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Notation

Point process (temporal):N, (Nt)t! 0 or N(dt) = ! T" N ! T(dt).

Stochastic intensity:(" t)t! 0 and" t =
! t
0 " sds.

Standard Poisson process (temporal or spatial):# (rate =1).

Number of interacting processes (neurons):n.
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Thinning - theory

Theorem (Thinning)

If (" t)t! 0 is predictable andL1
loc a.s., then

N(dt) =
" + $

0
1z# " t

# (dt,dz)

deÞnes a point process with intensity given by(" t)t! 0.
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Thinning - simulation

Exact simulation algorithm.

# is simulated piecewisely over Þnite rectangles.

Need to upperbound the intensity" t. Not trivial in general.
If the bound is bad, the method is slow (cf. rejection sampling).
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Change time - theory

Theorem (Change time)

If (" t)t! 0 is predictable andL1
loc a.s., then

Nt = # " t

deÞnes a point process with intensity given by(" t)t! 0.

T " N $ " T " #
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Change time - simulation

If " %1(t) is explicit then the method is fast and exact.

If not, integral approximation is needed :
& approximation method.
& computational cost depends on the approximation step.
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Biological context - Several scales
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Neurons = electrically excitable cells.

Action potential = spike of the membrane potential.

Interactions: synaptic integration.
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Biological context - Several scales

Microscopic

Mesoscopic Macroscopic
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Two "spatial" structures

Multi-class

(Ditlevsen, Lšcherbach, Õ17)
(Lšcherbach, Õ19)

(Chevallier, Melnykova, Tubikanec, Õ21)

Continuous spatial covariates

(Chevallier, Duarte, Lšcherbach, Ost, Õ19)
(Chevallier, Ost, Õ20)
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The model - simpliÞed with 2 populations

Two populations of neurons of sizen1 andn2.

Two non-null interacting functionsh1' 2 andh2' 1.

Two intensity functionsfk > 0, non-decreasing, bounded and Lipschitz.

For eachk = 1,2, andm= 1, . . . ,ni , the spikes of them-th neuron of populationk are
described byNk,m with intensity

" k
t = fk

#
1
nök

nök

!
!= 1

" t%

0
hök' k(t %t()N

ök,! (dt()

$

.

Main assumption (Erlang kernels)

hök' k(t) = cke%#kt t$k

$k!
,

whereck = ± 1 (excitatory/inhibitory),#k > 0 real,$k ! 0 integer.
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Erlang kernels
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PDMP structure

The intensity of each population is given by" k
t = fk(Xk,1

t% ) where

Xk,1
t =

" t

0
hök' k(t %t()

'
1
nök

nök

!
!= 1

N
ök,! (dt()

(

) *+ ,
÷Nök(dt()

.

The derivative cascade gives the Markovian system (X is a PDMP) :
-
../

..0

dXk,j
t =

1
%#kXk,j

t + Xk,j+ 1
t

2
dt, for j = 1, . . . ,$k,

dXk,$k+ 1
t = %#kXk,$k+ 1

t dt+ ck ÷Nök(dt),

X0 = x0 " R$1+ $2+ 2,

whereXk,j
t =

" t

0
cke%#k(t%t() (t %t()$k+ 1%j

($k + 1%j)!
÷N

ök(dt(),

and ÷Nök is a pure jump process with jumps of size1
nök

and intensitynökfök(Xk,1
t% ).
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Mean-Þeld framework

Let n = n1 + n2 and assume thatnk/ n n' $%%%' pk > 0 for k = 1,2.
Assume thatf1, f2 " C1 with bounded derivatives and thath1' 2,h2' 1 " L2

loc.

Hawkes processesNk,m with intensity

" k
t = fk

3 " t%

0
hök' k(t %t() ÷N

ök(dt()
4

should be well approximated by independent Poisson processesøNk,m with
intensity

ø" k(t) = fk

3 " t%

0
hök' k(t %t()E

1
øN

ök,1(dt()
24

.

Note thatø" k(t) =
! t
0

ø" k(t()dt( = E
1

øNk,1
t

2
satisÞes the following integral

equation

ø" k(t) =
" t

0
fk

5
hök' k(t %t() ø"

ök(t()dt(
6

. (1)

ø" k is uniquely characterized by (1).
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Law of Large Numbers - Proof via Thinning

Let (# k,m) be i.i.d. standard Poisson processes and

Nk,m(dt) =
" + $

0
1z# " k

t
# k,m(dt,dz), øNk,m(dt) =

" + $

0
1z# ø" k(t)#

k,m(dt,dz).

This coupling is such that

P
5

(Nk,m)[0,T] )= ( øNk,m)[0,T]

6
# E

7" T

0

8
8
8" k

t %ø" k(t)
8
8
8dt

9
.

Theorem (Fournier, Delattre Õ16; Ditlevsen, Lšcherbach Õ17)

For anym! 1,
5

(N1,m(
)m(# m, (N2,m(

)m(# m

6
L%%%%'

n' + $

5
( øN1,m(

)m(# m, ( øN2,m(
)m(# m

6
,

whereD (the space of cadlˆg functions) is endowed with the Skorokhod topology.
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Central Limit Theorem

Theorem (Fournier, Delattre Õ16; Ditlevsen, Lšcherbach Õ17)

As n andt go to$ with :
1 t/ n ' 0 in the subcritical case,
2 e%0tt%1/ 2n%1/ 2 ' 0 in the supercritical case (%0 depends on the parameters),

we have
##

N1,m(

t % ø" 1(t)
:

ø" 1(t)

$

m(# m

,

#
N2,m(

t % ø" 2(t)
:

ø" 2(t)

$

m(# m

$
L%' N (0, I2m).

17 / 33



Introduction Neurosciences Multi-class Spatial Conclusion

Oscillations

Remind the cascade structure :
-
../

..0

dXk,j
t =

1
%#kXk,j

t + Xk,j+ 1
t

2
dt, for j = 1, . . . ,$k,

dXk,$k+ 1
t = %#kXk,$k+ 1

t dt+ ck ÷Nök(dt),

X0 = x0 " R$1+ $2+ 2,

whereXk,j
t =

" t

0
cke%#k(t%t() (t %t()$k+ 1%j

($k + 1%j)!
÷N

ök(dt().

Similarly, we have themonotone cyclic feedbacksystem :
-
./

.0

dxk,j =
;
%#kxk,j (t) + xk,j+ 1(t)

<
dt, for j = 1, . . . ,$k,

dxk,$k+ 1 = %#kxk,$k+ 1(t)dt+ ckfök(xök,1(t))dt,

x(0) = x0 " R$1+ $2+ 2,

wherexk,j (t) =
" t

0
cke%#k(t%t() (t %t()$k+ 1%j

($k + 1%j)!
ø"

ök(t()dt(.
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Oscillations

Monotone cyclic feedback system :
-
./

.0

dxk,j

dt = %#kxk,j (t) + xk,j+ 1(t), for j = 1, . . . ,$k,
dxk,$k+ 1

dt = %#kxk,$k+ 1(t) + ckfök(xök,1(t)) ,

x(0) = x0 " R$1+ $2+ 2,

wherexk,j (t) =
" t

0
cke%#k(t%t() (t %t()$k+ 1%j

($k + 1%j)!
ø"

ök(t()dt(.

Theorem (Ditlevsen, Lšcherbach Õ17)

Assume thatf1, f2 are non-decreasing bounded analytic functions and thatc1c2 < 0.
Then, the system admits a unique equilibrium pointx* .
There are some parameters for whichx* is unstable and the system is attracted to a
periodic orbit.
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There are some parameters for whichx* is unstable and the system is attracted to a
periodic orbit.
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Diffusion approximation

Remind the cascade structure :-
../

..0

dXk,j
t =

1
%#kXk,j

t + Xk,j+ 1
t

2
dt, for j = 1, . . . ,$k,

dXk,$k+ 1
t = %#kXk,$k+ 1

t dt+ ck ÷Nök(dt),

X0 = x0 " R$1+ $2+ 2,

Consider the diffusion approximation
-
..../

....0

dYk,j
t =

1
%#kYk,j

t + Yk,j+ 1
t

2
dt, for j = 1, . . . ,$k,

dYk,$k+ 1
t = %#kYk,$k+ 1

t dt+ ck

'

fök(Y
ök,1
t )dt+

=
fök(Y

ök,1
t )

+ nök
dWök

t

(

,

Y0 = x0 " R$1+ $2+ 2,

whereW1,W2 are independent standard Brownian motions.

Strong approximation (C., Melnykova, Tubikanec Õ21)

Assumef1, f2 are upper and lower bounded. Then,X andY can be coupled such that,
for all T > 0,

sup
t# T

, Xt %Yt, $ # %eCT log(n)
n

,

where%is a random variable with exponential moments.
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Proof of the strong approximation - three ingredients (Kurtz, Õ77)

Since the drift part are the same for the PDMP and the diffusion, it sufÞces to control
the difference between÷Nk

t and

÷Wk
t =

" t

0

-
/

0
fk(Yk,1

t( )dt( +

=
fk(Yk,1

t( )
+

nk
dWk

t(

>
?

@

1 Change-time representation :÷Nk
t = 1

nk
# nk" k

t
where" k

t =
" t

0
fk(Xk,1

t( )dt(,

÷Wk
t =

1
nk

Bnk ÷" k
t
, where ÷" k

t =
" t

0
fk(Yk,1

t( )dt(,

and(Bt)t is a Brownian motion with unit drift.
2 KMT coupling : # andB can be coupled such that the random variable

sup
t! 0

|# t %Bt|
1- logt

is sub-exponential.

3 Brownian motion modulus of continuity : the random variable

sup
s,t# T

|Bt %Bs|:
|t %s|{ 1+ log(T/ |t %s|)}

is sub-gaussian.
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Naive quantile coupling

Poisson increment# t %# s ! uniform r.v. in[0,1] ! Brownian incrementBt %Bs
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0
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Naive quantile coupling with 1 interval

t
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Naive quantile coupling

Poisson increment# t %# s ! uniform r.v. in[0,1] ! Brownian incrementBt %Bs
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Naive quantile coupling

Poisson increment# t %# s ! uniform r.v. in[0,1] ! Brownian incrementBt %Bs
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Naive quantile coupling

Poisson increment# t %# s ! uniform r.v. in[0,1] ! Brownian incrementBt %Bs
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Naive quantile coupling

Poisson increment# t %# s ! uniform r.v. in[0,1] ! Brownian incrementBt %Bs
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Naive quantile coupling

Poisson increment# t %# s ! uniform r.v. in[0,1] ! Brownian incrementBt %Bs

0 2 4 6 8 10

0
5

10

Naive quantile coupling with 64 intervals

t

21 / 33



Introduction Neurosciences Multi-class Spatial Conclusion

KMT coupling

Apply quantile coupling to larger intervals and reÞne by dichotomy.
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Simulations (oscillatory regime)

! "! #! $! %! &!! &"!

!
"

#
$

%
&

!

!"#$"%&#'()*()"$(+)+,-.#&)"

'

()
*+

,)

23 / 33



Introduction Neurosciences Multi-class Spatial Conclusion

Simulations (oscillatory regime)

! "! #! $! %! &!! &"!

!
"

#
$

%
&

!

!"#$"%&#'()*()"$(+)+,-.#&)"

'

()
*+

,)

23 / 33



Introduction Neurosciences Multi-class Spatial Conclusion

Simulations (oscillatory regime)

! "! #! $! %! &!! &"!

!
"

#
$

%
&

!

!"#$"%&#'()*()"$(+)+,-.#&)"

'

()
*+

,)

23 / 33



Introduction Neurosciences Multi-class Spatial Conclusion

Simulations (oscillatory regime)

! "! #! $! %! &!! &"!

!
"

#
$

%
&

!

!"#$"%&#'()*()"$(+)+,-.#&)"

'

()
*+

,)

23 / 33



Introduction Neurosciences Multi-class Spatial Conclusion

Simulations (oscillatory regime)

! "! #! $! %! &!! &"!

!
"

#
$

%
&

!
!"#$"%&#'()*()"$(+)+,-.#&)"

'

()
*+

,)

23 / 33



Introduction Neurosciences Multi-class Spatial Conclusion

Outline

1 Introduction

2 Neurosciences

3 Multi-class Hawkes processes

4 Spatially structured Hawkes processes
Mean-Þeld limit and Neural Field Equation
First-order approximation and mesoscopic model
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Two "spatial" structures

Multi-class

(Ditlevsen, Lšcherbach, Õ17)
(Lšcherbach, Õ19)

(Chevallier, Melnykova, Tubikanec, Õ21)

Continuous spatial covariates

(Chevallier, Duarte, Lšcherbach, Ost, Õ19)
(Chevallier, Ost, Õ20)
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The model - simpliÞed withxi = i/ n

Each neuroni = 1, . . . ,n is located atxi = i/ n " [0,1].

A Lipschitz continuous spatial kernelw : [0,1]2 ' R+ .

A Lipschitz continuous intensity functionf .

For eachi = 1, . . . ,n, the spikes of thei-th neuron are described byNi with intensity
" i

t = f (Ui
t ) where

Ui
t := e%%tu0(xi ) +

" t

0
e%%(t%s)

n

!
j= 1

w
A
xj ,xi

B
Nj(ds).

Exponential simpliÞcation

The ÒpotentialÓ variableUi
t satisÞes :

'
dUi

t = %%Ui
t + ! n

j= 1w
A
xj ,xi

B
Nj(dt),

Ui
0 = u0(xi ).
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Micro model

xi = i/ n : (static) position ofi.

Intensity :" i
t := f (Ui

t )

-
/

0

dUi
t = %%Ui

tdt+ n%1
n
!

j= 1
w(xj ,xi ) Nj (dt),

Ui
0 = u0(xi ).

Notation

N(xi) := Ni andU(t,xi ) := Ui
t .

Macro model (Neural Field Equation)

' : Lebesgue measure on[0,1].

Limit intensity : " (t,x) = f (u(t,x))

-
/

0

( tu = %%u+
! 1

0 w(y,x)f (u(t,y)) ' (dy),

u(0,x) = u0(x).

Notation

N(xi) . PP(" (t,xi )) .

Theorem (C. et al., Õ19)

For all T > 0,
sup

i= 1,...,n

" T

0
|U(t,xi ) %u(t,xi )|dt # C(T)n%1/ 2,

sup
i= 1,...,n

P
5

N(xi)[0,T] )= N(xi )[0,T]

6
# C(T)n%1/ 2.
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Simulations

Parameters taken from (Coombes, Laing Õ11) :

%= 1,

f (u) = 1[0.3,+ $ [(u),

w(x,y) = exp(%|x%y|/ 2) (1+ 0.4sin(y)) .

2

locality of neural Þeld models. Even though the calcu-
lation uses information from only the leading edge of a
wave it gives wave speed predictions in very good agree-
ment with those from direct numerical simulations. In
section IV we consider a Heaviside Þring rate function
and focus on time-independent spatially varying solu-
tions and show how to determine existence and stability
of pinned front solutions. A fully nonlinear analysis of
traveling fronts is developed in section V based on track-
ing the evolution of level set contours of the neural ac-
tivity. For a Heaviside Þring rate this interface dynamics
simpliÞes considerably and the dynamics for a traveling
front is determined by a single scalar nonlinear ordinary
di! erential equation (ODE). For weak modulation this
ODE can be analyzed using standard perturbation argu-
ments and the wave speed of a pulsating front is easily
calculated. Once again the theory is in excellent agree-
ment with numerical simulations and, in contrast to re-
sults obtained using homogenization theory, can describe
wave behavior even when the period modulation of the
spatial kernel is not rapid. Finally in section VI we sum-
marize and discuss possible extensions of this work.

II. THE MODEL

Many current coarse grained models of neural tissue
trace their origins back to seminal work in the 1970s by
Wilson and Cowan [13, 14] and Amari [15, 16]. In one
spatial dimension the simplest single population model
that describes the evolution of neural activity u = u(x, t ),
with x ! R and t ! R+ is

ut = " u + ! , ! (x, t ) =
! !

"!
dyW(x, y)f # u(y, t). (1)

The function f represents the Þring rate of the tissue and
is often chosen to have a sigmoidal form. The weight ker-
nel W (x, y) represents anatomical connectivity between
points x and y in the tissue and the presence of this func-
tion means that the model has a non-local structure. For
a more comprehensive discussion of such models, their
generalization and their use in neuroscience we refer the
reader to [17]. In this paper we mostly focus on a very
speciÞc form of heterogeneity, namely one where the con-
nectivity has the following product structure:

W (x, y) = W (|x " y|)J (y), J (y) = J (y + " ), (2)

where J is some" -periodic function. The use of period-
ically modulated translationally-invariant kernels of this
form is particularly relevant to modeling primary visual
cortex, which is known to have a periodic micro-structure
on the millimeter scale, reviewed in some detail in the pa-
per by Bresslo! [6]. For later convenience we shall use
a Fourier representation for the real periodic function J
and write

J (x) =
"

n

Jn e2! inx/ " , J" n = J  
n , (3)

t

x
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FIG. 1. (Color online). An example of a pulsating front
solution of (1) and (2) for W (x) = e ! |x | / 2, J (x) = J0 +
! sin(2" x/ #), with f (u) = H (u ! h), using parameter values
J0 = 1, ! = 0 .4, h = 0 .3 and # = 2 " .

where Jn ! C and   denotes complex conjugation. To
provide a sense of the type of solutions that the model
deÞned by (1), (2) and (3) can support we Þrst present a
direct numerical simulation for the choice

W (x) =
1
2

e" |x | , J (x) = J0 + #sin(2$x/ " ), (4)

and f (u) = H (u " h), where H is the Heaviside func-
tion. Figure 1 shows a space-time plot ofu(x, t ) and
a wave that connects a low activity state to a high ac-
tivity state. Although there is an easily identiÞed front
that separates these two states it does not travel with
constant speed and in fact oscillates periodically in a co-
moving frame (whose speed is chosen in an appropriate
fashion, described in section III). In the wake of the front
one also sees a periodic spatial pattern. We call such a
wave a pulsating front. Numerical simulations with such
a Þring rate function show that with increasing # such
fronts can fail to propagate, instead becoming pinned,
in qualitative (though not quantitative) agreement with
predictions from homogenization theory. We will provide
an analysis of pinned fronts in section IV, but before that
we consider their propagating counterparts, for a speciÞc,
piecewise-linear, Þring rate function.

III. TRAVELING PERIODIC WAVE

We focus on solutions of the type shown in Fig. 1 where
enough time has passed so that a periodic traveling wave
can develop deÞned by the conditionsu(x, t ) = u(x +
" , t + T), lim x #! u(x, t ) = 0 and lim x #"! u(x, t ) = q(x)
where q(x) is a stationary (spatially periodic) function.
Note that the solution repeats itself in time T if it is
observed at two points a distance" apart. We deÞne
a speedc of the wave according to c = " /T . Waves
of this type have previously been studied by Shigesada

n = 100 n = 1000 n = 5000 n = $
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Fluctuations study

Fluctuation process

For each neuron:$ i
t = n1/ 2{ U(t,xi ) %u(t,xi )} .

As a distribution:&n
t (dx) = n%1 ! n

i= 1$ i
t ! xi (dx).

Additional assumptions

The positions arexi = i/ n, f is C$ (R) and lower bounded,u0 " S = C$ ([0,1]) and
w " C$ ([0,1]2).

Proposition

The unique solution of the macro model is in fact smooth (belongs to
C([0,T],S )).

For any) " S , &n
t () ) = n%1 ! n

i= 1$ i
t ) (xi ) satisÞes :(&n() ))n is tight in

D ([0,T],R).

(&n)n! 1 is tight inD ([0,T],S ().

Any possible limit& is the unique solution of a linear Stochastic PDE.
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(&n)n! 1 is tight inD ([0,T],S ().

Any possible limit& is the unique solution of a linear Stochastic PDE.
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Fluctuations study
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Non-linear PDE + linear SPDE Ð Mesoscopic model

-
/

0
( tu = %%u+

" 1

0
w(y,x)f (u(t,y))dy,

u(0,x) = u0(x).
(NFE)

Linear SPDE

öUn(t,á) := u(t,á)+ n%1/ 2&t

(t,á)

satisÞes

dt öUn =
%

%%öUn +
" 1

0
w(y,x)f (u(t,y))dy+ n%1/ 2&t

A
w(á,x)f ((u(t,á))

B
&

dt

+
" 1

0

C
w(y,x)2f (u(t,y))

n
W(dt,dy),

whereW is a centred Gaussian random Þeld.
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Heuristics for a non-linear SPDE

( tu = %%u+
" 1

0
w(y,x)f (u(t,y))dy, (NFE)

The contribution of each locationy is n/ 1
nw(y,x) / f (u(t,y)) : expectation of

an empirical mean ofn Poisson variables of parameterf (u(t,y)) .

Its variance should ben%1w(y,x)2f (u(t,y)) .

Non linear SPDE Ð Mesoscopic model

dtUn(t,x) =
%

%%Un(t,x)+
" 1

0
w(y,x)f (Un(t,y))dy

&
dt

+
" 1

0

C
w(y,x)2f (Un(t,y))

n
W(dt,dy)
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Summary/Comparison

The two SPDE systems can be written as

dt öUUn(t,x) = %%öUUn(t,x)dt+ öAAn(dt,x).

with

öAn(dt,x) :=
" 1

0
w(y,x)

7
f (u(t,y))+ f ((u(t,y))

&(t,y)
+

n

9
dydt

+
" 1

0
w(y,x)

:
f (u(t,y))

+
n

W(dt,dy),

or

An(dt,s) :=
" 1

0
w(y,x)f (Un(t,y))dydt+

" 1

0
w(y,x)

:
f (Un(t,y))

+
n

W(dt,dy).

Remind thatöUn(t,x) := u(t,x)+ n%1/ 2&(t,x).

Theorem (C. and Ost Õ20)

sup
t# T,x" [0,1]

E
18
8öUn(t,x) %Un(t,x)

8
82

21/ 2
# C(T)n%1.
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Take home message

Zeroth-order approximation! non linear ODE or PDE.

First-order approximation! standard CLT, coupled PDE and linear SPDE, non
linear SPDE.

KMT/change-time coupling complements Thinning/Sznitman coupling.

Outlook :
" KMT coupling in higher dimensions. Spatio-temporal Hawkes processes.
" Finite-size effects perturbs the travelling wave solutions of the NFE: can we predict

propagation/no propagation on the mesoscopic model ?
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