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A collective dynamics model with time-varying weights Model

Weight-varying opinion dynamics

Opinion dynamics with time-varying inßuence
!
""#

""$

úxi (t ) =
1
N

N%

j =1

mj (t )! (xj (t ) ! xi (t ))

úmi (t ) = " i (m(t ), x(t ))

(DN )

where:

xi " Rd is the state variable (opinion, position)

mi " R+ is the agentÕs weight

N =
& N

i=1 mi (0) is the (initial) total weight of the system

! is the interaction function (i.e. ! (xj ! xi ) = a(#xi ! xj #)( xj ! xi ))

" i dictate the weight dynamics. We suppose
&

i " i $ 0.

! What long-time behavior can be observed?
! How do we deÞne and derive thecontinuum limit of the system?
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A collective dynamics model with time-varying weights Examples and long-time behavior

Increasing weight by pairwise competition (M1)

úmi =
mi

M

N%

j =1

mj %
úxi + úxj

2
, nji & wherenji =

xi ! xj

#xi ! xj #

Proposition

If for all i " { 1, á á á, N} , mi (0) = m0
i > 0, then there exist positive constants#1, á á á, #N

such that for all t ' 0, for all i " { 1, á á á, N} , it holds mi (t ) > # i .
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A collective dynamics model with time-varying weights Examples and long-time behavior

Increasing weight by positional inßuence (M2)

úmi =
mi

N

'
pi

1
M

& N
j =1 mj pj

! 1

(

wherepi =
%

j

#! (xj ! xi )#.

Proposition

Suppose thata $ 1. Let p0
i = pi (0) =

& N
j =1 #x0

i ! x0
j #. Suppose that for all

(i , j ) " { 1, . . . , N} 2, p0
i (= p0

j , and let k := argmaxi !{ 1,..., N} p0
i . Then

lim
t "#

mk (t ) = N and ) i (= k, lim
t "#

mi (t ) = 0 .
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A collective dynamics model with time-varying weights Examples and long-time behavior

Increasing weight by inßuencing the most inßuential (M3)

úmi = mi

'
1
N

N%

j =1

mj
eji

1
N

& N
k=1 mk ejk

! 1

(

, eji = mi #! (xi ! xj )#.

Proposition

If mI = mJ = N
2 and mi = 0 for all i (= I , J for someI (= J, this state is an equilibrium for

the weight dynamics, i.e. úmi = 0 for all i " { 1, . . . , N} .
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Graph Limit

Two types of questions

¥ Self-organization : emergence of well organized group patterns.

[Hegselmann and Krause, Õ02]

¥ Large Population Limit : N the number of agents goes to inÞnity.
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Graph Limit

The classical approach : The mean-Þeld limit

No longer follow each agentÕsindividual trajectory ,

the population is represented by itsprobability density ,

the limit measure µt (x) represents the density of agents with opinionx at time t .

HK model: macroscopic

$t µt + * á (V [µt ]µt ) = 0 V [µt ](x) =
)

Rd
a(#x ! y#)( y ! x)dµt (y).

Limitation : Indistinguishability of the particles+ reduces the span of models that
can be studied.
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Graph Limit Graph limit for the classical HK model

The new approach : The graph limit

The %-nearest-neighbor interactions model

d
dt

xi =
1
N

i+ !%

j = i$ !

(xj ! xi ) with %= , rN- , r " [0, 1] (%-nearest)

¥ (%-nearest) : system of ODE ongraph GN = < V (GN ), E(GN ) > with

V (GN ) = { 1, 2, . . . , N} E(GN ) = { (i , j ) " { 1, 2, . . . , N} 2| 0 < dist(i , j ) . %}

wheredist(i , j ) = min {| i ! j |, N ! | i ! j |} .

Scheme of the ! -nearest-neighbor interactions [Biccari, Ko, Zuazua, Õ19]
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Graph Limit Graph limit for the classical HK model

¥ Let WGN : [0, 1]2 / { 0, 1}

WGN (s, s%) = 1 if ( i , j ) " E(GN ) and (s, s%) "
*

i ! 1
N

,
i
N

+
0

*
j ! 1

N
,

j
N

+
.

Plot of the support of the function WN representing the adjacency matrix of the
! -nearest-neighbor graph (a) and that of its limit W (b) [Medvedev, Õ13].

¥ {WGN } converges to the{ 0, 1} -valued functionWG(s, s%) = &[0,! ](|s ! s%|).

The continuum limit

$t x(t , s) =
)

I
&[0,! ](|s ! s%|)( x(t , s%) ! x(t , s))ds%, s " I := [0 , 1], t > 0.
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Graph Limit Graph limit for the classical HK model

The Medvedev result

Let I = [0 , 1] , I N
1 := [0 , 1

N ) and ) i " { 1, . . . , N} , I N
i := [ i$ 1

N , i
N ). Let W : I 2 / R a

graphonon I 2.

DeÞne a sequence ofweighted graphsGN = < { 1, . . . , N} , { 1, . . . , N} 2, øW N > with:

øW N
ij = N2

) )

I N
i & I N

j

W (s, s%)ds ds%.
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øW N
ij = N2

) )

I N
i & I N

j

W (s, s%)ds ds%.

The nonlinear heat equation onGN

d
dt

xi =
1
N

N%

j =1

( øW N )ij ! (xj ! xi ), xi " Rd , i " { 1, . . . , N}

with wij = ( øW N )ij .
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The Medvedev result
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The nonlinear heat equation onGN

d
dt

xi =
1
N

N%

j =1

( øW N )ij ! (xj ! xi ), xi " Rd , i " { 1, . . . , N}

Theorem [Medvedev, Õ13]: Graph Limit

If W " L# (I ), it holds
#x ! xN #C([0,T ];L2(I )) !!!!!/

N" + #
0

wherex is the solution to the integro-di!erential equation

$t x(t , s) =
)

I
W (s, s%) ! (x(t , s%) ! x(t , s))ds%.
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Graph Limit Graph limit for the classical HK model

Weight-varying opinion dynamics

Opinion dynamics with time-varying inßuence
!
""#

""$

d
dt

xi (t ) =
1
N

N%

j =1

mj (t )! (xj (t ) ! xi (t ))

d
dt

mi (t ) = " i (m(t ), x(t ))

(DN )

where:

xi " Rd is the state variable (opinion, position)

mi " R+ is the agentÕs weight

N =
& N

i=1 mi (0) is the (initial) total weight of the system

! is the interaction function (often, ! (xj ! xi ) = a(#xi (t ) ! xj (t )#)( xj (t ) ! xi (t )))

" i dictate the weight dynamics. We suppose
&

i " i $ 0.

! How do we deÞne and derive thecontinuum limit of the system?
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Graph Limit Graph Limit for our model

The model viewed on a graph

!
""#

""$

d
dt

xi (t ) =
1
N

N%

j =1

mj (t )! (xj (t ) ! xi (t ))

d
dt

mi (t ) = " i (m(t ), x(t ))

Can we apply thegraph limit when N / 1 ?

The edge weights depend on timemi (t ).

Their evolution is coupled with the evolution of the nodesxi (t ).
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Graph Limit Graph Limit for our model

From discrete to continuous

From (xN
i (t )) i !{ 1,..., N} and (mN

i (t )) i !{ 1,..., N} , we deÞne

,
xN (s, t ) = PN

c (xN (t )) :=
& N

i=1 xN
i (t )1[ i ! 1

N , i
N ) (s)

mN (s, t ) = PN
c (mN (t )) :=

& N
i=1 mN

i (t )1[ i ! 1
N , i

N ) (s).

! !
" "##$ ! $

" "##%" $

Illustration of the transformation PN
c for N = 10 and x0,N ! R.
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Graph Limit Graph Limit for our model

From continuous to discrete

From s 2/ x0(s) and s 2/ m0(s), we deÞne

!
""""#

""""$

x0,N = PN
d (x0) :=

'

N
) i

N

i ! 1
N

x0(s)ds

(

i !{ 1,..., N}

" (Rd)N

m0,N = PN
d (m0) :=

'

N
) i

N

i ! 1
N

m0(s)ds

(

i !{ 1,..., N}

" (R)N .

! !
" "##$ ! $

" "##%" $

Illustration of the transformation PN
d for N = 10 and x0 ! L# (I ; R).

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 13 / 41



Graph Limit Graph Limit for our model

From continuous to discrete

From s 2/ x0(s) and s 2/ m0(s), we deÞne

!
""""#

""""$

x0,N = PN
d (x0) :=

'

N
) i

N

i ! 1
N

x0(s)ds

(

i !{ 1,..., N}

" (Rd)N

m0,N = PN
d (m0) :=

'

N
) i

N

i ! 1
N

m0(s)ds

(

i !{ 1,..., N}

" (R)N .

For all (xN
i (t )) i !{ 1,..., N} and (mN

i (t )) i !{ 1,..., N} and " : I 0 L# (I ; Rd) 0 L# (I ; R) / R

" (N)
i (xN (t ), mN (t )) = N

) i
N

i ! 1
N

" (s, xN (s, t ), mN (s, t ))ds, i " { 1, . . . , N} ,

wherexN = PN
c (xN ) and mN = PN

c (mN ).
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Graph Limit Graph Limit for our model

Equivalence of discrete and continuous formulations

Let x0 " L# (I ; Rd) and m0 " L# (I ; R) satisfying
-

I m0(s)ds = 1.
(xN , mN ) " C ([0, T ]; Rd)N 0 C([0, T ]; R)N satisfy

!
""#

""$

d
dt

xN
i (t ) =

1
N

N%

j =1

mN
j (t )! (xN

j (t ) ! xN
i (t )) ,

d
dt

mN
i (t ) = " (N)

i (mN (t ), xN (t )) ,

(DN )

with initial conditions xN
i (0) = PN

d (x0)i , mi (0) = PN
d (m0)i ,

if and only if xN = PN
c (xN ) and mN = PN

c (mN ) satisfy

!
""#

""$

$t xN (s, t ) =
)

I
mN (s%, t ) ! (xN (s%, t ) ! xN (s, t )) ds%,

$t mN (s, t ) = N
) 1

N (' sN( +1)

1
N ' sN(

" (s%, xN (á, t ), mN (á, t )) ds%,
(CN )

with initial conditions xN (á, 0) = PN
c (PN

d (x0)) and mN (á, 0) = PN
c (PN

d (m0)).
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Graph Limit Graph Limit for our model

Continuous model: well-posedness

Hypothesis (H1)

The interaction function ! satisÞes! (0) = 0 and ! " Lip (Rd ; R), with #! #Lip = L" .

Hypothesis (H2)
,

#" (á, x1, m1) ! " (á, x2, m1)#L2(I ) . L# #x1 ! x2#L2(I )

#" (á, x1, m1) ! " (á, x1, m2)#L2(I ) . L# #m1 ! m2#L2(I ) .

and
|" (s, x, m)| . C# (1 + #m#L" (I ) ).

Theorem [N. A., N. P. D., Õ20]

Let x0 " L# (I ; Rd) and m0 " L# (I ; R). Then for any T > 0, there exists a unique
solution (x, m) " C ([0, T ]; L# (I ; Rd 0 R)) to the Graph Limit Equation

!
#

$
$t x(s, t ) =

)

I
m(s%, t )! (x(s, t ) ! x(s%, t ))ds%; x(á, 0) = x0

$t m(s, t ) = " (s, x(á, t ), m(á, t )); m(á, 0) = m0.
(GL)
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Graph Limit Graph Limit for our model

Continuous model: well-posedness

!
#

$
$t x(s, t ) =

)

I
m(s%, t )! (x(s, t ) ! x(s%, t ))ds%; x(á, 0) = x0

$t m(s, t ) = " (s, x(á, t ), m(á, t )); m(á, 0) = m0.
(GL)

Proof (Main ideas).

Prove well-posedness of the decoupled system
!
#

$
$t x(s, t ) =

)

I
÷m(s%, t )! (x(s, t ) ! x(s%, t ))ds%; x(á, 0) = x0

$t m(s, t ) = " (s, ÷x(á, t ), m(á, t )); m(á, 0) = m0.

Prove convergence of the sequence (xn, mn) solution to
!
#

$
$t x

n(s, t ) =
)

I
mn$ 1(s%, t )! (xn(s, t ) ! xn(s%, t ))ds%; xn(á, 0) = x0

$t mn(s, t ) = " (s, xn$ 1(á, t ), mn(á, t )); mn(á, 0) = m0.

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 16 / 41



Graph Limit Graph Limit for our model

Convergence of the microscopic system to the Graph limit equation

Theorem [N. A., N. P. D., Õ20]

Suppose (H1) and (H2). Then the solution (xN , mN ) to

!
""#

""$

$t xN (s, t ) =
)

I
mN (s%, t ) ! (xN (s%, t ) ! xN (s, t )) ds%,

$t mN (s, t ) = N
) 1

N (' sN( +1)

1
N ' sN(

" (s%, xn(á, t ), mn(á, t )) ds%,
(CN )

with initial conditions xN (á, 0) = PN
c (PN

d (x0)) and mN (á, 0) = PN
c (PN

d (m0)) converges
when N tends to inÞnity in theC([0, T ]; L2(I )) topology,
i.e. there exists (x, m) " C ([0, T ]; L# (I , Rd)) 0 C([0, T ]; L# (I , R)) such that

#x ! xN #C([0,T ];L2(I ,Rd )) !!!!!/
N" + #

0 and #m ! mN #C([0,T ];L2(I ,R)) !!!!!/
N" + #

0.

Moreover, the limit functionsx and m are solutions to
!
#

$
$t x(s, t ) =

)

I
m(s%, t )! (x(s, t ) ! x(s%, t ))ds%; x(á, 0) = x0

$t m(s, t ) = " (s, x(á, t ), m(á, t )); m(á, 0) = m0.
(GL)
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Graph Limit Graph Limit for our model

Convergence of the microscopic system to the Graph limit equation

Proof (Main ideas).

Compute ' N := xN ! x and ( N := mN ! m. Summing and integrating (CN ) and (GL), it
holds

1
2

d
dt

#' N #2
L2(I ) . 2ML#' N #2

L2(I ) + C" #' N #L2(I ) #( N #L2(I ) .

Similarly,

1
2

d
dt

#( N #2
L2(I ) . L#

.
#' N #L2(I ) + #( N #L2(I )

/
#( N #L2(I ) + #gN (t )#L2(I )#( N #L2(I ) .

Summing up, we get

d
dt

(#' N #L2(I ) + #( N #L2(I ) ) . K (#' N #L2(I ) + #( N #L2(I ) ) + #gN #L2(I )

From GronwallÕs lemma,

sup
t ! [0,T ]

.
#' N #L2(I ) + #( N #L2(I )

/
.

0
#' N (0)#L2(I ) + #( N (0)#L2(I ) +

) T

0
#gN () )#L2(I )d)

+
eKT .

We conclude thanks to the fact that each of the terms goes to zero asN / 1 .
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Graph Limit Graph Limit for our model

Graph limit: Numerical example

Let the population I be divided intoK groupsIk = [ k$ 1
K , k

K ).
In each groupk, let r < 1 denote the proportion of leaders.
Let I L

k = [ k$ 1
K , k$ 1

K + r
K ) be the leaders andI F

k = [ k$ 1
K + r

K , k
K ) be the followers.

" (s, x, m) =

!
""#

""$

* m(s)
)

I F
k

m(s))ds) if s " I L
k

! * m(s)
)

I L
k

m(s))ds) if s " I F
k .

We know the microscopic dynamics can be written as

) k " { 1, á á á, K } , úm(k$ 1)n+ i =

!
""""#

""""$

*
N

m(k$ 1)n+ i

n%

j = rn+1

m(k$ 1)n+ j if i " { 1, á á á, rn} ,

!
*
N

m(k$ 1)n+ i

rn%

j =1

m(k$ 1)n+ j if i " { rn + 1 , á á á, n} .
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Graph Limit Graph Limit for our model

Microscopic system: Numerical example (1 group, 10% of leaders)

Evolution of opinions (left) and weights (right) of 20 agents. Parameters:K = 1,
r = 0 .1, * = 5.
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Graph Limit Graph Limit for our model

Graph limit: Numerical example (1 group, 10% of leaders)
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Solutions s "# xN (s, t ) (top) and s "# mN (s, t ) (bottom) to the microscopic dynamics and
solutions s "# x(s, t ) (top) and s "# m(s, t ) (bottom) to the Graph Limit equation for t = 0 .05,
t = 1 .4 and t = 5. Parameters: N = 100, K = 1, r = 0 .1, " = 5.
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Graph Limit Graph Limit for our model

Microscopic system: Numerical example (2 groups, 10% of leaders)

Evolution of opinions (left) and weights (right) of 20 agents. Parameters:K = 2,
r = 0 .1, * = 5.
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Graph Limit Graph Limit for our model

Graph limit: Numerical example (2 groups, 10% of leaders)
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Solutions s "# xN (s, t ) (top) and s "# mN (s, t ) (bottom) to the microscopic dynamics and
solutions s "# x(s, t ) (top) and s "# m(s, t ) (bottom) to the Graph Limit equation for t = 0 .05,
t = 1 .4 and t = 5. Parameters: N = 100, K = 2, r = 0 .1, " = 5.
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Mean-Field Limit Mean-Þeld limit for the classical HK model

Mean-Þeld limit for the classical HK model

t 2/ (xN
i (t )) i !{ 1,..., N} is a solution to

d
dt

xN
i =

1
N

N%

j =1

! (xN
j ! xN

i ), i " { 1, . . . , N} . (HK)

if and only if the empirical measure

+N (t , x) :=
1
N

N%

i=1

, (x ! xN
i (t )) .

is a solution to the non-local transport equation

$t +t (x) + * á (V [+t ]+t ) = 0

whereV [+t ] =
)

Rd
! (y ! x)d+t (y).

Theorem: Convergence in Wasserstein distance

If 3+0 " P (Rd) s. t. limN"# W (+N
0 , +0) = 0 , then ) t " [0, T ], limN"# W (+N

t , +t ) = 0 .
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Mean-Field Limit Mean-Þeld limit for the classical HK model

Mean-Þeld limit for the classical HK model

Theorem: Convergence in Wasserstein distance [Dobrushin, Õ79]

If there exists+0 " P (Rd) such that limN"# W (+N
0 , +0) = 0 , then for all t " [0, T ],

lim
N"#

W (+N
t , +t ) = 0 .

Remark

Notice that (x1, x2, á á á, xN ) and (x2, x1, á á á, xN ) correspond to the same empirical
measure+N (x) = 1

N

& N
i=1 , (x ! xi )
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Mean-Field Limit Mean-Þeld limit for the classical HK model

Indistinguishability for the classical HK model

We say that system (HK) preservesindistinguishability if for all solutions (x1, á á á, xN )
and (÷x1, á á á, ÷xN ), for all i , j " { 1, . . . , N} ,

!
"#

"$

x0
i = ÷x0

j

x0
j = ÷x0

i

x0
k = ÷x0

k for all k (= i , j

+ ) t ' 0,

!
"#

"$

xi (t ) = ÷xj (t )

xj (t ) = ÷xi (t )

xk (t ) = ÷xk (t ) for all k (= i , j

(1)

Relabeling the agents does not modify the dynamics .

This holds as long asaij = a(xi , xj ), i.e. the interaction does not depend on the indices.
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Mean-Field Limit Mean-Þeld limit for our model

Generalization of the empirical measure

Consider our microscopic model with time-varying weights:

!
""#

""$

d
dt

xi (t ) =
1
N

N%

j =1

mj (t )! (xj (t ) ! xi (t )) ,

d
dt

mi (t ) = " i (m(t ), x(t )) .

(DN )

We deÞne a newempirical measureby

µN
t (x) :=

1
N

N%

i=1

mi (t ), (x ! xi (t )) .

Notice that µN
t is invariant by

relabeling of the indices:i 4 j

grouping of the agents:x1 = x2 = ÷x1 = ÷x2, ÷m1 + ÷m2 = m1 + m2.
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Mean-Field Limit Mean-Þeld limit for our model

Indistinguishability (illustration)

x

m

(x1, m1)

(x2, m2)

(x3, m3)

(x4, m4)

(x5, m5)

0.5

1

1.5

y

p

(y1, p1)

(y2, p2) (y4, p4)

(y5, p5)

(y3, p3)

0.5

1

1.5

x

µ

0.1

0.2

0.3

Example: (x, m) and (y, p) correspond to the same empirical measureµ5 " P (R).

Notice that µN
t is invariant by

relabeling of the indices:3 4 5

grouping of the agents:x1 = x2 = y1 = y2, m1 + m2 = p1 + p2.
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Mean-Field Limit Mean-Þeld limit for our model

Indistinguishability (deÞnition)

We say that system (DN ) preservesindistinguishability if for all J 5 { 1, . . . , N} ,
!
"""""#

"""""$

x0
i = y0

i = x0
j = y0

j , (i , j ) " J2

x0
i = y0

i , i " { 1, . . . , N}

m0
i = p0

i , i " Jc
%

i ! J

m0
i =

%

i! J

p0
i ,

+

!
"""""#

"""""$

xi (t ) = yi (t ) = xj (t ) = yj (t ), (i , j ) " J2

xi (t ) = yi (t ), i " { 1, . . . , N}

mi (t ) = pi (t ), i " Jc
%

i ! J

mi (t ) =
%

i! J

pi (t ).

Relabeling or grouping the agents does not modify the dynamics.

What weight dynamics ensure indistinguishability?
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Mean-Field Limit Mean-Þeld limit for our model

A special class of weight dynamics

Let

" i (x, m) = mi
1

Nk

N%

j1=1

á á á
N%

jk =1

mj1 á á ámjk S(xi , xj1 , á á áxjk ), (S)

for somek " N, and with S " C((Rd)k+1 ; R) satisfying

Hypothesis (H3)

) y " (Rd)k+1 , |S(y)| . øS,

) y, z " (Rd)k+1 , |S(y0, á á á, yk ) ! S(z0, á á á, zk )| . LS
& k

i=0 |yi ! zi |,

S(y0, á á á, yi , á á á, yj , á á á, yk ) = ! S(y0, á á á, yj , á á á, yi , á á á, yk ).
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Mean-Field Limit Mean-Þeld limit for our model

A special class of weight dynamics: Properties

Let

" (N)
i (x, m) = mi

1
Nk

N%

j1=1

á á á
N%

jk =1

mj1 á á ámjk S(xi , xj1 , á á áxjk ). (S)

System (DN )-(S) preserves total mass and positivity:

!
N%

i=1

mi (t ) = N for all t ' 0

! mi (0) > 0 + mi (t ) > 0 for all t ' 0

Proposition

With these mass dynamics, system (DN )-(S) preserves indistinguishability.
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Mean-Field Limit Mean-Þeld limit for our model

Mean-Field Limit

Theorem [N.P.D., Õ22]

Let T > 0. Let (x, m) be the solution to (DN )-(S) on [0, T ], and let
µN

t := 1
N

& N
i=1 mi (t ), xi (t ) " P c(Rd).

If 3µ0 " P c(Rd) s. t. lim
N"#

W (µN
0 , µ0) = 0 , then ) t " [0, T ], lim

N"#
W (µN

t , µt ) = 0 ,

whereµt is the solution to the transport equation with source

$t µt (x) + * á (V [µt ](x)µt (x)) = h[µt ](x) (MFE)
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0 , µ0) = 0 , then ) t " [0, T ], lim

N"#
W (µN

t , µt ) = 0 ,

whereµt is the solution to the transport equation with source

$t µt (x) + * á (V [µt ](x)µt (x)) = h[µt ](x) (MFE)

with the non-local vector-Þeld given by

V [µ](x) =
)

Rd
! (y ! x)dµ(y),

the non-local source term given by

h[µ](x) =

' )

(Rd )k
S(x, y1, á á á, yk )dµ(y1) á á ádµ(yk )

(

µ(x)

and with initial condition µt =0 = µ0.
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Mean-Field Limit Mean-Þeld limit for our model

From microscopic to macroscopic

Proposition

Let (x, m) be a solution to (DN ), and let µN
t (x) :=

1
N

N%

i=1

mi (t ), (x ! xi (t )) .

Then, µN is a weak solution to (MFE), i.e. for allf " C#
c (Rd),

d
dt

)

Rd
f (x)dµt (x) =

)

Rd
V [µt ] á * f (x)dµt (x) +

)

Rd
f (x)dh[µt ](x) (MFEw)

Sketch of the Proof:

d
dt

)

Rd
f (x)dµN

t (x) =
d
dt

1
1
N

N%

i=1

mi f (xi )

2

=
1
N

N%

i=1

mi * f (xi ) áúxi +
1
N

N%

i=1

úmi (t )f (xi )

1
N

N%

i=1

mi * f (xi ) áúxi =
)

Rd
V [µt ] á * f (x)dµN

t (x)

1
N

N%

i=1

úmi (t )f (xi ) =
)

Rd
f (x)dh[µN

t ](x)

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 33 / 41



Mean-Field Limit Mean-Þeld limit for our model

From microscopic to macroscopic

Proposition

Let (x, m) be a solution to (DN ), and let µN
t (x) :=

1
N

N%

i=1

mi (t ), (x ! xi (t )) .

Then, µN is a weak solution to (MFE), i.e. for allf " C#
c (Rd),

d
dt

)

Rd
f (x)dµt (x) =

)

Rd
V [µt ] á * f (x)dµt (x) +

)

Rd
f (x)dh[µt ](x) (MFEw)

Sketch of the Proof:

d
dt

)

Rd
f (x)dµN

t (x) =
d
dt

1
1
N

N%

i=1

mi f (xi )

2

=
1
N

N%

i=1

mi * f (xi ) áúxi +
1
N

N%

i=1

úmi (t )f (xi )

1
N

N%

i=1

mi * f (xi ) áúxi =
)

Rd
V [µt ] á * f (x)dµN

t (x)

1
N

N%

i=1

úmi (t )f (xi ) =
)

Rd
f (x)dh[µN

t ](x)

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 33 / 41



Mean-Field Limit Mean-Þeld limit for our model

From microscopic to macroscopic

Proposition

Let (x, m) be a solution to (DN ), and let µN
t (x) :=

1
N

N%

i=1

mi (t ), (x ! xi (t )) .

Then, µN is a weak solution to (MFE), i.e. for allf " C#
c (Rd),

d
dt

)

Rd
f (x)dµt (x) =

)

Rd
V [µt ] á * f (x)dµt (x) +

)

Rd
f (x)dh[µt ](x) (MFEw)

Sketch of the Proof:

d
dt

)

Rd
f (x)dµN

t (x) =
d
dt

1
1
N

N%

i=1

mi f (xi )

2

=
1
N

N%

i=1

mi * f (xi ) áúxi +
1
N

N%

i=1

úmi (t )f (xi )

1
N

N%

i=1

mi * f (xi ) áúxi =
)

Rd
V [µt ] á * f (x)dµN

t (x)

1
N

N%

i=1

úmi (t )f (xi ) =
)

Rd
f (x)dh[µN

t ](x)

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 33 / 41



Mean-Field Limit Mean-Þeld limit for our model

From microscopic to macroscopic

Proposition

Let (x, m) be a solution to (DN ), and let µN
t (x) :=

1
N

N%

i=1

mi (t ), (x ! xi (t )) .

Then, µN is a weak solution to (MFE), i.e. for allf " C#
c (Rd),

d
dt

)

Rd
f (x)dµt (x) =

)

Rd
V [µt ] á * f (x)dµt (x) +

)

Rd
f (x)dh[µt ](x) (MFEw)

Sketch of the Proof:

d
dt

)

Rd
f (x)dµN

t (x) =
d
dt

1
1
N

N%

i=1

mi f (xi )

2

=
1
N

N%

i=1

mi * f (xi ) áúxi +
1
N

N%

i=1

úmi (t )f (xi )

1
N

N%

i=1

mi * f (xi ) áúxi =
)

Rd
V [µt ] á * f (x)dµN

t (x)

1
N

N%

i=1

úmi (t )f (xi ) =
)

Rd
f (x)dh[µN

t ](x)

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 33 / 41



Relation between Graph Limit and Mean-Field Limit

Link with the graph limit

We know that if limN"#
& N

i=1 mN,0
i , xN, 0

i
= µ0, the solution to

$t µt (x) + * á (V [µt ](x)µt (x)) = h[µt ](x), µt =0 = µ0. (MFE)

is the Mean-Field Limit to t 2/ (xN (t ), mN (t )) solution to

!
""#

""$

d
dt

xN
i (t ) =

1
N

N%

j =1

mN
j (t )! (xN

j (t ) ! xN
i (t )) , xN

i (0) = xN,0
i

d
dt

mN
i (t ) = " (N)

i (mN (t ), xN (t )) , mN
i (0) = mN,0

i

(DN )

when

" (N)
i (x, m) = mi (t )

1
Nk

N%

j1=1

á á á
N%

jk =1

mj1(t ) á á ámjk (t )S(xi (t ), xj1 (t ), á á áxjk (t )) . (S)

How does this relate to theGraph Limit ?
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Relation between Graph Limit and Mean-Field Limit

Subordination of the Mean-Field Equation to the Graph Limit Equation

Theorem [N. A., N. P. D., Õ20]

Let (x, m) " C ([0, T ]; L2(I ; Rd)) 0 C([0, T ]; L2(I ; R))such that
!
#

$
$t x(s, t ) =

)

I
m(s%, t )! (x(s, t ) ! x(s%, t ))ds%

$t m(s, t ) = m(s)
-

I k m(s1) á á ám(sk ) S(x(s), x(s1), á á á, x(sk )) ds1 á á ádsk

(GL)

Let ÷µ " P (Rd) be deÞned by

÷µ(t , x) :=
)

I
m(s%, t ), (x ! x(s%, t ))ds%.

Then ÷µ satisÞes thetransport equation with source

$t µt (x) + * á (V [µt ](x)µt (x)) = h[µt ](x). (MFE)
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Relation between Graph Limit and Mean-Field Limit

Higher-order mean-Þeld limits

ge
ne

ra
lit

y
of

th
e

m
o

de
l

úmi = mi " (xi , µN
t ), µN

t :=
1
N

N%

i=1

mi , xi

$t µt + * á (V [µt ]µt ) = h[µt ]

úmi = 3" (xi , mi , 3µN
t ), 3µN

t (x, m) =
1
N

N%

i=1

, xi , mi

$t 3µt + * x á
00 )

Rd
m)! (x) ! x)d3µt (x

), m))
+

3µt

+
+ $m

4
3" (x, m, öµt )3µt

5
= 0

úmi =

3

" (xi , mi , si ,
3
µN

t ), úsi = 0 ,
3
µN

t (x, m, s) =
1
N

N%

i=1

, xi , mi , si

$t

3
µt + * x á

00 )

Rd
m)! (x) ! x)d

3
µt (x

), m))
+ 3

µt

+
+ $m

43

" (x, m, s, öµt )
3
µt

5
= 0

com
plexity

of
the

m
acroscopic

equation
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Relation between Graph Limit and Mean-Field Limit

ExampleÒThe least inßuenced gain inßuenceÓ

Denote byej " i = mj ! (xi ! xj ) the inßuence ofj on i . Let ei represent thetotal group
inßuence on i :

ei =
N%

j =1

ej " i =
N%

j =1

mj #! (xi ! xj )#.

Denoting by e the weighted average of the total group inßuence

e =
N%

k=1

mk

N
ek =

N%

k=1

N%

j =1

mk

N
mj #! (xk ! xj )#,

we consider the mass dynamics:

" i (x, m) =
1
N

mi (e ! ei ) =
1
N

mi

'
1
N

N%

k=1

N%

j =1

mk mj #! (xl ! xj )# !
N%

j =1

mj #! (xi ! xj )#

(

.
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Relation between Graph Limit and Mean-Field Limit

ExampleÒThe least inßuenced gain inßuenceÓ: microscopic system

0 0.5 1 1.5

t

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x i

Positions evolution weighted by the masses

0 0.5 1 1.5

t

0

0.5

1

1.5

2

m
i

Masses evolution

Evolution of opinions (left) and weights (right) for the microscopic model (D N ) with N = 30 .

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 38 / 41



Relation between Graph Limit and Mean-Field Limit

ExampleÒThe least inßuenced gain inßuenceÓ: Graph Limit

Evolution of the solutions to (D N ) and (GL) represented as functions fromI = [0 , 1] to R.

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 39 / 41



Relation between Graph Limit and Mean-Field Limit

ExampleÒThe least inßuenced gain inßuenceÓ: Graph Limit

Evolution of the solutions to (D N ) and (GL) represented as functions fromI = [0 , 1] to R.

N. Ayi, N. Pouradier Duteil Social dynamics with time-varying inßuence Rome, 29 September 2022 39 / 41



Relation between Graph Limit and Mean-Field Limit

ExampleÒThe least inßuenced gain inßuenceÓ: Mean-Field Limit

Evolution of the solutions to (D N ), (GL) and (MFE) represented as measures onR.
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Relation between Graph Limit and Mean-Field Limit

ExampleÒThe least inßuenced gain inßuenceÓ: Mean-Field Limit
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Relation between Graph Limit and Mean-Field Limit

Thank you for your attention.
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