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 Question.  Dynamical fluctuations at equilibrium ?
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Diluted Gas of hard spheres 

Gas of N hard spheres with 
deterministic Newtonian dynamics 
(elastic collisions). 

Dimension : d ≥ 2 
Periodic domain: Td = [0,1]d 

Sphere radius = ε 

Boltzmann-Grad scaling 
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• Volume covered by a particle 

• On average          particles per unit volume 

On average, a particle has     collisions per unit of time

Boltzmann-Grad scaling
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Hard Sphere dynamics 

Gas of N hard spheres : ZN = {(xi(t), vi(t)}iN

dxi

dt
= vi,

dvi
dt

= 0 as long as |xi(t)� xj(t)| > ! ,

and elastic collisions if |xi (t)� xj (t)| = "
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Gas of N hard spheres : ZN = {(xi(t), vi(t)}iN
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Liouville equation for the particle density fN (t, ZN )
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Question. Convergence

Model & Results LanfordÕs strategy Pruning procedure Coupling with Boltzmann hierarchy

Large time asymptotics
Equilibrium distribution
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Initial data : 

Density of a particle at time t :
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Boltzmann equation

[Lanford] , [King], [Alexander], [Uchiyama], [Cercignani, Illner, 
Pulvirenti], [Simonella], [Gallagher, Saint-Raymond, Texier], 
[Pulvirenti, Saffirio, Simonella] …

Theorem. 

For chaotic initial data                                 the density of 
the particle system converges up to a time t >0  to the 
solution of the Boltzmann equation when 
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Boltzmann equation

Theorem. 

For chaotic initial data                                 the density of 
the particle system converges up to a time t >0  to the 
solution of the Boltzmann equation when 
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Lanford's strategy leads to a short time convergence which 
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Large time asymptotics
Equilibrium distribution
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Question. 
Perturbation of the equilibrium distribution of order N 

Large time asymptotics

Equilibrium distribution
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Initial data for Lanford’s theorem

' exp(N)



Covariance of the fluctuation field :

Fluctuation !eld.
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Linearized Boltzmann equation

Response to a small perturbation
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Linearized Boltzmann equation

Perturbation of order 1 (tagged particle)

' 1
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corrections of order
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N particle  
system Linearized Boltzmann 

equation 
f (1)
N (x1, v1, t)

[van Beijeren, Lanford, Lebowitz, Spohn] (short time)
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N particle  
system Linearized Boltzmann 

equation 
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[Bardos,Golse,Levermore] 
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fluctuation momentum 

fluctuation
energy 
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Covariance of the fluctuation field :

Fluctuation !eld.

! N (h, ZN (t)) =
1

!
N

NX

i=1

h(zi(t))
Z

h(x, v)M�(v)dxdv = 0with

lim

N!1
E
MN,!

!
! N

(h, Z
N

(0))! N

(

˜h, Z
N

(t))
"

=

#
dz M

�

(v) exp
$

! t(v á"
x

+ " L )
%
h(z) ˜h(z)

Consequence of the  
previous Theorem 



Covariance of the fluctuation field :

Fluctuation !eld.

! N (h, ZN (t)) =
1

!
N

NX

i=1

h(zi(t))
Z

h(x, v)M�(v)dxdv = 0with

 [Spohn], [Rezakhanlou] 

lim

N!1
E
MN,!

!
! N

(h, Z
N

(0))! N

(

˜h, Z
N

(t))
"

=

#
dz M

�

(v) exp
$

! t(v á"
x

+ " L )
%
h(z) ˜h(z)

Consequence of the  
previous Theorem 

Question.   
Convergence of the field to the Ornstein-Uhlenbeck process ?



Derivation of the  

linearized Boltzmann equation 

Step 1. Control of the collision operators



BBGKY hierarchy for the marginals

(@
t

+ v1 ·rx1 )f
(1)
N

(t, z1) = ↵
�
C1,2f (2)

N

�
(t, z1)

�
C1,2f (2)

N

�
(z1) :=

Z

Sd�1! Rd

f (2)
N (x1, v"

1, x1 + !" , v"
2)
⇣
(v2 � v1) á"

⌘

+
d" dv2

�
Z

Sd�1! Rd

f (2)
N (x1, v1, x1 + !" , v2)

⇣
(v2 � v1) á"

⌘

#
d" dv2

Evolution of the first marginal

Collision operator

vi

vj
xj v!

j

v!
i

xi



BBGKY hierarchy for the marginals

(@
t

+ v1 ·rx1 )f
(1)
N

(t, z1) = ↵
�
C1,2f (2)

N

�
(t, z1)

�
C1,2f (2)

N

�
(z1) :=

Z

Sd�1! Rd

f (2)
N (x1, v"

1, x1 + !" , v"
2)
⇣
(v2 � v1) á"

⌘

+
d" dv2

�
Z

Sd�1! Rd

f (2)
N (x1, v1, x1 + !" , v2)

⇣
(v2 � v1) á"

⌘

#
d" dv2

Evolution of the first marginal

Collision operator

vi

vj
xj v!

j

v!
i

xi
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BBGKY hierarchy for the marginals

Model & Results LanfordÕs strategy Pruning procedure Coupling with Boltzmann hierarchy

BBGKY hierarchy for the marginals

For s < N and onDs
" =

�

Zs = ( xi , vi )is
�

�

i 6= j , |xi � xj | > !
 

(" t +
s
X

i =1

vi ·rxi )f
(s)

N (t,Zs) = #
�

Cs,s+1 f
(s+1)

N

�

(t,Zs)

where the collision term is deÞned by

�
Cs,s+1 f (s+1)

N

�
(Zs)

:=
(N � s)"d�1

↵

sX

i =1

Z

Sd�1⇥Rd
f (s+1)
N (. . . , xi , v 0

i , . . . , xi + "⌫, v 0
s+1 )

⇣
(vs+1 � vi ) á⌫

⌘

+
d⌫dvs+1

�
(N � s)"d�1

↵

sX

i =1

Z

Sd�1⇥Rd
f (s+1)
N (. . . , xi , vi , . . . , xi + "⌫, vs+1 )

⇣
(vs+1 � vi ) á⌫

⌘

�
d⌫dvs+1

whereSd�1 denotes the unit sphere inRd.



Duhamel formula

Denote by Ss the semi-group associated to free transport inDs
"

Duhamel Formula
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Idea  : Use the initial 
randomness
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Duhamel formula

Interpretation as a collision tree  
• Transport operator  
• Addition of a particle to the tree after each collision
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Continuity estimates for the collision operators
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Removing large collision trees ?

t

!Stopping the series at 
intermediate times



Removing large collision trees ?

t

!Stopping the series at 
intermediate times

Questions :  
¥ Deriving uniform controls in time  
¥ A priori estimates on the particle system



Step 2.     

 estimates and  
a mild version of local equilibrium
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Derivation of the  

linearized Boltzmann equation 

Step 3. Comparison with the  
Boltzmann hierarchy
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Comparing the BBGKY and Boltzmann hierarchies
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Comparing the truncated hierarchies
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Conclusion

Deterministic dynamics of a diluted hard-sphere gas : 

• Covariance of the fluctuation field at large times 
• Linearized Boltzmann equation & acoustic equations

Open problems. 

• Linearized Boltzmann equation in dimension 3 
• Fluctuating Boltzmann equation [Spohn]   


