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Given:
» 1<p,qg< oo
> a deterministic real m x n matrix A = (ajj)i<m_j<n;
» a random Gaussian m x n matrix G = (gjj)i<m.j<n-
We denote by
Ga = Ao G = (ajgjj)i<m.j<n

the structured Gaussian matrix.
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Aim:
E[|Ga: ) = €3]] <pq 7



Theorem (Latata-van Handel-Youssef, 2018)

El|Ga: €3 — £']] < Emax||(asgi)ill2 + E I [(ai&i)ill2
= max | (ay);{|2 + e I(ai)ill2 + TIPS |aji|/log(i + 1),

where (a}j-) is obtained by permuting the rows of A so that
max; [a];| > ... > max;|a}|.



Theorem (Latata-van Handel-Youssef, 2018)

El|Ga: 63 — £3']] < Emax||(a;gi)ill2 + E e [(ai&i)ill2

< max|(ay); 12+ max (gl + max| | fog(i + 1)

= max | (ay);{|2 + S (a;)ill2 + E T |aiigiil,

where (a;j-) is obtained by permuting the rows of A so that
max; [a];| > ... > max;|a}|.



Theorem (Latata-van Handel-Youssef, 2018)

El|Ga: &2 — £3']] < Emax | (a;g;);l2 + E L 1(as83)ill2
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First guess: is it true that for every 1 < p, g < o0,

E||Ga: £5 = 43|l =p,q E max||(asgi);llp+ +E max 1(aigi)illqs

1 17
+ o =11

where p* is Holder's dual of p, i.e., %
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1
a3yl + (o m) ' B
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1
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1
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1
+ (Ao ) ) */2%/ */2||1/2 (Iogm) /qErT}3X|a,-jg,-j| .



Theorem (Guédon-Hinrichs-Litvak-Prochno, 2017)

Assume that 1 < p <2< g <0
El|Ga: £5— £7|| Spq |(log m) | Ac Az £, — £m,||M/2

1
+ (Ao AT em ) — 0. ]|/ + (log m)'/* E max |ajgj]

Second guess: Is it true, that for every 1 < p, g < co we have

E|Ga: €5 = L3l =p.q
1A0 A: €55 = €52+ I[(A0 A)T: €5 5 = €. o] */2

+ E max|aj;g|?
i



Theorem (Guédon-Hinrichs-Litvak-Prochno, 2017)

Assume that 1 < p<2<qg < o0
E|Ga: €1 — €2 Spg | (log m) /|| Ao Ar €8, — £ |12

n 1
(A0 AT 0315 = £p. o[ 4 (log m) /7 Emaxajey |

Second guess: Is it true, that for every 1 < p, g < oo we have

E|Ga: €5 = L3l =p.q
1A0 Az €D ) = €3 1M2 + (Ao A)T: 47 1y — . |1/

+ E max|aj;gj|?
i

=[|AcA: £n, = 7 |[V2, Dy = (Ao A)T: Lr.

e e

p/2



E|Ga: £7 m
|| A fp—>€qHXp7qD1+D2+..

g=1
qg=2
g=p=00
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p=1

P

:| GT .
(G )ar: lg —>€,’}*||



EllGa: 7 m
H A'gp_>€q“xp,qD1+D2+---

g=1
qg=2
g=p=00
p=2
p=1

Duality: (p, q) +— (4", p*)



]E .
||GA Eg — EZ’” =p,q Dy + Dy +
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EHGAZ fz—)f?“ =p,q Di+Dy+...

g=1 ®

max; \/Injbf

E mi?x laijgijl

max; VInid’

_ o= :
g=p=00 p=2 p=1

bj = [[(ag)i<mll2q/2—q),  di = (ai)j<nll2p/(p—2).  (B])j, (dF)i



EHGAZ fg—)ﬂ?“ =p.q Di+ Dy + ...

g=1 2 0 9

0 max; \/Injbf
q: 2 . .................

0  Emax|ajg|

] 1
max; Vinid

C

g=p=0o0 p=2 p=1

bj = [[(ag)i<mll2q/2—q),  di = (ai)j<nll2p/(p—2).  (B])j (dF)i &
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EHGAZ fg—)f?” =p.q Di+ Dy + ...

g=1 :
. .
max /In jb;
J
q = 2 . .................
_ E max|aj;gjj|
4 A ij
- maxVinidF
- :
g=p=0o0 p=2 p=1
b = [I(ag)i<mll2g/2-q) i = [l(@i)j<nll2p/(p—2),

(b;)j7 (d;k)i 3



Conjecture (APSS, 2021)

For all 1 < p,q < 0o, we conjecture that

ElGa: €5 = (3l =p.q

if p<2<gq,

m<ax\/ln(j+ 1)bj’f‘ if p<qg<2,
Jsn

Dy + D> +
max In(i +1)d* if 2<p<q,
\ 3 if g <p.
Dy = [|AoA: (0, — (7,2,
Dy =[[(Ac A)T:em ) — £n, |12,
bj = l(ai)i<mll2q/2-q):  di = [I(ai)i<nll2p/(p-2)-

and (x;) is the non-increasing rearrangement of (|xx|)«.
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m=n, A=Id. AI

Then
|gjj| ~ VInn.

E mJax 1(Ga)illq + E max 1(Ga);

On the other hand,

Dy = 1d: 65 = €02 = sup (3 p192)

€lpsa ¥

= ( sup Z lyi ‘) = 1/(p/q) )1/q > Vinn.

y€lp/q i
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1/
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o +E mjaX 1(aijgi)illq
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Example for 2 < p < g m
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1/
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=m'9 sup \/m: 9N/ n/(p/2)* — ml/ap3Erer |
j
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Theorem (APSS, 2021)

Assume that 1 < p,q < oco. Then,

E||Ga: €5 — £5]| < (In n)YP" (In m)*/9 [\/In(mn)Dl + VIn nDz].

D1 =[[AoA: £, — 7,12,

Dy = |[(Ao A)T: ¢m

/2 " gg*/2H1/2'



Theorem (APSS, 2021)

Assume that 1 < p,q < oco. Then,

E|[Ga: €8 — €7 < (Inn)YP*(In m)l/q[\/ln(mn)Dl +VIn an].

Corollary
Assume that K,L >0, r € (0,2], 1 < p,q < o0, and
X = (Xjj)i<m,j<n has independent mean-zero entries satisfying

P(|Xj| > t) < Ke t'/t forallt >0,i <m,j<n.

Then

1_1
ro 2

E([Xa: €8 = €2 <rkoe (Inn)YP"(In m)Y9 In(mn)

[\/In(mn)Dl +VInnD,|.



Lemma

Assume that 1 < p < 0o, n € N, and define the convex set

1 5
L= conv{|J|1/p (Ejl{jej})jzl ;
St ol JAD, ()i € {-1, 1)}

Then BY} C In(en)/P" L.
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1 n
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|Ga: €5 — L7
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Lemma

Assume that 1 < p < 0o, n € N, and define the convex set

1 n
L= conv{w(ejl{jej})j_l ;
JC AL, 0}, J£D, () € {—1,1}"}.
Then BY} C In(en)/P" L.

Proof of the Theorem.

m n
. n m
|Ga: by — g || = sup sup g g YiajjgijXj
xeBy yEB"]’L i—1 j—1

m n
gln(en)l/p In(em)l/q sup  sup E E YiaiigiiXi
x€Ext L yeExt K i—1 j—1



Lemma

Assume that 1 < p < 0o, n € N, and define the convex set

1 n
L= ConV{U’l/p (Ejl{jej})jzl .
JC{L,.. 0}, J#0, (5)y € {—1,1}"}.
Then Bf} C In(en)!/P" L.

Proof of the Theorem.

m n
.opn m
|Ga: €5 — £3|| = sup sup E § YiaiigiiX;
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m n
< In(en)/P" In(em)/9 sup  sup NN yiajgix;
x€Ext L yeExt K i—1 j—1

1

= logs max ———— max max sup sup E E ViaiigiiX;

k<m k1/a" /P |C[m] JC[n] xeBn yeBm “— 4 1Tyeyry
I<n ll|=k |J|=I 0 >~ jel jed



Lemma

Assume that 1 < p < 0o, n € N, and define the convex set

1 n
L= conv{Ml/p (Ejl{jEJ})j:l ;
JC L. n}, J£D, () € {—1,1}"}.

Then Bj C In(en)'/P"L.

Proof of the Theorem.
m n

1Ga: £y — €3] = sup sup > ) yiajgix;
xEBY y€B;’1 i—1 j—1

m n
< In(en)/P" In(em)/9 sup  sup NN yiajgix;
x€Ext L yeExt K i—1 j—1

1
= logs max ———— max max sup sup ZZy-a--g--x-
k<m KX/ [Y/PIC(m] JC[n) weBr yeBm e

I<n |l|=k |J]|=I > jel jed



Let (gjj)i<mj<n be an independent copy of (gijj)i<m.j<n-



Let (&j)i<m,j<n be an independent copy of (gjj)i<m.j<n-

E sup sup sup > yia;gix;

I.J x€Bg yeBE, ey



Let (g,'j),'gm’jgn be an independent copy of (gij)fﬁm,jﬁn'

E sup sup sup E viaigijxj = Esup sup g ‘g a,-jg,y(j‘
I,J xeBl, yeBn icljed 1,J xeBl, icl jeJ



Let (§,-j),-§m,j§n be an independent copy of (g,'j),'gm,jgn.
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I,J xeBl, yeBmn I,J xeBl,

% jeljed icl jeJ
< Esup sup Z(‘Z a,-jg,-jxj-’ —E’Z a,-jE,-ij-D
I,J x€B gy ey jed
+ sup sup ZE’Z auguxj‘
I.J xeBn

% el jed
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I,J xeBl, yeBmn I,J xeBl,

% jeljed icl jeJ
< Esup sup Z(‘Z a,-jg,-jxj-’ —E’Z a,-jE,-ij-D
I,J x€B gy ey jed
+ sup sup ZE’Z auguxj‘
I.J xeBn
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Let (§,-j),-§m,j§n be an independent copy of (g,'j),'gm,jgn.

E sup sup sup Z YiaijgijXj = Esup sup E ‘Za,]guxj‘
I,J xeBl, yeBOOIEIJEJ I,J xeBl, icl jeJ

< Esup sup Z(‘Zal_jgljxj‘ ‘ZaUgUXJD

1,J xeBn, jeJ

+ sup sup ZE’Z a,Jg,ij‘

1,J xeBl, icl jeJ



Let (§,-j),-§m,j§n be an independent copy of (g,'j),'gm,jgn.

E sup sup sup Z YiaijgijXj = Esup sup E ‘Za,]guxj‘
I,J xeBl, yeBOOIEIJEJ I,J xeBl, icl jeJ

< Esup sup Z(‘Zaljgljxj‘ ‘ZaUgUXJD

1,J xeBn, jeJ

+ sup sup ZE‘Z a,Jg,ij‘

I,J xeBl, el jeJ



Let (gjj)i<mj<n be an independent copy of (gjj)i<m.j<n-

E sup sup sup Z yiajjgijxj = Esup sup Z‘Za;jg,-jxi‘

I.J xeBy, yeBL ;e I x€Bs il jey
< Esup sup Z(‘Z 3ijgijxj’ - ‘Z 3ij§injD
I7
+ sup sup ZE‘Z aijEinj‘
1.J xeBL 7o Vi
= Esup sup Z(‘Z al_[gljx_]’ - ‘ZaUEUXJD
IJ XGBoo icl jEJ jEJ
Faup sip 3 [ e
I,J xeBl,

iel




Let (gjj)i<mj<n be an independent copy of (gjj)i<m.j<n-

E sup sup sup Z yiajjgijxj = Esup sup Z‘Z a,-jg,yg‘
I,J x€Bn, yeBm 1,J x€Bx,

o el jed iel jed
< Esup sup Z(‘Z 3ijginj’ - ‘Z 3ij§UXjD
I.J x€BL ey ey jed
+sup sup ) E‘Z aUEiJ’XJ"
1J xeBy, o 1]
=Esup sup (|3 aseis| — | asgig))
I, x€BZ gy ey =
+ sup sup E
I,J xeBL, icl

2
Z"ij'

jed

~ 2
= Esup sup ZOZ a,-jg,-jxj-‘ - )Z a,-jg,-jij+\/;slquZ
jed el

1) x€B% il ey



Let (gjj)i<mj<n be an independent copy of (gjj)i<m.j<n-

E sup sup sup Z yiajjgijxj = Esup sup Z‘Z a,-jg,-pg‘
I,J x€Bn, yeBm 1,J x€Bx,

% el jed iel jeJ
< Esup sup Z(‘Z 3ijginj’ - ‘Z 3ij§injD
I x€Bs el jey jed
+ sup sup g E‘Z aingXj‘
I, x€Bs, il Viey
= Esup sup Z(‘Zaijgijxj’ - ‘Z‘?UEUXJD
I x€Bs el jey jed
+ sup sup E Za,?ijElg\
I,J XEBg<> iel JGJ

2
Z"ij'

jed

= Esup sup Z(‘Z a,'jg,'ij‘ — ‘Z aUEUXj‘)+\/§SUPZ
Jjed iel

1.J xeBy, S NS 1J“



<’2j€J a,-jg,-jxj‘ — ‘ZJ-EJ a,-J-§,-jij are indep. and symmetric, so

Esup sup Z(‘Z a,-jg,-jxj’ — ‘Z a,-jg,-jij
jed

I,J xeB&, "y ieJ

m
< 2Esup sup Z’fi’Z 281 icn
I,J XeBgo i=1 _/EJ



(’ZjeJ a,-jg,-j)g’ - ‘ZjeJ a,Jg,JXJD are indep. and symmetric, so

Esup sup Z(‘Z aijgijxj’ - ‘ZQUEUXJD
jed

I, x€B% iy ey

m
< 2IEsIqu sup Zsi Zaijgijle{iel}‘
- xeBS

oo j=1 jed

Lemma (Contraction principle)

Let T CR™, ¢; : R — R are 1-Lipschitz and ;(0) = 0. Then

m m
IE sup Z gipi(t)) < Esup Zs;t,-.

teT iy tel =y



(’ZJGJ a,-jg,-jxj‘ - ‘ZJ-EJ aU§U>g‘> are indep. and symmetric, so

Esup sup Z(‘Zauguxj‘ ‘Zauguij

I,J xeBl,

iel  jed
< 2IEsIqu Sljgp ZS,‘Z augule{iel}‘
xeBl

oo j=1 jed

Lemma (Contraction principle)

Let T CR™, p; : R — R are 1-Lipschitz and ¢;(0) = 0. Then

EsupZe,ga, ti) <]Esusz t.

teT teT

We use it with ¢;(t) = |t].



(’ZJGJ a,-jg,-jxj‘ — ‘ZJ-EJ aU§U>g‘> are indep. and symmetric, so

Esup sup Z(‘Zaygljxj‘ ‘ZauguXJD

I,J xeBl, el jeJ
< 2Esup sup Zs,‘z aug,Jle{,-e,}‘
1,J xeBl

oo j=1 jed

< 2Esup sup ZE,Z 3Ugu>91{,el}

I xeBL (o o)

Lemma (Contraction principle)

Let T CR™, p; : R — R are 1-Lipschitz and ¢;(0) = 0. Then

EsupZe,ga, ti) <]Esusz t;.

teT teT

We use it with ¢;(t) = |t].
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Lemma (Slepian’s lemma)

Let (X¢)teT and (Yi)teT be two Gaussian random vectors
satisfying E[X:] = E[Y}] for all t € T. Assume that, for all
s,t € T, we have E[(Xs — X;)?] < E[(Ys — Y:)?]. Then

Esup Xy < Esup Y;:.
teT teT
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