strictly positive. For each
0 S set .
ho(r) = £(0)e~ 1",

Artem Zvavitch Comparison problems for bodies, measures and functions.



Examples

Example (Exponentials)

Fix g € (0,2], and let £ € C(5"1) be even and strictly positive. For each
0 S set .
ho(r) = £(0)e~ 1",

Note that

(h)? ()= 160) (1) ()= €0t

is a positive function on R.
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Examples

Example (Exponentials)

Fix g € (0,2], and let £ € C(5"1) be even and strictly positive. For each
0 S set .
ho(r) = £(0)e~ 1",

Note that

(h)? ()= 160) (1) ()= €0t

is a positive function on R. Consequently, the function

1 X a]"
fal) = — [|x|;"+1e <x|2) ‘} ©

is the intersection function of

8q(t,0) = £(0)q(t)-
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A non-example

Example

Again, take £ € C(S"fl) even and strictly positive. To provide a non-example
of an intersection function, for any 6 € 5"1 and g > 2, consider functions of
the form hy(r) = £(6) exp(—|r|7), where £ € C(S"~1) is strictly positive.
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A non-example

Example

Again, take £ € C(S"fl) even and strictly positive. To provide a non-example
of an intersection function, for any 6 € 5"1 and g > 2, consider functions of
the form hy(r) = £(6) exp(—|r|7), where £ € C(S"~1) is strictly positive.
Taking the Fourier transform by r € R, we see that

(he) (2) = £(8) (™) (2) := £(6)vq(1)-
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A non-example

Example

Again, take £ € C(S"fl) even and strictly positive. To provide a non-example
of an intersection function, for any 6 € 5"1 and g > 2, consider functions of
the form hy(r) = £(6) exp(—|r|7), where £ € C(S"~1) is strictly positive.
Taking the Fourier transform by r € R, we see that

(he) (2) = £(8) (™) (2) := £(6)vq(1)-

But 4(t) is not always non-negative, so the function f given by

f(x) = { 3" (X) e"*'i’] (x)
|x|2 ¢

fails to be an intersection function.
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