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Setting

Goal: present microscopic models for the dynamics between

particles to obtain the macroscopic laws for the evolution of
some quantity of interest in a physical system.




Historical context

It all started with

Ludwig Eduard Boltzmann
(1844-1906) who was an Austrian
physicist and philosopher whose
greatest achievement was in the
development of statistical
mechanics.

"Statistical mechanics explains
and predicts how the

properties of atoms determine
the physical properties of
matter."




Historical context

Suppose we are interested in
analyzing the evolution of a fluid
or a gas. Since the number of
components is huge one cannot
give a precise description of the
microscopic state of the system.
Then we should:

® examine the equilibrium states
of a system;

® characterize them through
macroscopic quantities:
pressure, temperature,
density, etc;

® examine the system out of
equilibrium.



Physical motivation
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v Find the invariant states of a system.

Characterize them by a quantity p(-).

Fix a point v € V' and a neighborhood V,, (big
microscopically). Due to interaction, the system reaches an
equilibrium p(u).

» Let time evolve and now the equilibrium close to u is given

by p(t,u). How does p(t,u) evolve?



From microscopic to macroscopic




The scenario

®

®

Underlying scenario: we look for the evolution of a physical
system, e.g. the spread of a gas confined to a finite volume.
Two scales are considered:

® a macroscopic one.

® a INICroscopic one.
Due to the huge number of molecules it is hard to describe
precisely the microscopic state of a system.

Goal: describe the macroscopic evolution from the
microscopic interaction between particles.

Assumption: each particle performs a random walk subject
to some restriction.



Question?

® The process for the random motion of particles is an
interacting particle system.

¢ Two scales for space/time and a volume V.

® We discretize the volume according to a parameter N.

®

In each cell we put a random number of particles.
® The dynamics conserves some quantity.

* The waiting times are given by independent Poisson
processes so that the particle system becomes a Markov
chain - loss of memory.

What is the law describing the evolution

of the conserved quantity of the system?




Example

Let us fix our space as the set of points {1,2,3,4}. This is the
microscopic space. Add two end points at 0 and 5.

0 1 2 3 4 b}

Now, for fixing the initial state we can do the following. Toss a
coin, if we get head we put a particle at the site 1 and if we get
a tail we leave it empty. Repeat this for each site of the discrete
set. Suppose we got at the end to:

Note that 0 and 5 are occupied to mimic the role of the
reservoirs.



Time between jumps
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The dynamics




Particle system

® N is a scaling parameter;
® Microscopic space /macroscopic space;

< > <

® Microscopic time t0(N')/macroscopic time t;

® Each site has an exponentially distributed clock/ clocks at
different sites are independent;

® Fix a transition probability p(z,y) = p(y — x).

® 1), (z) denotes the quantity of particles at the site . ()

® Markov process for which the quantity of particles >, n(z)
is conserved;



Some examples of dynamics




Exclusion processes: the
initial configuration

The dynamics:

After the ring of a clock the particle jumps from z to y at rate
p(y — ) if y is empty, otherwise the particle waits a new

random time.
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Exclusion processes: a ring
of a clock
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Exclusion processes: after
the ring of the clock

(O 00 O
T 66 ©



Exclusion processes:
forbidden jumps

The dynamics:
Jumps to occupied sites are forbidden!

not allowed
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This cannot happen
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Zero-Range processes:
initial configuration

The dynamics:

After the ring of a clock a particle jumps from x to y at rate
9(n(z))p(y — ).
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Zero-Range processes: a
ring of a clock




Zero-Range processes:
after the ring of the clock
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Zero-Range processes:
another ring of a clock
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Zero-Range processes:
after the ring of the clock
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Simulation of Zero-Range:
symmetric/asymmetric
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Simulation of Zero-Range:
symmetric/asymmetric




The hydrodynamic equation:




The hydrodynamic equation !

'Thanks to F. Hernandez for the simulations.



Qutline of the lectures:

® Lecture 1 + Lecture 2: We will analyze the hydrodynamic
limit for the symmetric simple exclusion process (SSEP) in
contact with stochastic (slow/fast) reservoirs.

® Lecture 3: We will analyze the hydrodynamic limit for an
exclusion process in contact with stochastic reservoirs when
jumps are long range given by a symmetric probability
transition rate:
¢ with finite variance;
« with infinite variance.



SSEP in contact with reservoirs




SSEP in contact with
reservoirs
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SSEP in contact with
reservoirs

(1—a)/N?
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SSEP in contact with
reservoirs
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SSEP in contact with
reservoirs
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SSEP in contact with
reservoirs




SSEP in contact with
reservoirs
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The dynamics:

e For N>1let Ay={1,...,N—1}.
® We denote the process by {?7t t > 0} which has state space
Qn :={0,1}An,

® The infinitesimal generator L = Ly o + L is given on
f:Qn =R, by

N-2

(Lnof)(n (F==th) - () ,

qp=

=

Lnp) = 55 3 e @@)(F0") - fm),

ze{1,N—-1}

where for x =1 and z = N — 1,

cr,(n(x)) =1x(1 —n(z)) + (1 —rz)n(x), r1 = a and
TN—1 = B



Goal: analyze the impact of changing the strength of the

reservoirs (by changing ) on the macroscopic behavior of
the system.




Invariant measures:

If @« = B = p the Bernoulli product measures are invariant
(equilibrium measures): v,(n : n(z) =1) = p.

To prove this we claim that [ Ln f(n)v,(dn) = 0 for any f.
Since n(x) € {0,1} any f can be rewritten as a weighted sum of
products of n(z) or 1 — n(z). By linearity, in order to prove the
claim it is enough to prove it for functions of the form

f(n) - 77(951) o 77($k); where T1, .., Tk € AN

4

I Let us see the action of the generator! ->




Stationary measures:

If o # ( the Bernoulli product measure is no longer invariant,
but since we have a finite state irreducible Markov process we
know that there exists a UNIQUE invariant measure: the
stationary measure (non-equilibrium) denoted by 5.

By the matrix ansatz method one can get information on this
measure.



Hydrodynamic Limit:

e For n € Qy let m¥ (n, du) = + L SN L na(z 7)0,/n(du) be the
empirical measure. (Note the diffusive time scaling!)

e Fix a measurable profile ¢ : [0,1] — [0, 1] and a sequence of
probability measures {{in}n>1 such that for every 6 > 0 and
every continuous function H : [0,1] — R,

N—-1 1
LS H(E)n(@) = nooc /0 H(q) g(q)dg,

=l

wrt pn. Then for any ¢t > 0, 7 — p(t, q)dq, as N — oo, where
p(t, q) evolves according to a PDE (the hydrodynamic
equation).



Hydrodynamic Limit:

Definition: Let g : [0,1] — [0, 1] be a measurable function. We
say that a sequence of probability measures {un}ny>1 in Qpn is
associated to a profile g(+) if for any continuous function

H :[0,1] = R and every 6 >0

TEAN

hm ;zN( ‘ Z H (%) 1 — / H(q)g(q)dq >5)




Hydrodynamic Limit:

Theorem: Let g : [0,1] — [0, 1] be a measurable function and let
{un}N>1 be a sequence of probability measures in Qn
associated to g(-). Then, for any 0 <t <T,

e X H G mete) — [ H@lada] > 0) =

(EEAN

and py(+) is the unique weak solution of the heat equation with
different types of boundary conditions depending on the range of
the parameter 6 with initial condition po(-) = g(-).

v




Hydrodynamic equations:

e O < 1: The heat equation with Dirichlet boundary conditions

atpt(Q) — agpt(Q) ; for t > Oa qc (05 1) ;
a0 =a, p(l)=F, fort>o0.

e § = 1: The heat equation with Robin boundary conditions
Api(q) = 07 pi(q) , fort>0,q€(0,1),
0qpt(0) = (pt(0) — ), fort>0,
9gpe(1) = (B—pu(1)), fort>0.

e 0 > 1: The heat equation with Neumann boundary conditions

Ohpi(q) = 8§pt(q) : fort >0,q€(0,1),
O0qpt(0) = 0gpe(1) =0, fort > 0.



Heat eq. with Neumann b.c.

Heat eq. with Robin b.c.

Heat eq. with Dirichlet b.c.

Figure: The three different hydrodynamic regimes in terms of 6.



The proof:

How do we prove the results?

Two things to do:

® Tightness;

® Characterization of limit points: limit points are
concentrated on trajectories of measures that are
absolutely continuous wrt the Lebesgue measure and the
density is a weak solution of the corresponding PDE.

Let us focus on the second point.



The notion of weak solution:

Let g : [0,1] — [0, 1] be a measurable function. We say that
p:[0,T] x [0,1] — [0, 1] is a weak solution of the HEDBC if:

1. p€ L0, T;HY);
2. p satisfies the weak formulation:

1 1
| ey da~ | gla)Ho(@) da
0 AR 0
—/ / ps(Q)(3§+8s)Hs(Q)dsdq
0 J0O
+ /Ot B88,H,(1) — ad,Hy(0) ds = 0,

for all ¢ € [0,T] and any function H € Cy”*([0,T] x [0,1]).



Other notion of solution:

Let g : [0,1] — [0, 1] be a measurable function. We say that
p:[0,T] x [0,1] — [0,1] is a weak solution of the HEDBC if:

1. p € L0, T;HY);

2. p satisfies the weak formulation:

! 1
/ pe(a)He(q) dg — / 9(a)Ho(q) dg
0 i 0

for all ¢ € [0,7] and any function H € C>2([0,T] x [0, 1]);
3. pt(0) =« and p¢(1) = B, for t € (0,T7.



The notion of weak solution:

Let g : [0,1] — [0, 1] be a measurable function. We say that
p:[0,T] x [0,1] — [0,1] is a weak solution of the HERBD if:

1. p € L0, T;HY),

2. p satisfies the weak formulation:

[ ot <>dq—/1 (@)Hola) da
//pS 82+8 (q) dsdq
+ [ o0, H(1) = s (0)0,H(0)} s
[ O @~ ps0) + H)(E ~ pu(1)} s =0,

for all ¢ € [0, 7] and any function H € C12([0,T] x [0, 1]).



Characterizing limit points:

Dynkin’s formula: Let {n:}+>0 be a Markov process with
generator L and with countable state space E. Let
F:RT x E— R be a bounded function such that

o Vn€ E,F(,n) € C3R"),
o there exists a finite constant C, such that
SUP (5,1 |0IF (s,m)| < C, forj=1,2.
Fort >0, let

ME =F(t.n) ~ FO.m) — [ 00+ £)F(5,1,)ds.

Then, {M} }i>0 is a martingale wrt Fs = o(ns;s < t).




Characterizing limit points:

Let us fix a test function H : [0,1] — R and apply Dynkin’s
formula with

F(t,m) =l H) = 2 3 mya(@)H (5)-
Note that F' does not depend on time. A simple computation
shows that

NiLy(@N HY = (=N, AxH)
+ VI H(O)nsn2(1) = VR H(L)ngn2 (N — 1)

+ NYPH(E) (- sm( )

+ NYOH(EE) (B - nava(N - 1)



0 [0,1):

Take a function H : [0,1] — R such that H(0) = H(1) = 0 and
then we get

MY (H) = (', H) — (¥, H) = [, A Eds
(0]

— [ VRHOm() ~ Ty H Qe (N = 1)ds +

If we can replace nyn2(1) by a and nyn2(N — 1) by S (this will
be made rigorous ahead ) then above
we have

MY (H) = (¥, H) — (ol H) = [l A ds

— /Ot VIH(0)a — VyH(1)Bds +

Compare with the PDE (note that H does not depend on time).



Still 6 € |0, 1):

Take the expectation above to get

5 X a(®) (@ -hw)- [+

L /Ot Vi H(0)a — VyH(1)Bds + =0.

T

Z AnH(%)pY (2)ds

Assume that p () ~ ps(x/N) and take the limit in N to get

[ @t ) - miH@da ~ [ [ 8B @pu(a)dads

- /Ot 8, H(0)a — 8, H(1)Bds = 0

Compare with the PDE (note that H does not depend on time).



O il

Recall that the previous error blows up when N — co. So now,
we take a function H : [0,1] — R with compact support and
then we get

M (H) = (xf¥, H) — (xff, H) — [, Ay,
0

Again compare with the PDE but note that H does not depend
on time.

In this case we do

and we need extra results to conclude.



Or=il

Now, we take a function H : [0,1] — R and we get
t
MY (H) = (nlY B = (', H) = [ (e, AwH)ds
0
t
= [ VAHOM (1) = VR H (N = Dds

. /OtH(]{,)(a—nsNz( )+ H (M52 (8 = noy= (N = 1))ds.

If we can replace n4n2(1) (resp. nsn2(N — 1)) by the average in

a box around 1 (resp. N —1) ( .
1+eN -
75]\[2 = Z nSNQ WsNQ(N 1 Z nSNQ
EN z=N-1

and noting that WSNQ ~ ps(0) (resp. 7;%2(N —1) ~ ps(1))
we would get the terms in the PDE (compare).



Ol

Again we take a function H : [0,1] — R and in this case the
terms from the boundary vanish. So we get

M) = (alY B — Goff ) — [l A ds
. /Ot VEH(O)my2(1) — Vi H(L)nen2 (N — 1)ds +

As before, if we can replace nyn2(1) (resp. ngy2(N — 1)) by the
average in a box around 1 (resp. N — 1) and noting that

e, (1) ~ ps(0) (resp. 751\,2 — 1) ~ ps(1)) we would get the

sn2

terms in the PDE (compare).



The replacement lemmas:

Recall that we need to prove that

For any t > 0, we have that:
o for0e]0,1)

t
limsup E, U/O (msn2(1) — @) ds” = 0;

N—oo

o forf>1

limsup E,, U/ (Msn2(1) — sN2(1))d5H = 0;

N—oo

and the similar result for the point N — 1.




Replacing by o:

From entropy’s and Jensen’s inequality, the expectation is
bounded from above by

N
H(MN|Vh(.)) 1 {6BN| fot(nsN2(1)—a)dS|] )
h(-)

BN + BN logE, ~

Above B is a positive constant and h(-) is a profile to choose
later on. We remove the absolute value inside the exponential
since el?l < €% 4 =% and

limsuplog(ay + by) max {lim sup log(ay ), lim sup log(bN)} !

N—o00 N—o00 N—o00
Note that if « < h(-) < 5, then:

H(pn|vi,y) < NC(a, B).



Apply FK formula:

The Feynmann-Kac’s formula: Assume that L is the generator
of a Markov process {n}+>0 on a countable state space E. Let v
be a pm. on E and V : [0,00) x E — R a bounded function.
Define

Iy=  sup  {(Vi, £ +(Lf, )}
{F:Ifll2=1}

Then E, {efot V(T’"")dr] < e{fot Fsds}'

Then we have to estimate:

N
sup {(n(1) =&, Py, + FINVE VP, }

h(-)

where the supremum is carried over all the densities f with
respect to Vﬁ.).



Controlling Dirichlet forms:

For a probability measure p on Qp, we define

DN(\/77 N) o= (DN,O - DN,b)(\/77 :U’)

where Dy o(v/f, 1) := 125:12 Iy o+1(Vf, 1), with
Loars(VF, ) = [ (VIGE=) - VFT)) dys and

Dis(VF,1) : = g (1 (VFo ) + IS (VF 1)

with I (v/F, 1) = [ e, (n(a)) (/TGP = /T ) d.



We claim that for any positive constant B if h(-) is a Lipschitz
function with h(0) = «, h(1) = 5 and locally constant at 0 and
1, then, there exists a constant C, g > 0 such that

N o Caph
= (InVT, \/f>,,,¢;,) DN(\f Fovit) + =5

"B

Lemma: Let T :n € Qn — T(n) € Qn be a transformation and
c:n — c(n) be a positive local function. Let f be a density with
respect to a p.m. u on Qn. Then:

(etnly/7@m) - /7). \/f(n)>u




So far we have to bound

N

(O
sup {(n(1) = o My = gpDn(VFwiy) + =4

where the supremum is carried over all the densities f with
respect to I/}]L\E.). To finish we use

Lemma: For any density f with respect to 1/,]1\6) and any positive
constant A, we have that

(1) — o Py | § LIl + A+ G )

The same result holds if o is replaced by (.

Now take A = BCN?~1x~1, which is the final error and note
that it vanishes, as N — oo, if 6 < 1.



Hydrostatic Limit:

Theorem: Let {un}n>1 be the stationary measure for the

process {n; }t>0 with generator N2Ly. Then, {un}n>1 is

associated to the profile p : [0,1] — [0, 1] which is given for
€ (0,1) by

B-—a)g+a;0<1,
ﬂéi—ﬁ)q—l—a—i-’irg,@—l
Bro. g > 1.

Note that this is a stationary solution of the hydrodynamic
equation.




The empirical profile:

Fix an initial measure py in Qp. For € Ay and t > 0, let

Py (@) = Epy lnenz(2)].
We extend this definition to the boundary by setting
pN(0) = aand pY(N) = 8, forallt>0.
A simple computation shows that pf(-) is a solution of

{8tpgv(l‘) Yy (N2BNP£V)($)7 r€AN, 120,
P (0) =a,p(N) = 8, t>0,
where the operator By acts on functions f : AyU{0, N} — R as
N?(Byf)(z) = Anf(z), forx€{22 y N — 2},
N?(Bn f)(1) = N?(f(2) = f(1) + & (f(0) = f(1)),
N(By f)(N-1) = N2(f(N-2) — f(N-1)) + F5 (F(N) — F(N-1)).



Stationary empirical profile:

The stationary solution of the previous equation is given by

Pé\g(ﬂ”) =E,u,, [ninv2 ()] = anx + by

- )
%(]V)—Z) and bN :CLN(N— o ].)+Oé

From where we get that

where ay =

lim max |pl(z) — p(z/N)| = 0.

N—ocoxz€AN
Moreover, the following estimate holds

C

. L
1§zr<nya§XN—1 ’]E’,U«ss [77(1')777(11/)” = NI N

If we put both results together then the proof of the hydrostatic
limit follows.



Long range jumps




Exclusion in contact with
infinitely many reservoirs

Bp(z)/N?
ap(z)/

(1 — ayp(z)/N?




The finite variance case




If jumps are arbitrarily big?

Let v > 2 and p(-) be a translation invariant transition
probability given at z € Z by

Cy
— 0
p(z) = < l2*Y das
0, z=0,

where ¢, is a normalizing constant. Since p(-) is symmetric it is

mean zero, that is:
Z zp(z) =0
2€EZL

and since v > 2 we define its variance by

0’27 = Zz2p(z) < 00.
Z€EZL



The infinitesimal generator:

Ly = ﬁN,o aF ﬁN,T aF [,N’g where

(Lxof)m) =5 Z p(x — I 0™Y) = f(n)),
2o
(Lnef) ) = 75 XA: p(@ = y)ea(m ) [f(n") — ()],
y<0
(Lnrf)(n Ne XA: y)ex(m; B)Lf (n*) — f(n)]
y=N
where



Hydrodynamic Limit:

Theorem: Let g : [0,1] — [0,1] be a measurable function and let
{un}n>1 be a sequence of probability measures in Q2
associated to g(-). Then, for any 0 <t < T,

Z H (§) mev (z /H 7)pt(q dQ‘>5)
zeAN

Jim B (|

where the time scale is given by

N27 Zf922_7?
o) = {N7+9, if <27,

and pi(+) is the unique weak solution of the corresponding
hydrodynamic equation with initial condition po(-) = g(-).




Hydrodynamic equations:

e 0 < 2 — «: The reaction equation with Dirichlet boundary
conditions

{c%pt(q) = {Vo(q) = Vl(q)pt(q)}, fort >0, q€(0,1),

pt(o) =, Pt(l) a ﬁ’ for ¢t > 07
where Vi(q) = r~(q) + 7 (q) and Vo(q) = ar™(q) + Br*(9),
r=(q) =cyy g and 77(q) =,y (1 — ).

e 0 = 2 — : The reaction-diffusion equation with Dirichlet
boundary conditions

{atmq) =52 (@) + {V@Vi@p@)f, fort>0,q¢c(0,1),
pe(0) =a, p(1) =B, for ¢ > 0.



Hydrodynamic equations:

e 2 — v < 0 < 1: The heat equation with Dirichlet boundary
conditions

Bipr(q) = S 2p(q), fort>0,qe(0,1),
p(0)=a p(1)=p8, fort>0.

e § = 1: The heat equation with Robin boundary conditions
atpt(Q) = %Qagpt(Q) ) for t > 07 q € (07 1) )
9qpt(0) = 25 (py(0) — ), fort >0,

Bupr(1) = 258 — (1)), for t > 0.
Above m =3, 4 yp(y).
e 0 > 1: The heat equation with Neumann boundary conditions

Bipi(q) = TRpi(q), fort>0,q€(0,1),
8qpt(0) = 3qpt(1) =0, fort>0.




0

et b.c.

72
¢ "‘b.c.

Reaction eq. with Dirich

Figure: The five different hydrodynamic regimes in terms of v and 6.



The notion of weak solution:

Let us see the notion of weak solution in the new cases, the
other ones have been defined before.

Let 6 > 0 and & > 0 be some parameters. Let g : [0,1] — [0, 1]
be a measurable function. We say that p : [0,7] x [0,1] — [0, 1]
is a weak solution of the RDEDBC

Dipe(a) = & A pelg) + %{%(Q)—Vl(q)pt(q)}, (t,q) €[0,7] x (0,1),
pe(0)=a, p(l)=p8, te]0,T],
po(-) = g(°),

if:



The notion of weak solution:

1. peL2(OT’H)1f&>0and
iy p(0))? +(B(—19_tq(;13>2}dth<ooif/%>0,

2. p satisfies the weak formulation:

/01 pi(q)Hy(q) dq — /1 9(q)Ho(q) dq
//ps A+3) 5(q) ds dg
_“//H ~ Vi(g)ps(q)) dsdg =0,

for all ¢ € [0,7] and any function H € C>2([0,T] x [0, 1]),
3. if 6 > 0 then pt(0) =, pt(1) =g for all t € (0,T].



Stationary solutions:




Characterizing limit points:

A simple computation shows that

O(N)Ly((n), H :_ >.op H(%) — H(§)] ns(x)
T,YEAN
kO
- wa > (Hrp)(#) (@ - (@)
CL‘EAN
1+9 Z % (8 —ns(z),
TEAN

where for all z € Ay
n(F) = Zp(y), TN (%) = Z p(y
y>x y<zr—

Extend H to R in such a way that it remains two times
continuously differentiable, and the first term at the RHS is



Remark: Let H : R — R be a two times continuously
differentiable function with compact support. We have

lim SUp o0 SUP,eA ‘NQKNH(%) ~ ZAH(Z)| =0

As a consequence when ©O(N) = N9 and § < 2 — ~ the first
term above vanishes as N — oo.




The infinite variance case




What about 7 € (1,2):

This is in progress. So far we know that for any > 0 and
0 = 0, we get the fractional heat equation with Dirichlet
boundary conditions given by

{ Ape(q) = —(=A)"2pi(q) + (1 — Walg)pe(q) — (1 — Vo(g),

pt(0) =, pi(1) =p.

See = 1! Above, (—A)"/? is the fractional Laplacian of
exponent /2 which is defined on the set of functions
H : R — R such that

> |H(g)|
| e <
by (provided the limit exists)

= H(q) — H(u)
W SR i — s S e
(=4) (@) = ¢y igo il Liu—g|2e lu — |+



The notion of weak solution:

Let L be the regional fractional Laplacian on [0, 1], whose
action on functions H € C2°(0,1) is given by

(LH)(q) = —(—A)"?H (q) + Vi(q)H(q)

B (O ()
Tl - lu—q|>e lu— g+

Observe that for any G, H € C2°(0,1) we have that
<G7 _]LH> = <_]L’Ga H> = (Gu H>W/27

(H(q) = H(w))(G(q) — G(u))
lg — ul'*7

dy, q¢€(0,1).

@
where (G, H)., /2 = E’YJI[OJP dqdu.

The Sobolev space H7/2 consists of all square integrable
functions G : (0,1) — R such that ||G||,/2 < co and the || - ||3~/2
norm is defined by

IGN5/2 = IGlZ2 + IGI3 2-



The notion of weak solution:

Let g : [0,1] — [0, 1] be a measurable function. We say that
p:10,T] x [0,1] — [0,1] is a weak solution of the PDE above if:

i) p € L2(0,7;H/2) and
ST 3 {lazed@® | oo gy gt < oo,

ii) For all ¢ € [0,7] and any function H € C}*°([0,T] x (0,1)):

/pt VAC dq/ 9)Ho(g) dg //p 0: + L) Hy(q) dqds
//VO q)dqds + //Vl (q)dgds =0,

iii) p¢(0) = v and pe(1) = B, for t € (0,T].




Characterizing limit points:

N Lx(( ) = 2 Y by ) [HE) - B m@)
T, yEAN
N7 a N
F S (R e - @) + X ERE)B - me))
TEAN xEAN

For H with compact support in [a,1 — a] for a € (0, 1) we have

dim N7 3 p(y—2) [H() - H(F)] = (LH)(F),
yeAN
Jim NTR)(F) = (§),

Jim N(g) (%) = (§)

uniformly in [a, 1 — a].



Characterizing limit points:

Thus, the first term on the right hand side above can be
replaced by

1
(', LH) — [ (LH)(@)p(q)da,
as N goes to oc.

The other terms can be replaced by
w{a— N, Hr=) + k(B — ml¥, HrT) which converges to

/1 H(q)r™(g)(a — pe(q))dg + /1 H(q)r™(q)(B — pi(q))dgq
0 0

1

_ /Olmq)vo(q)dq— [ HVi(@pi(a)da

as N goes to oco.



Uniqueness of weak solution:

To prove it we do the following. Let p = p' — p?, where p' and
p? are two weak solutions starting from g. We have
71(0) = pu(1) = 0. Then,

t t
(pe, Hy) — /0 (B, (8 + L) H.)ds + /0 i — 0.
Take now Hn(s,q) = [} Gn(r,q) dr where (Gn)n>o is a

sequence of functions in C>*°([0,T] x (0,1)) converging to p.
Plug Hy in the equation and take N — oo to get

t rl 1 t 2 t
/0/053((1)dqd8+§H/0 psds"7/2+;“/0 psds

From this we conclude the uniqueness.

=0

2
%1



Uniqueness of weak solution:

Lemma: Let (Hy)n be defined as above. We have
lin e J{ J2 75(0) (OuH) (s,) dads = — [{ J1 72(a) dads.

2
limysoo fg Jy Ps(@)LHN(s,q) dgds = —3 H Ji peds \7 W

2
limN—mongl(CI)HN(S,Q)ﬁs(Q) = — || 5 Psd v < 0.

1
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