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Motivations

Optimization is a ubiquitous and spontaneous
process that plays an important role in many
applications and is one of the fundamental
components of machine learning.

• The essence of most machine learning algorithms is to build an
optimization model and learn the parameters in the objective function
from the given data;

• The nonlinearity and nonconvex data misfits or regularizations make
training phase a nonconvex optimization; Large amount of parameters
make the optimization high dimensional and quite hard;

• First order methods, e.g. (stochastic) gradient descent, are preferred
both for speed and scalability and for being generally considered capable
of escaping the trap of critical points;

• Limitations: objective function not differentiable, explosion or vanishing
of gradients (Feedforward neural networks), lack of guarantees of global
convergence etc.
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Metaheuristics

In the past few decades, several global optimization algorithms have been
developed that do not make use of gradient information and are based on
nature-inspired analogy. These are mostly population based metaheuristics.

• Simplex Heuristics (1965)

• Evolutionary Programming
(1968)

• Metropolis-Hastings (1970)

• Simulated Annealing (1983)

• Genetic Algorithms (1992)

• Ant Colony Optimization
(2005)

• Particle Swarm Optimization
(2007)

• . . .
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Some bibliometric data on metaheuristic1

⇒ Despite tremendous empirical success lack of a satisfying mathematical
theory, i.e. robust mathematical foundation and convergence to minimizers.

1A.E. Ezugwu1 et al. AI Review ’21
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Stochastic particle optimization methods
We consider the optimization problem

x∗ ∈ argminx∈RF(x) ,

with F(x) : Rd → R a (non convex, high di-
mensional, possibly non smooth) cost function.

Stochastic optimization by particles pertains to

several approaches:

• Scalable Bayesian Sampling methods

(SG-MCMC, SVGD, ...)

• Particle swarm optimization (PSO, ...)

• Consensus based optimization (CBO,

KV-CBO, KBO, memory, jump, ...)

We focus on this last class of gradient-free
stochastic particle optimization based on meta-
heuristics.

Ackley function

Rastrigin function
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Global function minimization by stochastic particles
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Global function minimization by stochastic particles

2D Ackley function 2D Rastrigin function
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Consensus-based optimization

Consensus-based optimization (CBO) methods are based on the evolution of
N particles with positions Xi

t ∈ Rd according to the first order SDEs2:

dXi
t = −λ(Xi

t − X̄α
t )dt︸ ︷︷ ︸

alignment

+ σD(Xi
t − X̄α

t )dBit︸ ︷︷ ︸
exploration

,

• Bit denote independent Brownian motions;

• D(Xt) = ‖Xt‖2Id or D(Xt) = diag {(Xt)1, (Xt)2, . . . , (Xt)d};

• X̄α
t = 1∑

i ω
α
F (Xit)

∑
iX

i
tω

α
F (Xi

t) where ωαF (x) = exp(−αF(x)) and thus3, for

α� 1, by Laplace’s principle we have X̄α ≈ argmin(F(X1
t ), . . . ,F(XN

t ));

• λ > 0 and σ ≥ 0 are drift parameter and noise parameter respectively;

2R. Pinnau, C. Totzeck, O. Tse, S. Martin. M3AS, 2017 ; J.A. Carrillo, Y.-P. Choi, C. Totzeck, O. Tse. M3AS, 2018 ;
J.A. Carrillo, S. Jin, L. Li, Y. Zhu. ESAIM.COCV, 2020 ; C. Totzeck, M.-T. Wolfram. MBE, 2020.; G. Borghi, M. Herty,
L. Pareschi. SIOPT, 2022 ; M. Fornasier, T. Klock, K. Riedl. LNCS, 2022 ; D. Kalise, A. Sharma, M.V. Tretyakov.
Preprint, 2022

3ωαF (x) = exp(−αF(x)) is the Gibbs distribution corresponding to F(x). The larger the value of α, the larger

the weight of the normalized Gibbs measure for the particle is on the minimum value of the cost function F(x).
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Mean-field limit of CBO
The derivation of the mean field description of the CBO system is obtained
by assuming for N � 1 that the (Xi

t), i = 1, . . . , N are independent with the
same distribution ρ(x, t) (propagation of chaos assumption)

ρN (x, t) =
1

N

N∑
i=1

δ(x−Xi
t) ≈ ρ(x, t), X̄α

t ≈ X̄α(ρ) =

∫
Rd xω

α
F (x)ρ(x, t)dx

‖ωαF‖L1(ρ)
.

In the isotropic exploration case the dynamics is approximated by the
non-linear Fokker–Planck equation4

∂tρ = λ∇x · (x− X̄α(ρ))ρ︸ ︷︷ ︸
transport

+
σ2

2
∆x

(
‖x− X̄α(ρ)‖22ρ

)
︸ ︷︷ ︸

diffusion

,

whereas in the anisotropic case the diffusion term is replaced by5

σ2

2

d∑
j=1

∂jj((x− X̄α(ρ))2jρ).

4R. Pinnau, C. Totzeck, O. Tse, S. Martin. M3AS, 2017 ; J.A. Carrillo, Y.-P. Choi, C. Totzeck, O. Tse. M3AS, 2018

5J.A. Carrillo, S. Jin, L. Li, Y. Zhu. ESAIM.COCV, 2020 ; H. Huang, J. Qiu. M2AS, 2022 ; M. Fornasier, T. Klock,

K. Riedl. LNCS, 2022
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Numerical validation

Ackley function in d = 1 with x∗ = 1

t = 0.5 t = 1 t = 3

Particle distribution of CBO (top); Marginal of CBO and mean field solution (bottom)
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Sketch of variance-based convergence analysis
In the isotropic case a simple computation shows that the variance

Var(ρ) =
1

2

∫
Rd

ρ(x, t)‖x− E(ρ)‖22 dx, E(ρ) =

∫
Rd

ρ(x, t)x dx

satisfies

dVar(ρ)

dt
= −2λVar(ρ) +

dσ2

2

∫
Rd

ρ(x, t)‖x− X̄α(ρ)‖22 dx.

Since ∫
Rd

ρ(x, t)‖x− X̄α(ρ)‖22 dx = 2Var(ρ) + ‖E(ρ)− X̄α(ρ)‖22

we get

dVar(ρ)

dt
= −

(
2λ− σ2d

)
Var(ρ) +

dσ2

2
‖E(ρ)− X̄α(ρ)‖22.

For 2λ > dσ2, the first term is negative and one can ”almost” apply
Grönwall’s inequality to obtain the exponential decay of Var(ρ)→ 0.
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Concentration of variance
The main difficulty is to control the second term. Of course, when α→ 0
this term vanishes (but we are interested in α� 1).

One can show that

dVar(ρ)

dt
≤ −

Ç
2λ− 2

e−αF

‖ωαF‖L1(ρ)
dσ2

å
Var(ρ)

where we defined F := infx∈Rd F(x).
Then if the initial distribution ρ0 and the parameters satisfy the assumptions6

1 Var(ρ0) ≤ (2λ‖ωαF‖L1(ρ) − 2dσ2 exp(−αF))‖ωαF‖L1(ρ),

2 2α exp(−2αF)(λ+ σ2) ≤ 3/4,

it is possible to bound ‖E(ρ)− X̄α(ρ)‖22 by a suitable multiple of Var(ρ).

Furthermore, (1) and (2) permit to prove that ρ converge to a stationary
Dirac delta δx̃ at x = x̃.

Remark: Analogous conditions holds for the fully time-discretized microscopic
CBO system7 or for its mean-field approximation using binary batches8.

6J.A. Carrillo, Y.-P. Choi, C. Totzeck and O. Tse. M3AS, 2018
7S.-Y. Ha, S. Jin, D. Kim. M3AS ’20, Num. Math. ’21
8A. Benfenati, G. Borghi, L. Pareschi. Applied Math. Optim, 2022
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Convergence to global minimum

The second step of the analysis shows that F(x̃) ≈ F(x∗). In order to prove
this, one first deduces that for any ε > 0, there exists α� 1 such that

− 1

α
log
(
‖ωαF‖L1(ρ)

)
≤ − 1

α
log
(
‖ωαF‖L1(ρ0)

)
+
ε

2

This involves deriving a lower bound for d
dt‖ω

α
F‖L1(ρ) for α� 1, which is

then combined with the exponentially decaying variance.

Then, by the Laplace principle, there exists α� 1 with

− 1

α
log
(
‖ωαF‖L1(ρ0)

)
−F <

ε

2
,

and by establishing the convergence ‖ωαF‖L1(ρt) → exp(−αF(x̃)) as t→∞,
one obtains the desired result F(x̃)−F < ε/2 in the limit t→∞.

The gap F(x̃)−F can be tightened by increasing α. The above analysis
requires F ∈ C2(Rd) and a boundedness assumptions on the Laplacian ∆F .
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Convergence as a minimizer of the square distance from x∗

Individual agents follow, on average, the gradient flow of the map x 7→ ‖x− x∗‖22

The idea is to show that CBO successfully minimize the energy functional9

V(ρ) =
1

2

∫
Rd

‖x− x∗‖22ρ dx =
1

2
W 2

2 (ρ, δx∗)

where W 2
2 is Wasserstein-2 distance.

Then V(ρ)→ 0 simultaneously shows consensus formation and convergence
of ρ to the Dirac delta δx∗ with respect to the Wasserstein distance.

9M. Fornasier, T. Klock, K. Riedl. Preprint ’22
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Sketch of convergence proof
Roughly speaking, V(ρ) follows an evolution like the variance Var(ρ) as

dV(ρ)

dt
= −2λV(ρ) +

dσ2

2

∫
Rd

ρ(x, t)‖x− X̄α(ρ)‖22 dx,

and we can now bound∫
Rd

‖x− X̄α(ρ)‖22ρ dx ≤ 2

∫
Rd

‖x− x∗‖22ρ dx+ 2‖x∗ − X̄α(ρ)‖22

≤ 4V(ρ) + 2‖x∗ − X̄α(ρ)‖22,

so that it just remains to control the second term in terms of V(ρ).

The Laplace principle asserts ‖x∗ − X̄α(ρ)‖22 → 0 as α→∞ if F is locally
Lipschitz continuous and satisfies a coercivity condition for some µ, ν > 0

‖x− x∗‖2 ≤
1

µ
(F(x)−F(x∗))ν =

1

µ
(F(x)−F)ν , ∀x ∈ Rd.

Therefore, increasing α > 0 allows for controlling ‖x∗ − X̄α(ρ)‖22.

Remark: These convergence results have been recently extended to
constrained problems and multi-objective optimization10.

10G. Borghi, M.Herty, L.Pareschi, SIOPT ’22 & preprint 22.
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We have Var(ρ) = V(ρ)− 1
2‖E(ρ)− x∗‖2 ≤ V(ρ), however V(ρ)→ 0

exponentially whereas Var(ρ) may increase initially.

Evolution of the normalized variance Var(ρ)/Var(ρ0) (dashed lines) and the normalized
energy functional V(ρ)/V(ρ0) (continuous line) for different initial conditions
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Algorithmic aspects and improvements

• Algorithm: The method is then based on a Euler-Maruyama
discretization of the system of SDEs, thus iterating

Xn+1
i = Xn

i − λ∆t(Xn
i − X̄α

n ) + σD(Xn
i − X̄α

n )∆Bni

with ∆Bni independent normal random vectors N(0,∆t).

• Batches: Evaluate X̄α
n on batches Jb of mp < Np particles

X̄α
n ≈

∑
i∈Jb ω

F
α (Xi

n)Xi
n∑

i∈Jb ω
F
α (Xi

n)
.

• Particle reduction: Discard particles in time when the variance of the
solution Σn+1 < Σn accordingly to

Nn+1 = min

ßïï
Nn

Å
1 + µ

Å
Σn+1 − Σn

Σn

ããòò
, Nmin

™
• Other: Decrease σ in time as in simulated annealing and increase α in

time to achieve higher precision.
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Application to a machine learning problem

Recognize digital numbers contained in images of the MNIST dataset

of 28× 28 images by using a shallow network

f(x;W, b) = softmax (ReLU (Wx+ b))

where x ∈ R784,W ∈ R10×784, b ∈ R10. Moreover

softmax(x) =
exi∑
i e
x
i

, ReLU(x) = max(0, x)

being ReLU the well–known Rectified Linear Unit function. The training of
the shallow network consists in minimizing the following function

L(X, y; f) =
1

n

n∑
i=1

`
Ä
f(X(i);W, b), yi

ä
, `(x, y) = −

10∑
i=1

yi log(xi)

where X is the training dataset with images vectorized (R28×28 → R784) and
stacked column–wise. The function ` is the cross entropy and n = 10000.
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MNIST dataset - SGD and CBO

The line referring to SGD shows the average over 500 simulations. The plot on the left

depicts the performance using N = 500 without any particle reduction strategy, while the

plot on the right refers to particle reduction with different choices for particle numbers Np

and particles’ batch mp. The average number of particles is denoted by Na.
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Some considerations

• The methods have been tested on numerous prototype functions and
various machine learning applications, and have shown their robustness
in solving nonconvex optimization problems in high dimension.

• Connections with other metaheuristics, like the well-known Particle
Swarm Optimization (PSO), has been studied recently by considering a
generalization of CBO which includes memory effects11.

• Several variants and generalizations have been proposed including the
presence of memory terms, local effects, and other types of noise12, the
extension to constrained optimization13 and optimization on
hypersurfaces14, and to sampling problems15.

• Particularly relevant for applications is the recent generalization of the
methods to deal with multi-objective optimization (part II by Giacomo
Borghi).

11S.Grassi, L.Pareschi M3AS ’21
12C. Totzeck, M.-T. Wolfram. MBE, 2020.; A. Benfenati, G. Borghi, L. Pareschi AMOP ’22 ; D. Kalise, A. Sharma,

M.V. Tretyakov. Preprint, 2022
13G. Borghi, M. Herty, L. Pareschi, SIOPT ’22.
14M. Fornasier, H. Huang, L. Pareschi, P. Sünnen. M3AS ’21, JMLR ’21, SIOPT ’22
15J.A. Carrillo, F. Hoffmann, A.M. Stuart, U. Vaes ’21
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