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b
Weight-varying opinion dynamics

Opinion dynamics with time-varying inBuence

oA
) X =g o m; (1) (1) 1 xi(t)) ©n)

$m(t) = " (m(t), x(1)

where:

e x " RY is the state variable (opinion, position)

o mi " R is the agentOs weight

o N= iNzl m; (0) is the (initial) total weight of the system

e ! is the interaction function (i.e. ! (xj ! xi) = a(#xi ! x#)(x ! X))
" dictate the weight dynamics. We suppose . " $ 0.
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A collective dynamics model with time-varying weights SY[e[¢[=]]

Weight-varying opinion dynamics

Opinion dynamics with time-varying inBuence

oA
=g  mOx! X))

i i=1

$m(t) = " (m(t), x(1)

(Dn)

where:
e x " RY is the state variable (opinion, position)
o mi " R is the agentOs weight
o N= iNzl m; (0) is the (initial) total weight of the system
e ! is the interaction function (i.e. ! (xj ! xi) = a(#xi ! x#)(x ! X))

e " dictate the weight dynamics. We suppose ;" $ 0.
! What long-time behavior can be observed?
! How do we debne and derive theontinuum limit of the system? J
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gl julicien
Increasing weight by pairwise competition (M1)

j=m m-°e7,+ b ni&  wheren; = ! %
MM M L

Proposition

If for all i " { 1,444N}, m;(0) = m? > 0, then there exist positive constants, & & a#y
such that for allt * 0, for alli " { 1,aaaN}, it holds m;(t) > #;.
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gl julicien
Increasing weight by positional inSuence (M2)

. m pi %
== &g —!'1 wherepi = # (x5! x)#

Proposition

Suppose thata$ 1. Letp? = pi(0) = ].Nzl #x” | x’#. Suppose that for all
(i,J))"{ 1,...,N}? p? € p, and letk := argmax; ; ; P. Then

t'l'Lm mk(t)= N and )i € k,t,IILm mi(t)=0.

. Positions evolutions with respect to time weighted by the mass | Masses evolutions with respect o time
09, 09
08, 08
07, 07
06 06

o 1 2 3 4 5 6 7 8 o 0 o 1 2 3 4 5 6 7 8 ) 10

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence Rome, 29 September 2022 3/41



gl julicien
Increasing weight by inBuencing the most inBuential (M3)

' (

. 1 n 6
m=moo m&g——! 1, g=m# (! x)#*
j=1 N k=1 MkEk

Proposition

fm =m;= % andm; =0 for all i € I,J for somel € J, this state is an equilibrium for
the weight dynamics, i.e.mi=0 forall i "{ 1,...,N}.

| Positions evolutions with respect to time weighted by the mass s Masses evolutions with respect to time
09 045

08 04

07 03t

06 03
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Two types of questions

¥ Self-organization: emergence of well organized group patterns.

15P

Clustering Consensus

[Hegselmann and Krause, 002]
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Two types of questions

¥ Self-organization: emergence of well organized group patterns.

15P

Clustering Consensus

[Hegselmann and Krause, 002]

¥ Large Population Limit : N the number of agents goes to inPnity.
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The classical approach : The mean-peld limit

e No longer follow each agentOsdividual trajectory ,
o the population is represented by itgrobability density ,
o the limit measure p;(x) represents the density of agents with opinior at time t.
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The classical approach : The mean-peld limit

e No longer follow each agentOsdividual trajectory ,
o the population is represented by itgrobability density ,
o the limit measure p;(x) represents the density of agents with opinior at time t.

HK model: macroscopic

$tpe + *a (V) =0 V[](x) = y a(#x ! y#)(y ! x)dpe(y).
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The classical approach : The mean-peld limit

e No longer follow each agentOsdividual trajectory ,
o the population is represented by itgrobability density ,
o the limit measure p;(x) represents the density of agents with opinior at time t.

HK model: macroscopic

$tpe + *a (V) =0 V[](x) = y a(#x ! y#)(y ! x)dpe(y).

e Limitation : Indistinguishability of the particles+ reduces the span of models that
can be studied.
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S R E e UK
The new approach : The graph limit

The %nearest-neighbor interactions model

Sxi= = (5! %) with %= ,rN-,r " [0,1] (%nearest)
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S R E e UK
The new approach : The graph limit

The %nearest-neighbor interactions model

d 1%
axi = N ! xi) with %= ,rN-,r " [0, 1] (%nearest)
j=is!

¥ (%nearest) : system of ODE orgraph Gy =< V(Gy), E(Gy) > with
V(Gy)={1,2,...,N} E(Gy) = {(i,j)"{ 1.2,...,N}?| 0< dist(i,j) . %
wheredist(i,j) =min{|i! jI,N!|i! jJ}.

Scheme of the!-nearest-neighbor interactions [Biccari, Ko, Zuazua, 019]
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(g0 (T 277 GBS I T
¥ Let Wg, :[0,12/{ 0,1}

We, (S,59) =1 if (1,j)" E(Gn) and (s, s "

Plot of the support of the function Wy representing the adjacency matrix of the
I-nearest-neighbor graph (a) and that of its limit W (b) [Medvedev, O13].
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(g0 (T 277 GBS I T
¥ Let Wg, :[0,12/{ 0,1}

We, (S,59) =1 if (1,j)" E(Gn) and (s, s "

Plot of the support of the function Wy representing the adjacency matrix of the
I-nearest-neighbor graph (a) and that of its limit W (b) [Medvedev, O13].

¥ {Wg,} converges to the{0, 1} -valued functionWe(s, s) = &p11(IS! Sud).
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(g0 (T 277 GBS I T
¥ Let Wg, :[0,12/{ 0,1}
* + * +
i1l ' '

We, (S,59) =1 if (1,j)" E(Gn) and (s, s " N I:li .N Jﬁ

Plot of the support of the function Wy representing the adjacency matrix of the
I-nearest-neighbor graph (a) and that of its limit W (b) [Medvedev, O13].

¥ {Wg,} converges to the{0, 1} -valued functionWe(s, s) = &p11(IS! Sud).

Sx(t,s) = &puj(Is! se)(X(t, s ! x(t,s))dsy s" |1:=[0,1],t > 0.
|
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eIENETIIEN  Graph limit for the classical HK model

The Medvedev result

Letl =[0,1], 1 :=[0,2)and)i"{ 1,...,N}, [V :=[8L 1) Let W :1?/ Ra
graphonon 12,

Debne a sequence afeighted graphs);()SN =< {1,...,N}{1,...,N}2, \@"N > with:

W' = N? W (s, s)ds ds

N N
Net
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eIENETIIEN  Graph limit for the classical HK model

The Medvedev result

Letl =[0,1], 1 :=[0,2)and)i"{ 1,...,N}, [V :=[8L 1) Let W :1?/ Ra
graphonon 12,

Debne a sequence afeighted graph§()3N =< {1,...,N}{1,...,N}2, \@"N > with:

W' = N? W (s, ) ds dss

Ng N
Ii&li

The nonlinear heat equation orGy

d 1N
dt N

MYl (6! %), x"RY iT{1,...,N}

=1

with Wi = (WN)U.
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Graph limit for the classical HK model
The Medvedev result

Letl =[0,1], 1 :=[0,2)and)i"{ 1,...,N}, [V :=[8L 1) Let W :1?/ Ra
graphonon I2.

Debne a sequence afeighted graph%;N =< {1,...,N},{1,...,N}2, W@"N > with:

W' = N? W (s, s)ds ds

|iN&|jN
The nonlinear heat equation orGy

d 1% .
e szl MM 6! %), x " RY it {1,...,N}

Theorem [Medvedev, ©13]: Graph Limit
If W " L* (1), it holds

#X ! Xn# . a 0
NFC. TELZ) ., ,

wherex is the solution to the integro-dilerential equation
)
$ix(t,s) = W(s,s0)! (X(t,s0) ! x(t,s))dss
|

.
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eIENETIIEN  Graph limit for the classical HK model

Weight-varying opinion dynamics

Opinion dynamics with time-varying inRuence

b 9= 1" mormo! s
i dt N j=1 o
£ d

ami([) = "i(m(t), x(t))

where:
e X " RY is the state variable (opinion, position)
e mi " R is the agentOs weight
o N= iN=1 m; (0) is the (initial) total weight of the system
e | is the interaction function (often, ! (x; ! xi)&= a#i(t) ! x()Hx(t) ! xi(t))
e " dictate the weight dynamics. We suppose ;" $ 0.
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S R E e UK
Weight-varying opinion dynamics

Opinion dynamics with time-varying inRuence

b 9= 1" mormo! s
) dt N j=1 o
£ d

ami([) = "i(m(t), x(t))

where:
e X " RY is the state variable (opinion, position)
e mi " R is the agentOs weight
o N= iN=1 m; (0) is the (initial) total weight of the system
e | is the interaction function (often, ! (x; ! xi)&: a#i(t) ! x()Hx(t) ! xi(t))
e " dictate the weight dynamics. We suppose ;" $ 0.

! How do we debne and derive theontinuum limit of the system? )
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The model viewed on a graph

|
; o

1

# %Xi(t) =N ™ (O (@) ! % (1)
d

i=1

aml(t)_ ((m(t), x(t))

m3(t)

Rome, 29 September 2022 11/41
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(cIERNETIE  Graph Limit for our model

The model viewed on a graph

|
; o

1

# %Xi(t) =N ™ (O (@) ! % (1)
d

i=1

aml(t)_ ((m(t), x(t))

m3(t)

Can we apply thegraph limit whenN /1 ?
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(cIERNETIE  Graph Limit for our model

The model viewed on a graph

|
; o

1

# %Xi(t) =N ™ (O (@) ! % (1)
d

i=1

aml(t)_ ((m(t), x(t))

m3(t)

Can we apply thegraph limit whenN /1 ?

e The edge weights depend on timen;(t).
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(cIERNETIE  Graph Limit for our model

The model viewed on a graph

|
; o

1

# %Xi(t) =N ™ (O (@) ! % (1)
d

i=1

aml(t)_ ((m(t), x(t))

m3(t)

Can we apply thegraph limit whenN /1 ?

e The edge weights depend on timen;(t).
e Their evolution is coupled with the evolution of the nodesi(t).
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Graph Limit for our model
From discrete to continuous

From (¢ (t))iy 1 Ny » We dePne

(s t) = PN = N (L1 1(9)
my(s.t) = PYmY():= 1L mM O ().

o 1 2 3 4 5 6 7 8 9 10 0 o1 02 03 04 05 06 07 08 09
i s

lllustration of the transformation PY for N = 10 and x®N | R.
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Graph Limit for our model
From continuous to discrete

From s 2/ xo(s) and s 2/ mo(s), we debne

Ty (

H N
#XO,N =Pl(x)= N ) 1Xo(S)dS " (Rd)N
i )y (et
gm™ = Pi(mo):= N mo(s)ds " (RN
N i 1., N}
: 1 i . * *
. ] . "
E‘z i i i i z ok x
Tl o - Tl
wol | Lo s, x
ul | R y x
Do - P 0 x X
% Jv 012 03 JA uls 06 J, n:s n;g ﬁ‘ % 1 2 s 4 5 & 1 8 s 10

B i

lllustration of the transformation P} for N =10 and xo ! L* (I;R).
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Graph Limit for our model
From continuous to discrete

From s 2/ xo(s) and s 2/ mo(s), we debne
! ") (
xX®N = P(x):= N xo(s)ds " (RHN

H

m®N = Pi(mo):= N

o
N
3
o
—~
X2
o
7]
—
2y
[
z

For all (x™(t))iy 1.~y and (MM (t))iy 1
) i
"M M), mN(E) = N ””1 " (s, xu(s ), Mu(s,)ds,  i"{L...,N},

,,,,,,,,,, ny and” 210 L (5bRY) 0L (I;R)/ R

wherexy = PY(xV) and my = PY(mM).
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(cIERNETIE  Graph Limit for our model

Equivalence of discrete and continuous formulations

Letxo" L* (I;RY) and mo " L* (I:R) satisfying-I mop(s)ds = 1.
eN,mN) " C ([0, TERHN OC(0, T]; R)N satisfy

0,

/U
—xar-— mi () M) XN (1),
j=1 (Dn)

—mm-“Wmea»

:tt:: —

with initial conditions xN (0) = PY (x0)i, mi(0) = P& (mo)i,

if and only if xy = PY(xM) and my = PY(mV) satisfy

! )
L $on(s, )= mn(Set)! (Xn(Swt)! Xn(s,t)) dsy
|
. ) e snee (Cn)
$$lmN(S,t): N ! (S’/mXN(é-t):mN(at)) ds”/o:
& sN(

with initial conditions xn (4 0) = PY (P (x0)) and mn(40) = PY(PY (mo)).
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S T ]
Continuous model: well-posedness

Hypothesis (H1)
The interaction function ! satisbes (0)=0 and! " Lip(R%;R), with #! #ip = L-.

Hypothesis (H2)

#" (axly ml) | " (aXZ, ml)#L2(|) . L# #Xl I X2#|_2(|)
#" (éXl, m1) [ (éXl, mz)#L2(|) . L# #my ! mz#L2(|).
and
[" (s, x, m)] . Cu(l+ #m# ().

v

Theorem [N. A., N. P. D., ©20]

Letxo " L* (I;RY) and mo" L* (I;R). Then for any T > 0, there exists a unique
solution (x,m) " C ([0, T];L* (1;RY 0 R)) to the Graph Limit Equation

! )

4 $ix(s,t) = m(set)! (X(S,1) ! X(S t)) dSys; x(40) = xo

$ sm(s,t)= " (s, x(41), m(41)); m(&0) = mo.

(GL)

v
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S T ]
Continuous model: well-posedness

! )
& $ix(s,t) = m(sut)! (X(S,t) ! X(Swmt))dsy x(80) = Xo (GL)
|
$ sum(s,t)= " (s, x(81), m(G0); m(a0) = mo.
Proof (Main ideas).
o Prove well-posedness of the decoupled system
! )
P oax(st)= mset) (X(s1)! X(set)dss  x(80) = %o
|
$ $m(s,t) = " (s, %(4t), m(at)); m(40) = mo.
e Prove convergence of the sequencg"( m") solution to
!
# $x"(s,t) = m™ (s t)! (X"(s,t) | X" (S t)) A x"(40) = xo
|
$ $m"(s,t) = " (s, x" }(41), m"(41)); m"(40) = mo.
DJ
Rome, 29 September 2022  16/41



Convergence of the microscopic system to the Graph limit equation

Theorem [N. A., N. P. D., ©20]
Suppose (H1) and (H2). Then the solution Xy, my) to

! )
L oxn(s,t) = mu(snt)! (n(set)! xu(s,t)) dsp
| ) o
T L0 sN(+) (Cn)
$ $my(s,t)= N " (s Xn(81), Ma(31)) dsy,
L sn(

N

with initial conditions xy (4 0) = PY (PY(x%) and my(40) = PY(PY(m®) converges
when N tends to inbnity in the C([0, T ]; L2(1)) topology,
i.e. there exists k,m) " C ([0, T];L* (1,R%) 0C([0, T];L* (1, R)) such that

#XI XN#C([O,T];LZ(LRd))EN” o O and #ml mN#C([O,T];LZ(l,R))EN,, o 0
Moreover, the limit functionsx and m are solutions to
! )
# $ix(s,t) = m(swt)! (X(s,t) ! X(Swt))dsy X(40) = xo GL)
|
$ sim(s,t) = " (s,x(&1), m@&1)); m(40) = mo.

v
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S T ]
Convergence of the microscopic system to the Graph limit equation

Proof (Main ideas).

Compute'ny == Xy ! x and (v := my ! m. Summing and integrating (&) and (GL), it
holds 14

Zdt#N#fz(l) . 2MIL# N#o) + C # Nty #nHizg).

Similarly,

1d
2dt

Summing up, we get

. /
—H#(NH#2y - Li # nHagy + #nHg) #nHieg) + HON (U #0)#(n#z) -

d .
a(#' NF2gy + #(nFzgy) - K(# NHzg) + #(nFe)) + #OnF2g

From GronwallOs lemma,
0 ) T +

. /
“5[3[3] # o) + #(nFeg)y o # N0y + #(n(0)#2) + . #on () Y#zgyd) €T

We conclude thanks to the fact that each of the terms goes to zero &/1 . O

v
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S T ]
Graph limit: Numerical example

Let the population| be divided intoK groupsly = [ Kl, K)

In each groupk, let r < 1 denote the proportion of leaders.

Let I =[*22, K81 + 1) pe the leaders and, = [ ¥21 + L, k) be the followers.
! )

Lrm(s) m(s)ds ifs" Ig
|

"(s,x,m) =,
$1*m(s) m(s)ds ifs"If.
e

We know the microscopic dynamics can be written as

|
T % o
% Nm(k$ Dn+i M(ks$ 1)n+j if i "{ 1,aaarn},
yk"{ 1,aaaK}, ks ynei =, F%l
$! N s Do Miks pnej ifi*{m+1,4aaan}.
i=1
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(cIERNETIE  Graph Limit for our model

Microscopic system: Numerical example (1 group, 10% of leaders)

| respect to time weighted by the mass

Masses evolutions with respect to time

0 If L s

Evolution of opinions (left) and weights (right) of 20 agents. ParametersK =1,
r=0.1,* =5.
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S T ]
Graph limit: Numerical example (1 group, 10% of leaders)

=005 X =14 X =5

=005 =14 =5

Solutions s "# xn(s,t) (top) and s "# my(s,t) (bottom) to the microscopic dynamics and
solutions s "# x(s, t) (top) and s"# m(s,t) (bottom) to the Graph Limit equation for t =0.05,
t=1.4andt =5. Parameters: N =100, K =1, r=0.1," =5.
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(cIERNETIE  Graph Limit for our model

Microscopic system: Numerical example (2 groups, 10% of leaders)

| iti ions with respect to time weighted by the mass

Masses evolutions with respect to time

0 IlL IF L IF 1 s

Evolution of opinions (left) and weights (right) of 20 agents. ParametersK = 2,
r=0.1,* =5.
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S T ]
Graph limit: Numerical example (2 groups, 10% of leaders)

=005 X =14 X =5

=005 =14 =5

Solutions s "# xn(s,t) (top) and s "# my(s,t) (bottom) to the microscopic dynamics and
solutions s "# x(s, t) (top) and s"# m(s,t) (bottom) to the Graph Limit equation for t =0.05,
t=1.4andt =5. Parameters: N =100, K =2, r=0.1," =5.
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Mean-peld limit for the classical HK model
Mean-beld limit for the classical HK model

t 2/ (x"(t))iy 1. ny is a solution to

w
(%xiN: % LoV LX), iT{ L. N (HK)
j=1
if and only if the empirical measure
w
Mex) = oL ),
i=1

is a solution tothe non-local transport equation

$i+(x)+ *a (V[+]+)=0 J

)
whereV[+] = Py ! x)d+(y).
Rd
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WEEGREEIGRRTGTEN  Mean-beld limit for the classical HK model

Mean-beld limit for the classical HK model

t 2/ (x"(t))iy 1. ny is a solution to

w
(;itxiN = % LoV KNy, (L (HK)
j=1
if and only if the empirical measure
w
Mex) = oL ),
i=1

is a solution tothe non-local transport equation

$i+(x)+ *a (V[+]+)=0

)
whereV[+] = Py ! x)d+(y).
Rd

Theorem: Convergence in Wasserstein distance

If 3+ " P (RY) s. t. limyw W (4, +0) =0, then)t" [0, T] limys W (', +)

=0.

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence
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Mean-peld limit for the classical HK model
Mean-beld limit for the classical HK model

Theorem: Convergence in Wasserstein distance [Dobrushin, ©79]

If there exists+o " P (RY) such that limy- W (+),+0) =0, then for all t " [0, T],

. N —
Jim W, ) =0.

i
n

P,
P
X;
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Mean-peld limit for the classical HK model
Mean-beld limit for the classical HK model

Theorem: Convergence in Wasserstein distance [Dobrushin, ©79]

If there exists+o " P (RY) such that limy- W (+),+0) =0, then for all t " [0, T],

: N —
Jim W, ) =0.

i
n

P,
P
X;

Notice that (xq, X2, éé\éxN) and (xz, X1, a4 axy) correspond to the same empirical

measure+"(x) = 1 N (x! x)

Remark
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Indistinguishability for the classical HK model

We say that system (HK) preservemdistinguishability if for all solutions (xi, & & axy)
and (%, adaxy), foralli,j"{ 1,..., N},
!

Bx =% #x.(t)— %(t)
L X0 = %0 o)t 0, , x(t)= () @
$ 0= torall k€] ® () = (t) for all K € i,]
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Mean-peld limit for the classical HK model
Indistinguishability for the classical HK model

We say that system (HK) preservemdistinguishability if for all solutions (xi, & & axy)
and (%, adaxy), foralli,j"{ 1,..., N},
!

Bx =% #x.(t)— %(t)
L X0 = %0 o)t 0, , x(t)= () @
$ 0= torall k€] ® () = (t) for all K € i,]

Relabeling the agents does not modify the dynamics.
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WEEGREEIGRRTGTEN  Mean-beld limit for the classical HK model

Indistinguishability for the classical HK model

We say that system (HK) preservemdistinguishability if for all solutions (xi, & & axy)

and (%, adaxy), foralli,j"{ 1,..., N},

!
B X0 = %0 #x.(t)—-XJ(I)

X0 = % + )t 0, ., x(t)=%(t) )
,? Qforallk € i,j Xk (t) = %« (t) for all k € i,]j

.%.:

Relabeling the agents does not modify the dynamics.

%,

'\/\%¢_
o~~~

Xa

}‘-\,\)_
.;L\/\Z\/

"3 13

e, .~ e em- - o

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence Rome, 29 September 2022 26/41



WEEGREEIGRRTGTEN  Mean-beld limit for the classical HK model

Indistinguishability for the classical HK model

We say that system (HK) preservemdistinguishability if for all solutions (xi, & & axy)

and (%, adaxy), foralli,j"{ 1,..., N},

|
B x0 = %P #x.(t)— %(t)

X0 = % + )t 0, ., x(t)=%(t) )
,? Qforallk € i,j Xk (t) = %« (t) for all k € i,]j

.%.:

Relabeling the agents does not modify the dynamics.

%,

'\/\%¢_
o~~~

Xa

}‘-\,\)_
.;-’-\/\2‘\-/

"3 1-3

e, .~ e em- - o

This holds as long as; = a(xi, x;), i.e. the interaction does not depend on the indices.
Rome, 29 September 2022 26/41
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VEEGREEGRRTGTEN  Mean-beld limit for our model

Generalization of the empirical measure

Consider our microscopic model with time-varying weights:

I d (1) rl K m; (1) ((t) ! xi(t))

# —x(t) = (! (x(H) ! xi(1)),

" dt j=1 l J (Dn)
$ d

ami(t): "i(m(t), x(t)).
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VEEGREEGRRTGTEN  Mean-beld limit for our model

Generalization of the empirical measure

Consider our microscopic model with time-varying weights:

I d (1) rl K m; (1) ((t) ! xi(t))

# —x(t) = (! (x(H) ! xi(1)),

" dt j=1 l J (Dn)
$ d

ami(t): "i(m(t), x(t)).

We debne a nevempirical measureby
9w

W0 = < M), (!X ().
i=1
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Generalization of the empirical measure

Consider our microscopic model with time-varying weights:

I d (t) I.l K m; (1) ((t) ! xi(t))

# —x(t) = (! (x(H) ! xi(1)),

" dt j=1 l J (Dn)
$ d

ami(t): "i(m(t), x(t)).

We debne a nevempirical measureby

N 1%
HeO = g mi(t), (x ! oxi(t).
i=1
Notice that p is invariant by
o relabeling of the indicesi 4 ]
e grouping of the agents:x; = Xz = %1 = Xz, M1 + My = My + My.
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Indistinguishability (illustration)

151 e

X1, my)

(x3, m3)
n 3, m3

0.5f e

[ ]
s ms)
(x4, myg)

X

15¢

[ ] [ ]
(y1. P1) (Y3, P3)
1 [y2 P03 P3

°
(y2. p2)
0.5 (Y2, P2

.(ysv Ps5)
(Y4, Pg)

y

0.3+

0.2}

0.1F

X

Example: (x, m) and (y, p) correspond to the same empirical measuge® " P (R).

Notice that pY is invariant by
o relabeling of the indices34 5

e grouping of the agents:x: = X2 = y1 = Yo, M1+ Mz = p1 + pPa.

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence

Rome, 29 September 2022



e e T (]
Indistinguishability (debnition)

We say that system () preservesindistinguishability if for all 3 5{ 1,..., N},
! !
” x2=yl= ij= ijY Gi,j)" J? :: x(t)= yi(t) = x(t) = y(t), (i,j)" 32
#xiO:yiO, i"{1...,N} #x(t)= yi(t), i"{1...,N}
g By = P oo 3 TapO=pty, ivJ°
§ m’=  p, g mi(t)= pi(t).
irJ itJ itJ itJ )
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We say that system () preservesindistinguishability if for all 3 5{ 1,..., N},
! !
” x2=yl= ij= ijY Gi,j)" J? :: x(t)= yi(t) = x(t) = y(t), (i,j)" 32
#xiO:yiO, i"{1...,N} #x(t)= yi(t), i"{1...,N}
g By = P oo 3 TapO=pty, ivJ°
§ m’=  p, g mi(t)= pi(t).
irJ itJ itJ itJ )

Relabeling or grouping the agents does not modify the dynamics.
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Indistinguishability (debnition)

We say that system () preservesindistinguishability if for all 3 5{ 1,..., N},

x'=ye=x=yp, (L) 9 xi(D) = yi() = x(t) = y(t), (i.j)" I
#xP=y% i"{1,...,N} #xi(t)= yi(t), i"{1....,N}
E! %IO: plo, %I " JC ¥ EE %|(I)= Q(t% i" Jc
§ m'=  p, § mm= p).
irJ itJ itJ itJ
Relabeling or grouping the agents does not modify the dynamics.
Rome, 29 September 2022  29/41
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Indistinguishability (debnition)

We say that system () preservesindistinguishability if for all 3 5{ 1,..., N},
| |

Ext=yl= =y (L)t 3P () = yit) = x5t = yt), (.0 3
#xP=y% i"{1,...,N} #Exi(t)= yi(t), i"{1...,N}
GO = Phgd " =Pty 1
§ m'=  p § m@®= p.
itJ itJ itJ itJ

Relabeling or grouping the agents does not modify the dynamics.

What weight dynamics ensure indistinguishability?
Rome, 29 September 2022  29/41
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A special class of weight dynamics

Let
1% N s
"i(x,m) = miW aaa m; aam;, S(x,x,,aa%,), (S)
j1=1 k=1 )
for somek " N, and with S" C((RY)**!;R) satisfying
Hypothesis (H3)
o)y " (RO, Is(y)l. &, 2
o)y, z" (RO, |S(yo,444yk) ! S(z0,448z)|. Ls ', lvi! zl,
o S(yo, 444y, 444y, 444y) = ! S(yo,444y;,444y,444y). )
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A special class of weight dynamics: Properties

Let
N 1N W
"Mxomy=mige ada m aam, S(x,x,, a88,). S)
j1=1 k=1

System (Dy)-(S) preserves total mass and positivity:
w
d mi(t)= Nforallt' O
i=1
' mi(0)> 0+ mi(t)>Oforalit' 0
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A special class of weight dynamics: Properties

Let
(N) 1% A . L
"o (x,m) = mi g% aaa my aam;, S(x,x,,aa%,).
=1 =L

System (Dy)-(S) preserves total mass and positivity:
w
d mi(t)= Nforallt' O
i=1
' mi(0)> 0+ mi(t)>Oforalit' 0

®)

Proposition

With these mass dynamics, system (@-(S) preserves indistinguishability.

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence Rome, 29 September 2022
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Mean-peld limit for our model
Mean-Field Limit

Theorem [N.P.D., 622]

Let T > 8 Let (x, m) be the solution to (Dy)-(S) on [0, T], and let
pY o= & N mi(t), @ " P c(RY).

If 3po " P o(RY) s. t. Jim W (U, M) =0, then)t" [0,T], lim W (N, p) =0,

where; is the solution to the transport equation with source

Sebe () + *a (V[ He (X)) = hlue](x) (MFE) |
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Mean-peld limit for our model
Mean-Field Limit

Theorem [N.P.D., O22]

Let T > 8 Let (x, m) be the solution to (Dy)-(S) on [0, T], and let
pe = LN mit), @ " P o(RY).

If 3o " P o(RY) s. t. Jim W (U3, M) =0, then)t" [0,T], lim WY, p) =0,

|

where; is the solution to the transport equation with source

Sepe(x) + *a (V[ ]C)me(x)) = hluel(x) (MFE) |

with the non-local vector-beld given by

V[ul(x) = y Ly ! x)du(y),
the non-local source term given by
' ) (
h[u](x) = -, S(x,y1, aaayk)dp(y:) aadu(yx) H(x)

and with initial condition pi=o = Ho.
N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence Rome, 29 September 2022 32/41
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From microscopic to macroscopic

9w
Let (x, m) be a solution to (Dy), and let pf' (x) := ; m;(t), (x! x(t)).
Then, pV is a weak solution to (MFE), i.e. for allf " I(;é (RY),
) ) )
d fO)dm(x) = Vwla*f(x)du(x)+  f(x)dhluc](x) (MFEW)
dt  ga Rd Rd )
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From microscopic to macroscopic

w
Let (x, m) be a solution to (Dy), and let pf' (x) := % m;(t), (x! x(t)).
i=1
Then, " is a weak solution to (MFE), i.e. for allf * C¥ (RY),
) ) )
d .
ar o, [edu) = Vimla*t()du(x)+  f(x)dnh[ul(x) (MFEw)
t Rd Rd Rd
Sketch of the Proof:
) N d ' 1% ’ 1 W L 1A
gt Rdf(X)dut M= 5 N . mi(x) =g ~ mi* f(x) &+ o . g (t)f (x)
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e e T (]
From microscopic to macroscopic

%
Let (x, m) be a solution to (Dy), and let pf' (x) := % m;(t), (x! x(t)).
i=1
Then, " is a weak solution to (MFE), i.e. for allf * C¥ (RY),
) ) )
d .
at f(x)dpe(x) = Vi a*f(x)dp (x) + f (x)dh[u](x) (MFEw)
t Rd Rd Rd
Sketch of the Proof:
1 2
) o= & 2" mieo = 2 mero s 2 moro
& » X)AH (X a N . iT (Xi = N . i Xi) axi N ~ i Xi
1 W ) . N
°N mi* f(x) axi = dV[Ht]a*f(X)dHt (x)
: R

i=1
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VEEGREEGRRTGTEN  Mean-beld limit for our model

From microscopic to macroscopic

1N
Let (x, m) be a solution to (Dy), and let pf' (x) := N m;(t), (x! x(t)).
i=1
Then, " is a weak solution to (MFE), i.e. for allf * C¥ (RY),
) ) )
d .
ar o, [edu) = Vimla*t()du(x)+  f(x)dnh[ul(x) (MFEW)
t Rd Rd Rd
Sketch of the Proof:
1 2
a’ foodoo= & 2% oo = 2 mereo e 2 mofxo
dt po e T d N . i ] . i i) X N ~ ] i
1N ) ) N
oy Mmrflad= Viularfxjdu(x)
i=1 R
1% ) N
o —  m(t)f(x)= f (x)dh[pe 1(x)
N o R
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Relation between Graph Limit and Mean-Field Limit

Link with the graph limit
ot &y N,0 ;
We know that if limy-4 iz M, n.o = Lo, the solution to

Sebe(x) + *a (V[ ]()pe(x)) = hlue](x),  He=0 = Ho. (MFE)J

is the Mean-Field Limit to t 2/ (x"(t), mN(t)) solution to

|
i LW

BOxm= T mionat o o), o= K
" j=1 (DN)
S dmim = O w), m'e)= m'
when
(N) 1 %A . ,OCH L s S
"O0m) = m() e 444 m, (1) Add, (1S, X, (1), 444, (1), (S)

1=l k=L
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Link with the graph limit

. & .
We know that if limy+ 'L, m"% wo = po, the solution to

$ipe(x) + *& (VMO () = h[Wd(X),  Heo = Ho. (MFE) |
is the Mean-Field Limit to t 2/ (x"(t), mN(t)) solution to
|
BOxm= T mionat o o), o= K
i j=1 (Ow)
—m. ®=""m",x"), m'o)=m"°
when
(N) 1 %A . ,OCH L s S
"Meam)= mi) G aaa my (1) aam, (DSt x, (1), 448, (1), (S)
=1 =t

How does this relate to theGraph Limit ?
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Subordination of the Mean-Field Equation to the Graph Limit Equation

Theorem [N. A., N. P. D., ©20]

Let (x,m) " C ([0, T]; L?(1; RY)) 0 C([0, T ]; L?(l; R))such that
! )

P osix(st)= m(set)! (x(s,1)! x(sut))dsy
$ $im(s,t)= m(s) |, m(s1) Aa(s) S(X(9), x(s1), 44 ax(s.)) ds: & ads, <
Let g " P (RY) be debned by
R(t, ) = ) | M(Swt), (X! X(Sw 1)) dSy
Then g satisbes therransport equation with source
S (0 + *a (VImI)M () = hipd(0). (MFE) |
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Relation between Graph Limit and Mean-Field Limit

Higher-order mean-peld limits

o= m" (x, 1), = N Mix

|
=
=
=
=

Sebe + *a (Vi) =

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence



Relation between Graph Limit and Mean-Field Limit

Higher-order mean-peld limits

) 1 W
o= m" (), pb o= N M
i=1
$ipe + *a (VIpdpe) = hp] )

00) + o+ l4 5
$if+ * 1 & M0 x)d, m) B + $m B(x,m, )@ =0
d

%
= G g, Aom= o

4

R

Rome, 29 September 2022 36/41
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Relation between Graph Limit and Mean-Field Limit

Higher-order mean-peld limits

) 1 W
o= m" (), pb o= N M
i=1
Sepe + *& (V[Helue) = hlpe] )

)Xo m;
1

00) + o+ 4 5

%
= G g, Aom= o

$ife+*xa 1 (X x)d(x,m) B + $m B(x,m, )@ =0
Rd
3 , 1B
mzu(xi'mi’s'a{\‘)' $I=O' a:\l(xlmls)z N 1XjrMjs §
i=1
00) +  + 43 5

3
He =0

V.

Sirr a  miedt AL, m) o+ Se T om,s, )
Rd
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Higher-order mean-peld limits

. 1A
mo=m" (%, M), K= N M
i=1
$ipe + *a (VIpdpe) = hp] |
9)
E %
IS . ’ 1
o = 8o, m, BY), M) = & m
=
5 00) + o+ 4 5
2 S+ *ya m 1 x)dB(d,m) B+ $m B(x,m, )R =0
© Rd
a y
C
()
[@)]
.3 ) 1 W
= ' (Xi'mi’s'a{\‘)' $I=O' a:\l(xlmls)z N 1XjrMjs §
i=1
00) + + 4 5
3
Sf+*a  mIl QdLd,m) & +8n T omspof, =0
Rd

V.

Rome, 29 September 2022
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Higher-order mean-peld limits

. 1A
mo=m" (%, M), K= N M
i=1
$ipe + *a (VIpdpe) = hp] |
9)
E %
IS . ’ 1
o = 8o, m, BY), M) = & m
=
5 00) + o+ 4 5
2 S+ *ya m 1 x)dB(d,m) B+ $m B(x,m, )R =0
© Rd
a y
C
()
[@)]
.3 ) 1 W
= ' (Xi'mi’s'a{\‘)' $I=O' a:\l(xlmls)z N 1XjrMjs §
i=1
00) + + 4 5
3
Sf+*a  mIl QdLd,m) & +8n T omspof, =0
Rd

V.

Rome, 29 September 2022
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ExampleOThe least inRuenced gain inRuenceO

Denote byg- i = mj! (xi ! X;) the inBuence ofj oni. Let & represent thetotal group
inBuence oni:
w w
g = g = mi# (%! x)#.
j=1 j=1

Denoting by € the weighted average of the total group inBuence

w R H
e= %eK = ﬂm,-#! (! Xx)#,
k=1 k=1 j=1
we consider the mass dynamics:
1 1 1% R w (
"i(x,m) = Nmi (e! &)= Nmi — miemi# (! x)# ! mi# (%! x)#
k=1 j=1 j=1
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Relation between Graph Limit and Mean-Field Limit

ExampleOThe least inRuenced gain inRuenceticroscopic system

Positions evolution weighted by the masses Masses evolution

0 05 1 15 0 05 1 15

t t
Evolution of opinions (left) and weights (right) for the microscopic model (D ) with N =30 .

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence



ExampleOThe least inBuenced gain inRuenc&daph Limit

Evolution of the solutions to (D ) and (GL) represented as functions froml =[0, 1] to R.

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inBuence



Relation between Graph Limit and Mean-Field Limit

ExampleOThe least inBuenced gain inRuenc&daph Limit

. =050 . =395
—— Graph Limit —— Graph Limit
os. — Micro, N=50 o9, — Micro, N=50
o, O —

© o1 0z 03 o4 o5 o6 o7 o8 o3 1 © o1 02 03 o4 05 o6 o7 o8 o3

— Graph Limit —— Graph Limit
25, — Micro, N=50

Evolution of the solutions to (D ) and (GL) represented as functions froml =[0, 1] to R.
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ExampleOThe least inBuenced gain inRuenc&@an-Field Limit

t=0.00
10 T T T T
9l ]
8 ]
7 ]
6 ]
<
£ 5 b
El
4 il
3 ]
2 ]
P ]
o . . \ . . . .
) 01 02 03 04 05 06 07 08 09 1

Evolution of the solutions to (D ), (GL) and (MFE) represented as measures onR.
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ExampleOThe least inBuenced gain inRuenc&@an-Field Limit

=000 § =050 . =395

)
)
)

Evolution of the solutions to (D n), (GL) and (MFE) represented as measures onR.
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Relation between Graph Limit and Mean-Field Limit

Thank you for your attention.

Social dynamics with time-varying inBuence
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