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Given:

I 1 ≤ p, q ≤ ∞;

I a deterministic real m × n matrix A = (aij)i≤m,j≤n;

I a random Gaussian m × n matrix G = (gij)i≤m,j≤n.

We denote by
GA := A ◦ G = (aijgij)i≤m,j≤n

the structured Gaussian matrix.

Aim:
E‖GA : `np → `mq ‖ �p,q ?
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Theorem (Lata la-van Handel-Youssef, 2018)

E‖GA : `
n
2 → `m2 ‖ � Emax

i
‖(aijgij)j‖2 + Emax

j
‖(aijgij)i‖2

� max
i
‖(aij)j‖2 +max

j
‖(aij)i‖2 +max

i ,j
|a∗ij |
√
log(i + 1),

where (a∗ij) is obtained by permuting the rows of A so that
maxj |a∗1j | ≥ . . . ≥ maxj |a∗nj |.
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First guess: is it true that for every 1 ≤ p, q ≤ ∞,

E‖GA : `
n
p → `mq ‖ �p,q Emax

i
‖(aijgij)j‖p∗ + Emax

j
‖(aijgij)i‖q,

where p∗ is Hölder’s dual of p, i.e., 1
p + 1

p∗ = 1?
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Assume that 1 ≤ p ≤ 2 ≤ q ≤ ∞

E‖GA : `
n
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logm

)1/q
+ +

(
logm

)1/q Emax
i ,j
|aijgij |

]
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0

‖GA : `
n
p → `mq ‖ = ‖(GA)

T : `mq∗ → `np∗‖ = ‖(GT )AT : `mq∗ → `np∗‖
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Duality: (p, q)←→ (q∗, p∗).
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∗
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Conjecture (APSS, 2021)

For all 1 ≤ p, q ≤ ∞, we conjecture that

E‖GA : `
n
p → `mq ‖ �p,q

D1 + D2 +



E max
i≤m,j≤n

|aijgij | if p ≤ 2 ≤ q,

max
j≤n

√
ln(j + 1)b∗j if p ≤ q ≤ 2,

max
i≤m

√
ln(i + 1)d∗i if 2 ≤ p ≤ q,

0 if q < p.

D1 = ‖A ◦ A : `np/2 → `mq/2‖
1/2,

D2 = ‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2,

bj := ‖(aij)i≤m‖2q/(2−q), di := ‖(aij)j≤n‖2p/(p−2).
and (x∗k )k is the non-increasing rearrangement of (|xk |)k .
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n
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i
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j
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Why is this not true?

Example in the case q < p

m = n, A = Id.
Then

Emax
j
‖(GA)i‖q + Emax

i
‖(GA)j‖p∗ = 2Emax

j
|gjj | ≈

√
ln n.

On the other hand,

D1 = ‖ Id : `np/2 → `mq/2‖
1/2 = sup

x∈`p/2

(∑
i

|xi |q/2
)1/q

=
(

sup
y∈`p/q

∑
i

|yi |
)1/q

=
(
n1/(p/q)

∗)1/q � √ln n.
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Theorem (APSS, 2021)

Assume that 1 ≤ p, q ≤ ∞. Then,

E‖GA : `
n
p → `mq ‖ . (ln n)1/p

∗
(lnm)1/q

[√
ln(mn)D1 +

√
ln nD2

]
.

D1 = ‖A ◦ A : `np/2 → `mq/2‖
1/2,

D2 = ‖(A ◦ A)T : `mq∗/2 → `np∗/2‖
1/2.

Corollary

Assume that K , L > 0, r ∈ (0, 2], 1 ≤ p, q ≤ ∞, and
X = (Xij)i≤m,j≤n has independent mean-zero entries satisfying

P(|Xij | ≥ t) ≤ Ke−t
r/L for all t ≥ 0, i ≤ m, j ≤ n.

Then

E‖XA : `
n
p → `mq ‖ .r ,K ,L (ln n)1/p

∗
(lnm)1/q ln(mn)

1
r
− 1

2[√
ln(mn)D1 +

√
ln nD2

]
.
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Lemma

Assume that 1 ≤ p ≤ ∞, n ∈ N, and define the convex set

L := conv
{ 1

|J|1/p
(
εj1{j∈J}

)n
j=1

:

J ⊂ {1, . . . , n}, J 6= ∅, (εj)nj=1 ∈ {−1, 1}n
}
.

Then Bn
p ⊂ ln(en)1/p

∗
L.

Proof of the Theorem.

‖GA : `
n
p → `mq ‖
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Lemma (Contraction principle)

Let T ⊂ Rm, ϕi : R→ R are 1-Lipschitz and ϕi (0) = 0. Then

E sup
t∈T

m∑
i=1

εiϕi (ti ) ≤ E sup
t∈T

m∑
i=1

εi ti .
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Lemma (Slepian’s lemma)
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Ĩ ,J̃
)2 = EY 2

I ,J + EY 2
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I∩Ĩ ,J

a2ij −
∑
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I∩Ĩ ,J

a2ij −
∑
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≥
∑
I ,J

a2ij +
∑
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