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Outline.

Linearized Boltzmann equation & acoustic equations
L? - approach & a mild version of local equilibrium
Lanford’s strategy & pruning procedure

Coupling with the Boltzmann hierarchy
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Goal. Fluctuating Boltzmann equation

Microscopic scale:  Newtonian dynamics
ZN (1) = (Xi(t), Vi(t))ir

1
Starting at equilibrium ~ > h(zi(t)) — E(h)

Fluctuation !eld.

N
| N (h, Zn (1)) = JL_ Z h(z;(t)) with /h(x, v)Mp(v)drdv = 0
NI

Question. Dynamical fluctuations at equilibrium ?



Diluted Gas of hard spheres

Gas of N hard spheres with
deterministic Newtonian dynamics
(elastic collisions).

Dimension : d > 2
Periodic domain: Td = [0,1]d

Sphere radius = ¢

Boltzmann-Grad scaling

Ned—1 =




Boltzmann-Grad scaling

» Volume covered by a particle = ¢9g9-1
 Onaverage /N particles per unit volume

On average, a particle has « collisions per unit of time

N x ¢ 1 = ¢



Hard Sphere dynamics

Gas of N hard spheres : Zn = {(X;(1),
dXi dVi

dt o dt

and elastic collisions if |zj () — zj (¢)| = ¢

U/—I—U/ = v; + v,
V512 + [05]2 = vl + |vy3

Vi(t) fi<n

=V, =0 aslongas |X;(t) —Xx,(t)>1,



Hard Sphere dynamics

Gas of N hard spheres : Zn = {(X;(t),Vv; (1) }i<n

dXi dVi
= V;, e 0 aslongas [X;(t)—X;(t)]>"1,

and elastic collisions if |z (f) — zj (t)| = ¢ v .

U/—I—U/ = v; + v,
V512 + [05]2 = vl + |vy3

Liouville equation for the particle density fn (¢, Zn)

ath"‘Z Ui'va:ifN:O

in the phase space “=1

DY :={Zny € T™ xR™ /Vi#j, |v;i—x;]>¢}

with specular reflection on the boundary o DY .



Initial Data

Equilibrium distribution

Initial data :
0 -$V 0
fN,B(ZN): f-(zi) MN,ﬂ(ZN)
i=1

Density of a particle at time t :

f](vl)(t, Z1) = /d22 Az Pt 21,20,...,2ZN)

Question. Convergence ](Vl)(t,m) N? > f(t, 21)

— OO
Nsd_]-: e



Boltzmann equation

Theorem.

For chaotic initial data S (Zn)! = 11, T°(z) the density of
the particle system converges up to a time t >0 to the

solution of the Boltzmann equation whenN !'" | NI ¢ 1="
8tf + v a I! Ixf
=a O f@)f)] @ 0) &, dody
gd! 1] Rd

with o' = v+ v-(vy —v)v, vi=vi—v-(vi—V)V

[Lanford] , [King], [Alexander], [Uchiyama], [Cercignani, Illner,

Pulvirenti], [Simonella], [Gallagher, Saint-Raymond, Texier],
[Pulvirenti, Saffirio, Simonella] ...



Boltzmann equation

Theorem.

For chaotic initial data fJ(Zn)! 1., T°%(z) the density of
the particle system converges up to a time t >0 to the

solution of the Boltzmann equation whenN !'" | NI ¢ 1="
(9tf + U a I! Ixf
=a O f@)f)] @ 0) &, dody
gd! 1] Rd

with o' = v+ v-(vy —v)v, vi=vi—v-(vi—V)V

Lanford's strategy leads to a short time convergence which
depends on [ . The convergence time remains short even if
initially the system starts from equilibrium !!!



Large time asymptotics

Equilibrium distribution

N
1 1,
Mus(Zn) = 5 —exp (15> Wil2) Tl sgioe
s =1 7
Initial data for Lanford’s theorem
O 7U$V O OL
fN,ﬁ(ZN) — f(zi) Mns(Zn) ~ exp (V)

=1

Question.
Perturbation of the equilibrium distribution of order N



Fluctuation !eld.

N
| N(h, Zn (1)) = JLN Z h(z; (1)) with /h(:z:', v)Mp(v)dxdv = 0

Covariance of the fluctuation field :

21N g,z (0) 1N hoZ ()

$
My, 5(ZnN) g z h z(t)
i=1 i=1



Fluctuation !eld.

N
| N(h, Zn (1)) = JLN Z h(z; (1)) with /h(:z:', v)Mp(v)dxdv = 0

Covariance of the fluctuation field :

21N g,z (0) 1N hoZ ()

1 #N s % N $ %
=~ Mn s(Zn) g z; h zi(t)

Symmetry
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Fluctuation !eld.

N
| N(h, Zn (1)) = JLN Z h(z; (1)) with /h(:z:', v)Mp(v)dxdv = 0

Covariance of the fluctuation field :

21N g,z (0) 1N hoZ ()

1 #N s % N $ %

=~ My g(ZN) g zi h z;i(t)
i=1 i=1

Symmetry P .
0 y
gz hz(t)

|
<
z
N
z

New initial data



Linearized Boltzmann equation

Response to a small perturbation
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Linearized Boltzmann equation

Response to a small perturbation

M't++v-Vy)g= —-" Ly,

Lo = [ Maen) (960)+ o) — o(0)) = 9(e) (0 — ) - #) ey
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On averaged the distribution of each
background particle changes by

an order : O(%t)




Linearized Boltzmann equation

Response to a small perturbation

M't++v-Vy)g= —-" Ly,

Lo = [ Maen) (960)+ o) — o(0)) = 9(e) (0 — ) - #) ey
Tagged particle A cloud of particles is moditfied.

On averaged the distribution of each
background particle changes by

an order : O(%t)

1
Goal: Capture corrections = N




Linearized Boltzmann equation

Perturbation of order 1 (tagged particle)

1
fJQf(ZN) — MN,B(ZN) go (21) —} corrections of order ~ ~

Perturbation of order N (symmetric version)

f]%(ZN) My s(Zn) (Z gol z; ) # corrections of order ~ 1
with /Mg(v)go(z)dz =0

Question. Large time behavior of f ](\,1 \(t,21)



N particle ! = N"%""

system N — o0

S

Linearized Boltzmann

[van Beijeren, Lanford, Lebowitz, Spohn] (short time)



. — nd—1
N particle =N . .
P Linearized Boltzmann
system N — o0 .
equation

1 ﬁ

FUACTHUNY g (1,01, 1)
o — OO |[Bardos,Golse,Levermore]
Blv|* —d
Initially : 9(0,x,v) 1= o(w) + up(x) - v - 5 0o ()

density .
fluctuation momentum energy

fluctuation fluctuation



N particle = N . .
P Linearized Boltzmann
system N — o0 .
| equation
f](\})(xl,vl,t) g (z1,v1,1)
o — OO |[Bardos, Golse, Levermore]
Blv|* —d
Initially : 9(0,z,v) := po(x) + uo(z) - v 5 Oo ()
"lv|?! d
g(t,x,v) :="1(t,X) + u(t,X) - v | 5 #(t, X)

Acoustic equations Oru+Vy(p+0)=0
00+V, - u=0



N particle
system

f](\})(xl,vl,t)

Initially :

Acoustic equations

Il =N"
Linearized Boltzmann
N — o .
| equation
g (ajly U1, t)

Theorem [BGSR]
For d = 2, convergence for any ¢t > (

Bll* —d

g(0,z,v) := po(x) + up(x) - v - 5 0o ()

9(t, X, V) == ! (%) + U(t, X) - V + - 'V‘Z! e, x)

Ou+Vi(p+0)=0



. | — N "
N particle Linearized Boltzmann

system N — o0 .
equation
ﬁ
SRRy g (11,01, 1)

Theorem [BGSR]
For d = 2, convergence for any ¢t > (

o <K \/log log log NV

— 00
2 _ g
Initially : 9(0,z,v) := po(x) + uo(z) - v 6‘0‘2 Oo ()
" 2
9, %, V) := 1 (t,X) + U(t, X) - V - 'V‘Q! it x)

Acoustic equations Oru+Vy(p+0)=0
00+V, - u=0



Fluctuation !eld.

N
| N(h, Zn (1)) = JL_ Z h(z; (1)) with /h(w, v)Mp(v)dxdv = 0
NI

Consequence of the

Covariance of the fluctuation field : previous Theorem

lim Enre, !'N(h,Zx(O)) N (R, Zx(1))
N — 00 ’ H

= dz Mﬁ(V)eXp$! t(va" ,+"L) h(z) h(z)



Fluctuation !eld.

N
| N(h, Zn (1)) = JLN Z h(z; (1)) with /h(w, v)Mpg(v)dxdv =0

Consequence of the

Covariance of the fluctuation field : previous Theorem

lim Enre, !'N(h,Zx(O)) N (R, Zx(1))
N — 00 ’ H

= dz Mﬁ(V)eXp$! t(va" ,+"L) h(z) h(z)

Question.
Convergence of the field to the Ornstein-Uhlenbeck process ?

[Spohn], [Rezakhanlou]



Derivation of the
linearized Boltzmann equation

Step 1. Control of the collision operators



BBGKY hierarchy for the marginals

Evolution of the first marginal
(at +Vq - Vxl )f ](Vl)(t, Zl) — Oé(Cl,Qf ](\?))(t, Zl)

Collision operator

(Cl,gf |£|2)) (Zl) — /

f 2 (xq, Vi, xq + 1" ,V;)((Vg — V1) é") d" dv,
Sd—11 Rd +

— / f|£|2)(X1;V11X1 + 1" ,V2)((V2 — Vl) é") d" dV2
SQd—1] Rd #

\ v



BBGKY hierarchy for the marginals

Evolution of the first marginal ~_ }'
(at +Vq - Vxl )f ](Vl)(t, Zl) — Oé(Cl,Qf ](\?)) (t, Zl)

LB
Collision operator — \

(Cl,gf éIQ))(Zl) L= / f (2) (X1,V1,X1 + 1" )((V2 — Vl) é.") d" dV2
Sd—11 Rd +

— / f (2)(X1,V1,X1 + 1" )((V2 — Vl) é") d" dV2
SQd—1] Rd #

Hope : Propagation of chaos

,&ﬁ)(xl, V1,21 + EV, Ug) |Sll)(xl, V1) ,&1)(% + ev, V)
Consequence: Boltzmann equation
N H

e U= OO0 F@IE)] (0 v) - dud




BBGKY hierarchy for the marginals

Fors< N and onDS = {Zs = (xi,v)i<s| [7Zj, |x—x|>"!}
- 1
" +
( t + Z v - in)fI\(IS)(t, ZS) — #(CS,S'l'l fl\(ls ))(t, Zs)
=1
where the collision term i1s dePned by

(Cs,s+1 f|\(|s+1) )(ZS)

(N T S)ed_l > (s+1) / / p
P— . _ . 4 —\/:
. > /5 TGV e vl ((Vsr1 — W) &) dudvssa

N — s d—1 S i
— ( )6 Z /d o fl\(ls+1) ( ey Xiy Viy oo vy Xj + ev, VS+1)((V3+1 — Vi) aV) dvdvs+a
Sd—1xR N

87

whereS%—1 denotes the unit sphere iRY.



Duhamel formula

Denote by S; the semi-group associated to free transport irD?

Duhamel Formula

|
S
fy (1) = Si)f ) (0) + ! S;(t! t1)Cpof P (t1) dty,
0

Iterated Duhamel formula
N —1

1 ] 1
Dity=" a"Quisn@®)f ™ (0)
n=0 ldea : Use the initial

, randomness
with

t1 n—1
QS,S—I—n / / / « .. dtl Ss(t _ tl)Cs,S—I—l

s—|—1 tl _ t2)63—|—1,3—|—2 .« Ss—l—n (tn)



Duhamel formula
I‘}I —1
3 () = a” Qui+n ()" (0)

Wlt tl n—1
Quoinlt / / / ty oty Su(t — £1)Caain

s—|—1 1 Bl t2)CS—|—1,S—|—2 .« .. Ss—l—n(tn)



Duhamel formula
I‘}I —1
3 () = a” Qui+n ()" (0)

Wlt tl n—1
Quoinlt / / / ty oty Su(t — £1)Caain

s—|—1 tl Bl t2)CS—|—1,S—|—2 <. Ss—l—n(tn)

Interpretation as a collision tree
* Transport operator
* Addition of a particle to the tree after each collision




Issue : convergence of the series when N diverges

N 1

V)= 2 " QO 0

Continuity estimates for the collision operators

Weighted norms

Fi(Ze) exp (5 20, luf?)| < o

Collision operators estimates

| fx He,ks,ﬁ — SUPz, Dk

|Qun () f it (CalB))”

8,8,5/2 &



onvergence of the vhen N diverg

NI 1
n 14+n
VO =3 a" Qi) fy T (0)
n=0

Continuity estimates for the collision operators

Weighted norms
(2 fr(Zy) exp (238, \vi\z)‘ < o0

Collision operators estimates

e,k,0 = Suka ED’;

< 571 (Cd(ﬁ)t)n Hfs—|—n Hs,s—l—n,ﬁ

S.S nt S—TTM1 -
HQ,+ (t) fst o2




Continuity estimates for the collision operators

Weighted norms
(2 fr(Zy) exp (238, \%:\2)‘ < o0

Collision operators estimates

e,k,0 = Suka ED’;

< 571 (Cd(ﬁ)t)n Hfs—l—n Hs,s—l—n,ﬂ

S.S nt S—TTM1 -
HQ,+ (t) fst o2




Removing large collision trees ?

Q-0
()}

Stopping the series at
intermediate times




Removing large collision trees ?

Q00
()}

) )
\J/J

Stopping the series at
intermediate times

Questions :
¥ Deriving uniform controls in time
¥ A priori estimates on the particle system



Step 2.

| ¢ estimates and
a mild version of local equilibrium



A priori estimates

Initial data of order N : fn(ZN) = Mn,8(ZN) (ZQO (Z@))

No uniform bonds in L' : iflgls) (t,Zs)! | N CS|\/|!! S(Zs) "go"L!



A priori estimates
N

Initial data of order N : fn(Zn) = My g(Zn) (Zgo (Zz))
i=1
No uniform bonds in L' : iflgls) (t,Zs)! | N CS|\/|!! S(Zs) "go"L!

L 2 bounds are preserved in time

fe(Zn) 7 !

C'N
My g(ZN)

dZNMn g(ZN)
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A priori estimates
N

Initial data of order N : fn(ZN) = Mn,8(ZN) (ZQO (Z@))
i=1

No uniform bonds in L' : iflgls) (t,Zs)! | N CS|\/|!! S(Zs) "go"L!

L 2 bounds are preserved in time / Mg (2)go(z)dz =0

fe(Zn) 7 !

C'N
My g(ZN)

dZNMn g(ZN)

In(t, ZN) )2 " ON

| /dZNMN,! (ZN) (MN,! (Zx)

L 2 estimates are more natural for the linearized operator



New strategy L“ estimates on the collision kernel

o R

Cfo,gZ)(zl) = f,le)(xl, vy, 1+ ev,v) (va ! vp) & +dydv2

A dimension is missing
for | ? estimates




New strategy L“ estimates on the collision kernel

o R

C’fo,le)(zl) = f,&lQ)(xl, vy, 1+ ev,v) (va ! vp) & +dydv2

A dimension is missing
for | ? estimates

| g 2) T @)
da | dr Oy Sa(n) i | < O\ I s @
0

AN

bad estimate vy vh

Additional time dimension




New strategy L“ estimates on the collision kernel

o R

Cfo,gZ)(zl) = f,le)(xl, vy, 1+ ev,v) (va ! vp) & +dydv2

A dimension is missing
for | ? estimates

' g e (2)
L dzn d”rC'1 <C Hf [ a
0
V!1 V2

bad estimate

Additional time dimension

! IRIET
Loo

dr" (r) ! 1w Singular domain of integration
0 Vel L?

i



Di"culties to estimate the collision kernel

1/ Divergence of the L éstimates

]
‘/dzl/ drC; ,S2(7)f Y | < CVTNIf ||,
0



Di"culties to estimate the collision kernel

1/ Divergence of the L éstimates

]
‘/dzl/ ch;,zsz(T)f§2’| < CVTNIf |2
0

Difficulty to control multiple collisions.

] n—1
Qs,s—|—n / / / .« .. dtl Ss(t _ tl)CS,S—I—l

5—|—1 tl _ t2)Cs—|—1,s—|—2 .« . Ss—l—n (tn)

| n n n
Q1 1anf T < O@NY 2| £ 1



Di"culties to estimate the collision kernel

1/ Divergence of the L éstimates

]
‘/dzl/ ch;,zsz(T)f§2’| < CVTNIf |2
0

Difficulty to control multiple collisions.

] n—1
QS,S—|—TL / / / .« .. dtl Ss(t _ tl)CS,S—I—l

5—|—1 tl _ t2)Cs—|—1,s—|—2 .« . Ss—l—n (tn)

| n n n
Q1 1anf T < O@NY 2| £ 1

Collision operators estimates

“H(Ca(B)t)"

HQS,&I—R(t)fs—I—n 3

8787/8/



Di"culties to estimate the collision kernel

1/ Divergence of the L éstimates

]
‘/dzl/ ch;,zsz(T)f§2’| < CVTNIf |2
0

Difficulty to control multiple collisions.

] n—1
Qs,s—|—n / / / .« .. dtl Ss(t _ tl)CS,S—I—l

5—|—1 tl _ t2)Cs—|—1,s—|—2 .« . Ss—l—n (tn)

Disaster ! even for

| n n n
!Q1,1+nf(1Jr )' < C(TN) /ZHfJ(VH )HLZ short time

Collision operators estimates

“H(Ca(B)t)"

HQs,s+n (t)fs—l—n 3

8787/8/



Di"culties to estimate the collision kernel

2/ Recollisions

Given a collision tree :
" " t " t2 11
dz; dty  dtySi(t —t1)Cf, Sa(ta —t3)C, Sa(ts)f () Z5(0)
0 0

$

Use the change of variables
Z1,(t2,!2,v2),(t3,13,v3) | Z3(0)

to recover Hf}(\f)HL1




Di"culties to estimate the collision kernel

2/ Recollisions

Given a collision tree :

t R " 4
dz; dty  dtySi(t —t1)Cf, Sa(ty —t3)Ci, Sa(ts)f i Z5(0)
0 0
fffffffff t
Use the change of variables g‘
e & O to
1, (t2,'2,v2),(t3,'3,v3) ! Z3(0) \

Sy I 3
to recover | fx'l L, |
Problem. This mapping is not bijective O,/ \ |

One has to control the recollisions.




A mild version of local equilibrium

L2 estimates would be fine if
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1=1



A mild version of local equilibrium

L2 estimates would be fine if

! S
Ot Z) = MS(Vy)  g(t, z)
1=1

Key : L“control of the higher order correlations at any time

S

o0z =MPFVe) Y Y ol (t.Z,)

m=1 oceG™

. C
with gy (8)! #Nm—1!g! 0! L2




A mild version of local equilibrium

L2 estimates would be fine if

! S
Ot Z) = MS(Vy)  g(t, z)
1=1

Key : L“control of the higher order correlations at any time

S

(S tZs) =MV S Y gt z,)

m=10cc6™

. C
with gy (8)! #Nm—1!g! 0! L2

Consequence of the
L? a priori bound

Proof . exchangeability of the measure.



Local equilibrium & the  estimates

f(t,Zs) =M VSZZ gr (t,Z,)
=1locGm
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Local equilibrium & the  estimates

f(t,Zs) =M VSZZ gr (t,Z,)
=1locGm

exact balance

Qumf™I1 C (TN)™ Inf (M,



Local equilibrium & the  estimates

v.

f (L Zs) = M F5(Ve) on (1,2 )
m=1ccGT
11 C
Lgn () L2 #Nm_l'g! 0! L2

exact balance

Qumf™I1 C (TN)™ Inf (M,

The L“ estimates can be used to truncate the series at any
time thanks to the decomposition of the measure.



Pruning procedure
Decompose : [0, t] = U,ile [(k—1)!, k!] for some ! >0

Good collision trees.

Less than n, = 2% collisions during [(K — k)!', (K — k + 1)!]

Q00+
()}

M) M)
u/v

In each time interval [(K — k)!, (K — k +1)!] the L?
decomposition is used to estimate the cost of too many collisions



Pruning procedure
Decompose : [0, t] = U,ile [(k—1)!, k!] for some ! >0

Good collision trees.
Less than n, = 2% collisions during [(K — k)!', (K — k + 1)!]

.. Stopping the

' series at

intermediate
times

Q00+

In each time interval [(K — k)!, (K — k +1)!] the L?
decomposition is used to estimate the cost of too many collisions



Pruning procedure

| 2 12K

fDt) = L o IQuL(PD)Qu () Qe s (1) IR+ RE (1)
J1=0 Jjk=0
with J, =1+ j;+ 444 j,

e The main contribution is given by the good collision trees
with j, ! 2% during the time interval [K " k)7, (K" k+1) 7]

e The contribution of the large treeR,’\f(t) is controlled inL?
« t4
#RN (t)#LZ l Ca R

I If t Is large, thenK has to be very large and very small.



Pruning procedure

| 2 12K

fDt) = L o IQuL(PD)Qu () Qe s (1) IR+ RE (1)
J1=0 Jjk=0
with J, =1+ j;+ 444 j,

e The main contribution is given by the good collision trees
with j, ! 2% during the time interval [K " k)7, (K" k+1) 7]

e The contribution of the large treeR,’\f(t) is controlled inL?

t4

#HRES (1) #.2 ! C, <

I If t Is large, thenK has to be very large and very small.

[L°® controls are required for multiple recollisions ...



Derivation of the
linearized Boltzmann equation

Step 3. Comparison with the
Boltzmann hierarchy



Boltzmann hierarchy

Fors! 1andZ. " T # R9

! S [ 1] #
(et v 8$,)g0(t, Z) =" Cuy gBV (1, Z5)
=1

where the collision term Is dePned by

! 11}
Cso, s+1 g(s+1) (Zs)

#s $ 0% &
= il s)' <" /" gD (o xi v xall# V) (Vest ! V) c# dtdvess
=y Sd' 1" Rd +
#s $ 00 &
i ) ¢ L/ o dg(5+1)(...,x,-,v,-,...,x,-m!#,vs+1) (Vor1 ! vi) - #  ditdven
-1 S 1I"R !

This iIs thelimit hierarchy wher#% 0 and N % & .



Boltzmann hierarchy
Fors! 1andZ." T9s# RS

S
(Fe+ Zvi $,)99(t, Zs) = (CSO,S+1)9(S+1) (t, Zs)
=1

lterated Duhamel formula

gW ()= " "QY 1 (1)g* M (0)
n=0

Explicit solution :

g®(t) = (Zga(t,zl)) HMﬁ(Vi)

with g (t, Z;)Mg(V1) solution of the Linearized Boltzman
equation



Comparing the BBGKY and Boltzmann hierarchies

As N !" in the scaling Ne9—1 = o,
‘ (fl\?(s) o go<s)> H1|xi—x,-|>! ‘ $ CSzapt MES
17

for the Initial distributions

N
fQ(Zn) = My (Zn) (Z do (Zi)> , Microscopic dynamics
1=1

S N
gO(S)(Zs) — (HM (vi)) (Z go(zi)) , Boltzmann hierarchy
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Conclusion

Deterministic dynamics of a diluted hard-sphere gas :

* Covariance of the fluctuation field at large times
* Linearized Boltzmann equation & acoustic equations

Open problems.

* Linearized Boltzmann equation in dimension 3
* Fluctuating Boltzmann equation [Spohn]



