Nonequilibirum stationary states

J. Farfan, M. Mariani, |. Seo, K. Tsunoda, C. L.

Stochastic dynamics out of equilibrium
IHP, June 12-16, 2017

Nonequilibirum stationary states June 15, 2017 1/25



1. A reaction-diffusion model
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Reaction-diffusion model

oTN:{O,l/N,...,l—l/N} 0,13 5 p(x)€{0,1}

9 e _ o0

Kawasaki dynamics speeded up by N?:

T S Y S W

1

Glauber dynamics:  ¢(n) local function c(7xn) n(x) = 1 —n(x)

9. 90 00 @
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@ Ly stationary state

e pn = pn(n) empirical density
o un(pn € B) = 1

@ Hydrodynamical limit

De Masi, Ferrari, Lebowitz (85)
o pn(0) = ~(0) op = Dp + F(p)
o pn(t) = p(t,0) p(0,60) = ~(0)

o F(p)=B(p) — D(p)
o B(p) = E,, [{1—n(0)}c(n)] D(p) = E,,[n(0)c(n)]
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V(p)
p(0,0) = ~(6)

F(p) =—-V'(p)

Chen, Matano (89)
o p(t) limisoop(t)=p
0 0= A5 V/(7)

{atp — Ap + F(p)

@ S set of classical solutions
o un(pn € Ne(5)) — 1
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Elliptic equation

e Ap—V'(p)=0
° 9zp—V'(p)=0

mp

Hamiltonian dynamics
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Hamiltonian dynamics

o u(t)=v(t) v(t)=V'(u(t))

e Timemap T : (my,mp) — Ry
o u(0)=p v(0)=0 T(p)=inf{t>0:v(t)=0}
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o u(0)=p v(0)=0 T(p)=inf{t>0:v(t)=0}
limp—s T(p)

o V(o)< 0= ,liLnU T(p) =n//—V"(0)

o V'(0)=0= F!iLnU T(p) = +o0
limp— my,m, T(p) =00

T is convex if [V is a polynomial ]

o All zeroes of V' are real

@ V has no critical points in (my, my) besides o
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Solutions of Au — V'(u) =0

o All zeroes of V' are real
@ V has no critical points in (my, my) besides o
e 2T(p)=1/n

1/2
N/

1/6
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Static large deviations (Farfan, L, Tsunoda)

= zxp [[1 n O)] C(n)]
[1(0) c(m)]
° —V’(p) = F(p) = B(p) — D(p)

Ap = V'(p) has finite number of solutions

Vp

B D concave functions

C closed O open
1
lim sup log un(pn € C) < — inf w(v) ,

N—oo

I|m mfN log un(pn € O) > — inf W(9) .

9eO
W quasi-potential
@ bounded, lower semicontinuous, compact level sets
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Dynamical large deviations

Kipnis, Olla, Varadhan (89) Donsker, Varadhan (89)
Jona-Lasinio, L, Vares (93) Bodineau, Lagouge (10, 12) L, Tsunoda (15)

@ initial state 77N pN(TlN) — (0)

Hydrodynamical limit:
9tp = Dp+ F(p)
P )~pe, 0<t<T| =1

Large deviations:

o u(0)=u(t,0) 0<t<T

L [PN(t) ~u,0<t< T] ~ e Nhon)

Nonequilibirum stationary states June 15, 2017 1/



Large Deviations rate function

o B(p) = E,[{1 - n(0)} c(n)] D(p) = Ey, [n(0) c(n)]
o F(p) = B(p) — D(p)
o o(p) =p(l-0p)

Ot = Au+ F(u)—0plo(u)0gH] + B(u)(e" — 1) = D(u)(e™" — 1)

.
I (u) = ;/0 dt/Tdﬁa(u) (VH)

+ /OTdt/TdH{B(u)(l—eH+HeH)+D(“)(1_e_H_He_H)}
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Quasi-potential

® p1,...,pp stationary solutions My,..., M,
o Vi(v) = 7i_n>f0inf{l[0’T](u) cug € M, u(T) =7}
o cij=Vi(p)

e T(i) trees i root
cgeT() so)= 3 s

(a,b)eg f e
@ W; = min K
geT (i) (g)
@ VvV, = W, — ming wyg b
® MN(Ne(MI)) ~ e Wi g

W(7) = min{v; + Vi(1)}
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Heteroclinic orbits

© o= limeypoop(t) =2  limesoop(t) =¢
o pj—>pk:>Cj,k:0

(P, ppy pn(on € Ne(S)) = 1
un(Ne(M;)) = e~ Wi

e mloc. min. V. pi=m inf,an (5 Viy) > ce >0 = ¢y >0VY
0 Gk=0 ¢ >0Vl=v;>0

Fiedler, Rocha, Wolfrum (04)

o V'(gj)#0 (T'(p) #0) ((¢ hyperbolic, L4))
@ ¢ non-constant solution m; < ¢(0) < mj1

@ There are heteroclinic orbits ¢ — p;, & — pit1

o un(pn € Ne(loc. min.)) — 1
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2. Potential theory for non-reversible diffusions
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b:T9 5 RY smooth vector field
b=VU b=VU+{¢ VU-£=0

(LF)(x) = e(Af)(x) + b(x) - (VF)(x)
fie(dx) = e U gx

FW: Uc(x) = W(x) + oc(1)
,Ue(dx) — e_671[1+°6(1)]W(X) dx

Uc(x) = W(x) + eWi(x) + o(e)
pe(dx) = [1 4 o (1)] m(x) e~ W) dx
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Small perturbations of dynamical systems

o U:RY—>R
e M(x) uniformly positive-definite matrix

U

(LcF)(x) = eeV0ev . eV M(x)(VF)(x)
dXf = —M(XF) (VU)(XE) dt + V2eK(XE) dW;

=(1/2)(M + M) S=KK
o uc(dx) = Z-te U/ dx

Nonequilibirum stationary states June 15, 2017 17 / 25



@ Arrhenius’ law (1889)
Eum [Ham)] ~ elU(@)—U(m)]/e

e Eyring-Kramers formula (1935)  [reversible dynamics]

_ 2 | —det(Hess U)(o)
_ [U(e)—U(m)] /e
Em [Hpw] = [1+od1)] e o]\ “det(Hess U)(m)

@ )\, negative e. v. of (Hess U)(o)
@ Bovier, Eckhoff, Gayrard, Klein (04)
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Potential theory

e QCcRY d>2 smooth, bounded domain
o f:RI SR
ov:Q—> R v=FfondQ,

£(u) = / IV ()| o
Q

@ Au = 0on Qand u=f on Of2.
eACD Q=D\A

o f=xa AUDC

@ hap equilibrium potential

cap(A,D) = inf€(u) = E(h) = — Vh-nqgdo
u 0A
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Potential theory for nonreversible dynamics

(LF)(x) = eeV®/ey . |=VWIM(x)(TF)(x)]
() = Z 1 e U0/

e ANB=y

(Leh)(x) = 0, xe (AUB)©,
h(x) =1, xe A h(x) =0, xeB

cap(A,B) = _Zle A [M(x) Vhag(x)] - na(x) e Y/ (dx)

h(x) = P,[Ha < Hg]
cap(A, B) — /R Vh(x) -5 Vh(x) () = E(h)
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Variational formulae for the capacity

Pinsky (88), Doyle (94), Gaudilliere, L (14), Slowik (12)

@ Countable state Markov chain E
e ANB=w
cap(A, B) Zu )A(x) P« [Hg < Hj]

XEA

caxA,B)zwgfﬂy{zuﬁF,thgrUt(fsyﬂu}

@ Hlpa=cte H|g=cte
o Fla=1 Flg=0
® Fopt = (1/2){ha + Iy g}
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Variational formulae for the capacity

Gaudilliere, L. (14), Slowik (12), L., Mariani, Seo (16)
e ANB=2 Q=RI\(AUB)

o p: QR
o (0, V) = [qe(x) S(x)"Ly(x) eVX)/e dx
eceR Fl)

e (V-9) =00nQ — faAnp(x)m(x)a(dx) = c
0 Cin fiRISR fla=a flg=0b
°o &, = e UeMiVg

cap(A,B) = inf inf (Pr—p, O — )
fecyl weF©

1
————y = inf - inf (p—®r, 00
cap(A, B) @gJ]T(U felgf\’,% (o —®r, p— &)
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Optimal flows

o v, = eV MiVg
o Wy = e U/esvrf

cap(A,B) = inf inf (Pr—¢, O — )
fecyy wer®

f = (1/2)(hA,B + hj\,B)
=& — whA,B

1
= inf inf (p—bp, o
cap(A, B) peFW fech, @ oy L

o f=(hag— hjpg)/2cap(A, B)
°© p=Cr—Vg, . gas = hap/cap(A,B)
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Harmonic measure

@ Harmonic measure v4 g on 0A

a6(d) = s M) (Vh)(3) - () 5 e Y00 ()

s [ [ 100 08] = s [ ) 1)
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Eyring-Kramers formula for non-reversible dynamics

Bouchet, Reygnier (15) L, Mariani, Seo (15)

2w [—det(Hess U)(o)
Em [Hewy] = [1+ 0(1)] elVl@)-Utml/e
[ B('Vl)] [1+od(1)] e |uo|\ det(Hess U)(m)

o dX; = —M(X{) (VU)(X{) dt + V2 K(X;)dW,;
e b(x) = M(x) (VU)(x)

® Lo negative e. v. of Jacobian (Db)(o)

o Metastability
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