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degenerate Fokker-Planck equations with linear drift

evolution of probability density f(x,t), x € R", t > 0:

f, = div(DVf—l—fo) (1)
f(x,0) = f(x)

D € R™" ... symmetric, const in x, degenerate

CcR™" . constin x
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degenerate Fokker-Planck equations with linear drift

evolution of probability density f(x,t), x € R", t > 0:
f, = div(DVf—i—Cx f) (1)
f(x,0) = folx)
D € R™" ... symmetric, const in x, degenerate

CcR™" . constin x

goals: existence & uniqueness of steady state f(x);

convergence f(t) =3 f,, with sharp rates;

complete theory for the equation class (1)
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hypocoercive example — from plasma physics
kinetic Fokker-Planck equation for f(x,v,t), x,v € R™

fi+ v-Vif — VxV -V, f = oA, +vdiv,(v)
—— —_—— —— N—_———
free transport  influence of potential V(x)  diffusion, >0 friction, v>0
-z |:¥+V(x):|
steady state: f(x,v) =ce
V(x)... given confinement potential
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hypocoercive example — from plasma physics
kinetic Fokker-Planck equation for f(x,v,t), x,v € R™

fit v Vi — ViV -V, f = oA +vdiv,(vf)
—— ——— ——

~——
free transport  influence of potential V(x)  diffusion, >0 friction, v>0

v | v

- +V(X):|
steady state: foo(x,v) =ce [ 2
V(x)... given confinement potential
rewritten (with x, v variables):

. 0 0 —v
fo = dle”[(O a|>v“f+<vxv+yv>f]

. J/

—————
=:D...diffusion drift

e A explicit Green's function for V not quadratic!
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Outline:

@ hypocoercivity, prototypic examples

@ review of standard entropy method for non-degenerate
Fokker-Planck equations

© decay of modified “entropy dissipation” functional

@ mechanism of new method
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(hypo)coercivity 1

example 1: standard Fokker-Planck equation on R":

3H
I

div(Vf-I—xf) =: Lf ... symmetricon H := L?(fZ')

[x|?

fo(xX) = ce 2, ker L = span(fx)

e L is dissipative, i.e. (Lf,f)y <0 VfeD(L)

e —L is coercive (has a spectral gap), in the sense:

(=Lf F)n 2 1112, VFe {fo}t

)
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(hypo)coercivity 2
example 2:
fi = div(DVF+Cxf)=:Lf (2)

with degenerate D is degenerate parabolic;
(symmetric part of) —L is not coercive.

Anton ARNOLD (TU Vienna) hypocoercive Fokker-Planck/entropy meth. 6 /32



(hypo)coercivity 2

example 2:

f, = div(Dw + Cx f) = Lf 2)
with degenerate D is degenerate parabolic;

(symmetric part of) —L is not coercive.

Definition 1 (Villani 2009)

Consider L on Hilbert space H with K = ker L; let H — K+ (densely)
(e.g. H ... weighted L2, H .. weighted HY).
—L is called hypocoercive on H if 3A >0, ¢ > 1:

lettfllg < ce |fll; VFeA

e typically c > 1

Anton ARNOLD (TU Vienna) hypocoercive Fokker-Planck/entropy meth. 6 /32



Steady state of (non)degenerate FP equations:

standard Fokker-Planck equation f; = div(Vf + x f) :
unique steady state foo(x) = ce—Ix?/2

as a balance of drift & diffusion;
sharp decay rate = 1

n=2:
X2
Al
I 1drift
Ve —
== X1
diffusion
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degenerate prototype:
o degenerate diffusion (1D Fokker-Planck) + rotation

. 10 X1—w X2
fi = d.v[<0 0>Vf+( o >f]

—_——— ——_———
=D =Cx

fro(x) = ce ~IXI*/2 Vw € R (unique for w # 0);
@ sharp decay rate = £ (= min R A¢) for fast enough rotation (|w| > %)
X2

A
\

equilibration
by drift/diffusion
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degenerate prototype:
o degenerate diffusion (1D Fokker-Planck) + rotation

. 10 X1—w X2
fi = d.v[<0 0>Vf+( o >f]

—_——— ——_———
=D =Cx

foo(x) = ce ~IXI*/2 Vw e R (unique for w # 0);
@ sharp decay rate = £ (= min R A¢) for fast enough rotation (|w| > %)
X2

A
\

equilibration
by drift/diffusion

o |w| = 1: C has a Jordan block => (sharp) decay rate = 1 —¢
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degenerate prototype with w = 1:

o ft:div[<(1) S)VHG _01>xf]

@ xp-axis: drift characteristics of x = —Cx tangent to level curve of |x| :

X'=-x+y

y,f_ ‘ Drift characteristic ‘ ‘ Level curve of P-norm ‘

@ level curve of “distorted” vector norm Vx - P - x; P = ( _21 _21 )

Ref: [Dolbeault-Mouhot-Schmeiser| 2015
9/32



coefficients C, D in Fokker-Planck equation

fi = div(DVf+Cxf) = Lf

Condition A: No (nontrivial) subspace of ker D is invariant under C.
(equivalent: L is hypoelliptic.)

Proposition 1

Let Condition A hold.

a) Let € LY(RY) = fe C®R"xRT). [Hormander 1969]
b) Letfy e LL(RY) = f(x,t)>0, Vt>0. (Green's fct >0)
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coefficients C, D in Fokker-Planck equation

fi = div(DVf+Cxf) = Lf

Condition A: No (nontrivial) subspace of ker D is invariant under C.
(equivalent: L is hypoelliptic.)

Proposition 1

Let Condition A hold.

a) Let € LY(RY) = fe C®R"xRT). [Hormander 1969]
b) Letfy e LL(RY) = f(x,t)>0, Vt>0. (Green's fct >0)

Condition B: Condition A + let C be positively stable (i.e. ®A¢ > 0)
— 3 confinement potential; drift towards x = 0.

e hypoelliptic + confinement = hypocoercive (for FP eq.)
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steady state

f, = div(DVf+Cx f) (3)

Theorem 2

(3) has a unique (normalized) steady state f, € L*(R") iff Condition B
holds.

x K= 1x
Then:  fxo(x) = ckxe™ i non-isotropic Gaussian
0<KeR™" ... unique solution of 2D = CK + KC'

(continuous Lyapunov equation)
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normalization of Fokker-Planck equations

x K=1x

fo = div(DVf 4+ Cxf)  with fio(x) = cke = 2

transformations:

Q y::\/R_lx:>

= div,(DV,g+Cyg) with go(x)=ce 2,

8t
D = Cs
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normalization of Fokker-Planck equations

x K=1x

fo = div(DVf 4+ Cxf)  with fio(x) = cke = 2

transformations:

Q y::\/R_lx:>

g = divy(ljvyg+éyg) with go(x) =ce 2|
D = Cs
@ rotation of y = D = diag(dy, ..., dx, 0, ..., 0)

N——

n—k
[normalization from now on assumed]
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review of entropy method:
linear symmetric Fokker-Planck equations

evolution of probability density f(x,t), x € R", t > 0:
f, = div(D [V + fVA(x)]) — Lf

f(x,0) = fo(x); HELL(R"), [ fhdx=1 = f(x,t)>0
Rn
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review of entropy method:
linear symmetric Fokker-Planck equations

evolution of probability density f(x,t), x € R", t > 0:
f, = div(D [V + fVA(x)]> — Lf
f(x,0) = fo(x); HELL(R"), [ fhdx=1 = f(x,t)>0

Rn

fo(x) = e A .. (unique) normalized steady state
f
Lf = div(fooDVf—) ... symmetric in L2(R", f1)
D >0 ... positive definite matrix

A(x) ... scalar confinement potential, i.e. A(x) — oo as |x| — oo;
idea : A(x) > c|x|?

Anton ARNOLD (TU Vienna) hypocoercive Fokker-Planck/entropy meth. 13 / 32



admissible relative entropies (for entropy method)
for probability densities f; »:

f
ey(fi|h) = /R" gb(é)fgdx >0 ... relative entropy

YRy = RS ... entropy generators

»>0, ¥(1)=0, ¥’>0, (P")?2< Ly
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admissible relative entropies (for entropy method)
for probability densities f; »:

f
ey(fi|h) = /anp(é)fgdx >0

YRy = RS .. entropy generators

»>0, ¥(1)=0, ¥’>0, (P")?2< Ly

. relative entropy

examples: 1) ¢1(0c) =olho—oc+1
2) Ypl0) = 0P —1—p(o—1)

l<p<L2
Y(o)

.. quadr.

Anton ARNOLD (TU Vienna)

hypocoercive Fokker-Planck/entropy meth
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entropy dissipation

Lemma 1
Let f(t) solve Fokker-Planck equation f, = div(D [V + fVA(x)])

" (f(—> Tf(t) D. vyf dx

(e.9]

= Cey(f(0lf) =

=: —Ily(f(t)|fsc) <0 ... (negative) Fisher lnformatlon
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Step 1: exponent. decay of entropy dissipation for D =const
D = const. in x, foo(x) = e AKX
Theorem 3

Let I(fo|fx) < 00. Let D, A satisfy a

2
Bakry - Emery condition 0 A(QX) >\ D vxeR” (4)
Ox —
>0
= Iy(F(t)fc) < e M y(hlfc),  £20

A ... uniformly convex if D = |

Ref's: [Bakry-Emery] 1984/85;
[Arnold-Markowich-Toscani-Unterreiter] Comm. PDE 2001

e robust w.r.t. many nonlinear perturbations
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Step 2: exponential decay of relative entropy for D =const
Theorem 4

Let D, A satisfy BEC =~ LA

> \Dl =

eyp(F(1)|foo) < e 2N ey (folfoo),

t>0

o =
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Step 2: exponential decay of relative entropy for D =const

Theorem 4

Let D, A satisfy BEC 2409 > \;p-1 =

ep(F(t)|fx) < e Pley(folfx),  t>0

Proof: from proof of Theorem 3 :

d o0
I(6)< -2 |
Sin< -2 1) ‘/t dr

~—
=—e/(t)

t—o0

Since I(t), e(t) —— 0:
ge(t) < —2)\1e(t)
de =

(+ density argument)
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problem of entropy decay (cp. standard entropy method)
decay of quadratic entropy ex(t) = ||f(t) — foo]|i2(f,1) :

e ----- e'(t) ——e"(H

standard Fokker-Planck equation:
non-degenerate — e(t) is convex;
entropy dissip. €'(t) <0V f # fx;
e’ < —pue possible (with > 0)
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problem of entropy decay (cp. standard entropy method)
decay of quadratic entropy ex(t) = ||f(t) — ﬁ,oHi2

(f=) -

0]
-30- RS ——v0 e e€n — —e'
standard Fokker-Planck equation: degenerate prototype ex.:
non-degenerate — e(t) is convex; — e(t) is not convex;
entropy dissip. €'(t) <0V f # f; e'(t) = 0 for some f # fu;
e’ < —pe possible (with > 0) e’ < —ue wrong (in general)
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entropy decay in inhomogeneous Boltzmann equation

@ simulation of 142 D Boltzmann equation: wavy entropy decay

@ — — — Hg(t): relative entropy w.r.t. the global Maxwellian

0.01 —i
0.001
0.0001
1e-05

1e-06

1e-07
0

Ref: [Filbet-Mouhot-Pareschi] 2006
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new entropy method for degen. FP: f, = div(DVf 4 Cx f)

e ¢ (t)=0forsomef #f, = entropy dissipation:

d nl f T f f
- e - - . . - = — <
te¢— /nz,b (f )V ; I>30 Vf foodx =1 —1Iy(f) <0

is “useless” as Lyapunov functional.
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new entropy method for degen. FP: f, = div(DVf + Cx f)

e ¢ (t)=0forsomef #f, = entropy dissipation:

d /) f f f'
- e - - . . - = — <
ted,— /nz,b <f >V ; D0 Vf foodx =1 —1Iy(f) <0

4

is “useless” as Lyapunov functional.
= define modified “entropy dissipation” as auxiliary functional:

Sy(f) == /R Q" <i> vil.op vl foodx >0

foo fo ~~  fx
>0

goal: estimate between S(f(t)), £S(f(t)) for “good" choice of P > 0.
Then:

P>cpD = S¢(f) > cp Id)(f) N O
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modified “entropy dissipation” Sy (f) : choice of P
Lemma 2

Let Q be positively stable, i.e. j := min{R g} > 0.

@ Ifall \G" € {\ € 0(Q) | RA = pu} are non-defective
(i.e. geometric = algebraic multiplicity)
=~ JPER™ P>0: PQ+Q'P>2uP.
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modified “entropy dissipation” Sy (f) : choice of P
Lemma 2

Let Q be positively stable, i.e. j := min{R g} > 0.
@ Ifall \G" € {\ € 0(Q) | RA = pu} are non-defective
(i.e. geometric = algebraic multiplicity)
=~ JPER™ P>0: PQ+Q'P>2uP.
Q If (at least) one AZ™ is defective =
Ye>0 IP=P()>0: PQ+Q'P>2(u—¢e)P.
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modified “entropy dissipation” Sy (f) : choice of P
Lemma 2

Let Q be positively stable, i.e. = min{RAg} > 0.
@ Ifall \G" € {\ € 0(Q) | RA = pu} are non-defective
(i.e. geometric = algebraic multiplicity)
=~ JPER™ P>0: PQ+Q'P>2uP.
Q If (at least) one AZ™ is defective =
Ye>0 IP=P()>0: PQ+Q'P>2(u—¢e)P.

Proof: P can be constructed explicitly; e.g. for Q non-defective /
diagonalizable:

n
. . =T . . : T
P .= ZZJ ®Zz ; zj ... eigenvectors of Q
j=1

e P not unique; but the decay rates p (or p — €) are independent of P.
e application with Q := C.
21/ 32



Step 1: exponential decay of auxiliary functional Sy(f)

f f f
Sy(f) = /nw” (f—) VTf— PV fiodx >0

Proposition 2

p=min{RAc}. Let fy satisfy:
fo fo

" v v

[ (Z)]2

@ Ifall \T™ are non-defective =  S(f(t)) < e 2*S(fy), t>0;

2
fiodx < oo (~ weighted H-seminorm)
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Step 1: exponential decay of auxiliary functional Sy(f)

f f f
Sy(f) = /nw” (f—) va— PV fiodx >0

Proposition 2

p=min{RAc}. Let fy satisfy:

JoEr

@ Ifall \T™ are non-defective =  S(f(t)) < _2‘“5(1{)) t>0;
Q If one AT js defective =  S(f(t),e) < e 2H9)tS(fo, ), t>0.

v

f dx < oo (~ weighted H*-seminorm)
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Proof of Proposition 2 — modified entropy method

%S(f(t)):—/W'(é)uT {Pc+cTP} ufoo dx

>2uP ... replaces BEC

—2/Tr(XY) fodx < —2uS(F(1); u=V
——

>0

f‘
foo
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Proof of Proposition 2 — modified entropy method

d _ n( f T T
CS(F(1)) = —/w <E>u [PC+CTP| ufyax
>2uP ... replaces BEC

_Z/Tr (XY) foo dx < —2p S(f(t)), u= Vi
—— fo

>0

use X = ( Z},/,l, ;;/;/V ) (é) >0 ,

since det X =
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Proof of Proposition 2 — modified entropy method

d _ i T T
CS(F(1)) = —/w <E>u [PC+CTP| ufyax
>2uP ... replaces BEC

—2/Tr(XY) fodx < —2uS(F(£)): u=V-
>0 foo

1 "
( Zf/// lszlv ) (_) Z 0 3
1
2111"@&“' (¥")? >0 (for admissible rel. entropies) ;

Tr(D%¢P%%)  u"DY:Pu
Y = >0,
TDE)“Pu (u"Pu) (u"Du)

use X

since det X =

with Cauchy-Schwarz
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Step 2: exponential decay of relative entropy

Theorem 5
" ﬁ) 2
/1/) (f_) |up|® foo dx < 00 .

= |e(f(t)|fx) <cS(f(t)) < ce ?*S(fy), t>0

Let fy satisfy:

( reduced rate for a defective \T": 2(u —¢€) )
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Step 2: exponential decay of relative entropy

Theorem 5
" ﬂ) 2
/1[) (f_) |U0| foodX<OO

= |e(f(t)|fx) <cS(F(t)) < ce S(fy), t>0

Let fy satisfy:

( reduced rate for a defective \T": 2(u —¢€) )

Proof: Consider non-degenerate (auxiliary) symmetric FP equation:

omn( P VEN): gem o —ce R —cet (g

>0

It satisfies the Bakry-Emery condition 227‘2‘ =1>\pP7 L.

1
= convex Sobolev inequality: ey (g|fx) < o Sy(g) Vg
P

Remark: S, (g) is the true entropy dissipation for (6) ! O
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(parabolic) regularization of semigroup et

Proposition 3
The Hérmander order m € [1,n — k] (k =rank D) is the minimum such

that

m
ZCJD(CT)j >kl for somerk > 0.
j=0

(Existence of m is equivalent to Condition A, i.e. hypoellipticity of L.)

= Sy(f(t)) < ct Cmey(flf), 0<t<1.
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(parabolic) regularization of semigroup et

Proposition 3

The Hérmander order m € [1,n — k] (k =rank D) is the minimum such
that

m
ZCJD(CT)j >kl for somerk > 0.
j=0

(Existence of m is equivalent to Condition A, i.e. hypoellipticity of L.)

= Sp(f(t)) < ct7Cmtl ey(ff), 0<t<1.

Ref's:

Prop. 3 is generalization to all admissible relative entropies of:
[Hérau] JFA 2007;

[Villani] book 2009 (only for quadratic & logarithmic entropies)
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exp. decay of rel. entropy for f; = div(DVf + Cx ) =: Lf

combination of regularization for initial time with Th.5 (entropy decay) =

Theorem 6 (Arnold-Erb 2014)

Let L satisfy Condition B; p:= min{RAc}. = 3¢ > 0:

eu(F(D)]foc) < ce iey(hlf), t>0

( reduced rate for a defective \T": 2(u —¢€) )
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exp. decay of rel. entropy for f; = div(DVf + Cx ) =: Lf

combination of regularization for initial time with Th.5 (entropy decay) =

Theorem 6 (Arnold-Erb 2014)

Let L satisfy Condition B; p:= min{RAc}. = 3¢ > 0:

eu(F(D)]foc) < ce iey(hlf), t>0

( reduced rate for a defective AT": 2(p — ¢) )

Proof:

decay 1 regularization

o) S csl 2)\P ser(e)) *< me—2u(t—5)5(f(5)) < c(6) et (0)
O
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exp. decay of rel. entropy for f, = div(DVf 4+ Cx f) =: Lf

combination of regularization for initial time with Th.5 (entropy decay) =

Theorem 6 (Arnold-Erb 2014)

Let L satisfy Condition B; p:= min{RAc}. = 3¢ > 0:

eu(F(D)]foc) < ce iey(hlf), t>0

( reduced rate for a defective AT": 2(p — ¢) )

Proof:

CSl decay regularization
e(t) < 2)1\’35(1‘(1‘)) < 2)1\Pe_2“(t_5)5(f(5)) C(5) e2te (0)

O
Remark: Rate p is sharp, but constant c is not.
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kinetic Fokker-Planck eq. with non-quadratic potential
fr +v-Vxf =V, V(x) -V, f =cA,f +vdi,(vf); x,veR"

2
. ~z[ v
steady state factors in x, v:  fo(x,v) =ce
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kinetic Fokker-Planck eq. with non-quadratic potential
fr +v-Vxf =V, V(x) -V, f =cA,f +vdi,(vf); x,veR"

2
. ~z[ v
steady state factors in x, v:  fo(x,v) =ce

: 0 -21
fi = dle’v[<9I O'Vl )Vx,v(f—)foo]
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kinetic Fokker-Planck eq. with non-quadratic potential

fr +v-Vxf =V, V(x) -V, f =cA,f +vdi,(vf); x,veR"

2
. ~z[ v
steady state factors in x, v:  fo(x,v) =ce

: 0o -¢ f
fi = dNXN[(gl O'V| )VX,V(f—)foo]

Theorem 7 (Arnold-Erb, Achleitner-Arnold 2015)

2 ~
Let n=1; V(x) = Dx?+ V(x) .. given confinement potential with
\/max V" (x \/mln V7 (x

= ey (f(t)|fs) < cSw(fo)e_z"t, t>0
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kinetic Fokker-Planck eq. with non-quadratic potential

fr +v-Vxf =V, V(x) -V, f =cA,f +vdi,(vf); x,veR"

2
. ~z[ v
steady state factors in x, v:  fo(x,v) =ce

: 0o -¢ f
fi = dNXN[(gl O'V| >Vx7v(f—)foo]

Theorem 7 (Arnold-Erb, Achleitner-Arnold 2015)

2 ~
Let n=1; V(x) = Dx?+ V(x) .. given confinement potential with
\/max V" (x \/mln V7 (x

= ey (f(t)|fs) < c5¢(fo)e_2"t, t>0

o V ... O(1) perturbation
@ Greens function not explicit
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local vs. global decay rate in non-symmetric FP equations

decay of logarithmic entropy for the non-symmetric FP equation

£ = div[( 164 (1) >Vf+< 1/:;1;‘:(2 ) |

with foo(x) = ce /2 = e =AC) . find e(F(t)|fx) < ce(0)e
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local vs. global decay rate in non-symmetric FP equations

decay of logarithmic entropy for the non-symmetric FP equation

L 1/4 0 1/4x1 — 4 x
fo = le[( 0 >Vf ( 4x1+ X0 ) f}
with foo(x) = ce /2 = e =AC) . find e(F(t)|fx) < ce(0)e
] standar;j entropy method:
BEC gA = 1> AD™! yields sharp
local decay rate: \; = %' c=1

044 \"
03

0.2 “Hypocoercive method” yields sharp

global decay rate: \y = §' c>1

0.14

S(t)
e - e(0)exp(-t/2) — — on
P
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local vs. global decay rate in non-symmetric FP equations

decay of logarithmic entropy for the non-symmetric FP equation

L 1/4 0 1/4x1 — 4 x
fo = le[( 0 >Vf ( 4x1+ X0 ) f}
with foo(x) = ce /2 = e =AC) . find e(F(t)|fx) < ce(0)e
] standar;j entropy method:
BEC gA = 1> AD™! yields sharp
local decay rate: \; = %' c=1
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03

0.2 “Hypocoercive method” yields sharp

global decay rate: \y = §' c>1

0.14

S Lemma: 2D, V admissible P:

5(0)
w0 et —— 0L multiplicative constant S is sharp.
P
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Why does the “hypocoercive method” work?

algebraic essence: comparison of the spectral gaps of a non-symmetric
matrix Q and its symmetric part Qs := 3(Q + Q") .

motivation: entropy method operates mostly with quadratic functionals
(eg e(flfc)i by = [¢"(£)VT £ -D- VL fodx)
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matrix Q and its symmetric part Qs := 3(Q + Q") .

motivation: entropy method operates mostly with quadratic functionals
(eg e(flfc)i by = [¢"(£)VT £ -D- VL fodx)

Lemma 3

Let Q be positively stable, i.e. = min{R Ao} > 0.
= Anin(Qs) < i (“typically” strict inequality)
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Why does the “hypocoercive method” work?

algebraic essence: comparison of the spectral gaps of a non-symmetric
matrix Q and its symmetric part Qs := 3(Q + Q") .

motivation: entropy method operates mostly with quadratic functionals
(eg e(flf) by = [V (E)VTE D VL fiodx )

Lemma 3

Let Q be positively stable, i.e. = min{R Ao} > 0.
= Anin(Qs) < i (“typically” strict inequality)

Lemma 4 ( = Lemma 2 for choice of P)

3P > 0 such that the similar matrix Q= ﬁQ\/ﬁfl satisfies:
)\min(gs) =M
( Amin(Qs) = p—e in the defective case )

e So: 1 a similarity transformation such that Q, Q, Qs have the same
spectral gap.
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Application to f; = div(DVf 4 Cxf) = Lf

e Decay estimate of the drift characteristics x = —Cx:

Let ||x]|% := (x,Px) .

%HXH% ~ _xTPCx
= —(VPx)T (VPCVP "+ VP 'CTVP) (VPx)
:=2Cs>2ul

2
< —2ulxlp

e carries over to all invariant eigenspaces of L
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Conclusion

@ new entropy method for degenerate Fokker-Planck eq. (+ linear drift)
@ key tool: modified “entropy dissipation” functional — diff. inequal.
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@ new entropy method for degenerate Fokker-Planck eq. (+ linear drift)
@ key tool: modified “entropy dissipation” functional — diff. inequal.

@ extension to kinetic Fokker-Planck eq. (with non-quadratic potential)

@ extension to non-degenerate, non-symmetric Fokker-Planck equations
— sharp envelope for global decay

@ 2017: (1 + t2)e 2%t decay for defective case [AA-Einav-Wohrer]
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