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Diffusion process

SDE on R”

dxs = —VV(xs)ds + /2~ 1dws
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Diffusion process

SDE on R"

dxs = —VV(xs)ds + /2~ 1dws
Generator L =-VV.V+ 1A
Invariant measure dr = p(x)dx, where

p(x) = %e—ﬁ‘/m, with Z = | e PV dx .
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Diffusion process

Hilbert space H = L2(R", ),
Inner product  (f,9)x = [pn f(X) 9(X)p(x)dx, Vf,geH,
— (LF,9)r = (f,LG)x.
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Diffusion process

Hilbert space H = L2(R", ),
Inner product  (f,9)x = [pn f(X) 9(X)p(x)dx, Vf,geH,
= (£ f7g>7r = <f:£g>7r-

Eigenvalues of —£: \; € R with

O=X <A< <A<

and —Ly; = N\jpj, wo=1.
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Diffusion process

Hilbert space H = L2(R", ),
Inner product  (f,9)x = [pn f(X) 9(X)p(x)dx, Vf,geH,
= (£ f7g>7r = <f:£g>7r-

Eigenvalues of —£: \; € R with
O=X <A< <A<
and —Ly; = N\jpj, wo=1.

Question : How to estimate Ay, Ao, - - - numerically when n > 1?
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Operators

Semigroup operator

(Tsf)(x) =E(f(xs) | Xo=x), feH,s>0.
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Operators

Semigroup operator

(Tsf)(x) =E(f(xs) | Xo=x), feH,s>0.

Transfer operator
1
(Tru)(y) = —— | px,y;T)u(X)p(x)dx, yeR",
p(yY) Jro

where p(x, -; 7) is the p.d.f. attime = > 0.
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Operators

Semigroup operator

(Tsf)(x) =E(f(xs) | Xo=x), feH,s>0.

Transfer operator

(o)) = s | plxyinubxpxde, y e k.

where p(x, -; 7) is the p.d.f. attime = > 0.

Connections :
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Motivation : Butane
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Motivation : Butane

H
\C/H
C/ \C/H
H /\H
H

== DN

Butane

Question : How to study the dynamics of the dihedral angle ?
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Effective dynamics

dXs — —V V(Xs)ds + \V/ 2571 dWs

Reaction coordinate ¢ : R" — R™
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Effective dynamics
dxs = —VV(xs)ds + /28~ Tdws

Reaction coordinate ¢ : R" — R™

zeR™ feH, consider Q,={xeR"¢x)=2z},

8/22



Effective dynamics

dXs — —V V(Xs)ds + \V/ 2571 dWs

Reaction coordinate ¢ : R" — R™

zeR™ feH, consider Q,={xeR"¢x)=2z},

Pf(z) = /Q F(X)diz(x) = Ex(F(X) | £(x) = 2),
:sz) [ 800 — 2) a,

Q(z) = /R" p(x)8(&(x) — z) dx, Q(2)dz =1

rRmM
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Effective dynamics

Apply Ito’s formula to £(xs) =

d¢i(xs) =L&(xs)ds + /28~ Z 85’ 1</<m.
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Effective dynamics

Apply Ito’s formula to £(xs) =

d¢i(xs) =L&(xs)ds + /28~ Z 85’ 1</<m.

8x,

This motivates the effective dynamics’

Ozs = b(zs) ds + /23 15(z5) dws,  zs € R™,

bi(z) =P(L¢),

with ¢ 0¢
ay(2) =65 )w(z (Z 8x: axl,> :

1. Legoll and Leliévre, Nonlinearity, 2010.
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Effective dynamics

Alternative expressions :

B,(z) = lim E(él(xs‘l_zl ’ Xg ~ Mz) ,

s—0+
((Sl(Xs) —2)(&r(Xs) — 2r)

5///(2) :g lim E s

s—0+

‘XON,UZ>~
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Effective dynamics

Alternative expressions :

E,(z) = lim E(f/(Xsi—Z/ ’ Xg ~ Mz) ,

s—0+
((fl(Xs) — 1) (& (Xs) — 2r)
s

5///(2) :g lim E

‘ Xo ~ Nz) :
s—0+

Infinitesimal generator of z; is

m

82

m
~ ~ 0 1 ~
£=2 555" 5 2 ¥ oz,

=

We have

f=fot =— PLf=(Lf)oC.
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Effective dynamics

Unique invariant measure of zs is  dv = Q(z) dz.

L is self-adjoint on space H = L2(R™, v).

Let
0:X0<X1§X2§~--.

be the eigenvalues of —£ and ;i € H be orthonormal
eigenfunctions.
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Effective dynamics — Time scales

Proposition 1
Fori > 0, we have

XN [ V- B9 Ratx)d
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Effective dynamics — Time scales

Proposition 1
Fori > 0, we have

- 1 _
N <A<+ 3 o IV (i — @i 0 )(x)Pp(x)dx.

Especially, let
E(X) = (p1(X), 2(X), -+, om(x)) € R™,

Then X=X, 0<i<m.
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Effective dynamics — Time scales

Proposition 1
Fori > 0, we have

- 1 _
N <A<+ 3 o IV (i — @i 0 )(x)Pp(x)dx.

Especially, let
E(X) = (p1(X), 2(X), -+, om(x)) € R™,

Then X=X, 0<i<m.

— Optimal reaction coordinate function.
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Effective dynamics — Algorithms

Key issue : estimate coefficients in
dzs = b(zs) ds + /2315 (zs) dws .
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Effective dynamics — Algorithms

Key issue : estimate coefficients in

dzs = b(zs) ds + /2315 (zs) dws .
1. HMM-like, Blue Moon, constrained dynamics, ...
bi(z) =P(L¢))
~ _ & Oy
a,,,(z) —(0‘0‘ /// (Z ox; 8x,) .
2. Equation-free, ...

Biz) = im E(SL=E ).,

s—0+
0 (2) _g lerE((f/(Xs) - Z/)éf/'(xs) —2r) ‘ Xo ~ uz) '

3. Extended system, TAMD, ...
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e Introduction

¢ Model reduction : effective dynamics

e Application : eigenvalue estimation

14/22



Eigenvalue estimation’
Suppose N basis functions 1 = ¢, 0 £, 1 < I < N, are given.

We want to apply Galerkin method to solve the eigenvalue
problem

—Lf = M, (1)

in the subspace span{1, g, - ,¥n}.
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Eigenvalue estimation’
Suppose N basis functions 1 = ¢, 0 £, 1 < I < N, are given.

We want to apply Galerkin method to solve the eigenvalue
problem

—Lf =\, (1)
in the subspace span{1, g, - ,¥n}.
N

Write f = Z wiYi,

i=1

then (1) = CX = ASX, with

Cr = (=LY, Yr)r, Sw =Wy, 1<LI'<N,

1. Noé and Niske, Multiscale Model. Simul. 2013.
Pérez-Hernandez, Paul, et al. J. Chem. Phys. 2013.
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Eigenvalue estimation

Using 4 = 1 o € and PLy; = (L) o €, we have

S =W Ve = W )y
Cir =(— L1, YpYr = (= L1 )y -
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Eigenvalue estimation

Using 4 = 1 o € and PLy; = (L) o €, we have

Sw =W, ) x = (W1, i),
C/// :<—£wl,w//>7r = <_Z7Z1a 77Zl’>z/-
Since v is the invariant measure of zs,
1 (T~ -
Sir = TETM T/o Vi(zs)vr(zs)ds
1 &
Sy > Uziad)vr(ziar) -

0 j—Mp+1
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Eigenvalue estimation

Similarly, let 7 be a small parameter,

L L
1
~— m Z [wl(Z:AHT)T/f/'(Z:At)

i:M()+1
+ “Z/(Zim)@z/'(zimw) - ZJI(ZIAI‘){EI’(ZIAI‘) .
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Eigenvalue estimation

Similarly, let 7 be a small parameter,

Cp =—lim _lim / W (2t1s) — W(Zt)
s—0 T—+o0 T s

%_2(/\/7—1/\40)7' Z [wl(Z:AHT)T/f/'(Z:At)

i:M()+1
+ %Z/(Zim)@z/'(zimw) - ZJI(ZIAI‘){EI’(ZIAI‘) .

Vi(zr) dt

= We can approximate eigenvalues of CX = A\SX, and

therefore —Lf = Af, by simulating the effective dynamics.
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Eigenvalue estimation — A simple 2D example

Potential ~ V(x) = V4(0) + 1 Vo(r,0),

[1-20-97° >3,
Vi(0) =¢ 2 —Zcos30 - —3<0<3
[(1-20+3)7] 6<-3,
(g1 ¥
VZ(M)‘O 1 1+4r02)'

Dynamics dxs = —V V(xs)ds + /281 dws.

8 =4.0,e=0.05 &(x)=06(x) € [-m,7].
9 Gaussian basis functions. 7 = 20At.
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Eigenvalue estimation — A simple 2D example
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Eigenvalue estimation — A simple 2D example

L 0.0000 0.0102 0.0438 1.4579

L 0.0000 0.0123 0.0430 2.0676
Eff-MC | 2.02 x 10~/ 0.0154 0.0444 2.3409

Table: First 4 eigenvalues.

2 oF o7 o7 o7
T I RN BN
R [T « 17 - il 7

-2 -1 0 1 2-2 -1 0 1 2-2 -1 0 1 2-2 -1 0 1 2

—0.016 -0.012 -0.008 —0.‘004 0.600 0.604 0.608 0.012 0.016
: . : . _BY , BV
Figure: First 4 eigenfunctions of operator e~z Le™
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Conclusions

Summary :
1. Introduction
2. Model reduction : effective dynamics
3. Application : eigenvalue estimation
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Conclusions

Summary :
1. Introduction
2. Model reduction : effective dynamics
3. Application : eigenvalue estimation

Related topics & future work :
1. How to choose reaction coordinate, basis functions
2. Langevin dynamics
3. Algorithms for simulating effective dynamics.
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Thank you !
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