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@ Introduction
e Thinning
e Change-time
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e Point process (temporalN, (Nt)y o or N(dt) = 1 ! 1(db).
!

e Stochastic intensity(" )y g and" t= " sds

e Standard Poisson process (temporal or spatialyate =1).

e Number of interacting processes (neuroms):

..........
............



Theorem (Thinning)

If ("¢)u o is predictable andi  a.s., then

"

+$
N(dt) = o 1z#--t#(dt,dz)

debnes a point process with intensity given(byu o.
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............
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Theorem (Thinning)

If "¢ is predictable andly .

a.s., then
"+ A(t) —|

N(dt) = . Ly # (dt, d2)
debnes a point process
with intensity given by'+.
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e Exact simulation algorithm.

e # is simulated piecewisely over Pnite rectangles.

e Need to upperbound the intensfity. Not trivial in general.
e Ifthe bound is bad, the method is slow (cf. rejection sampling).
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Theorem (Change time)

If ("t)u ois predictable anli,loc a.s., then

debnes a point process with intensity given(byu o-
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............



Theorem (Change time)

If ("t)u ois predictable and

L. a.s., then

Ne= #o,

debnes a point process with
intensity given by(" t)u o-
v
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Theorem (Change time)
If ("t)u ois predictable and
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Theorem (Change time)

If ("t)u ois predictable and

L. a.s., then

N = #0,

debnes a point process wit
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intensity given by(" 1)1 o.
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Theorem (Change time)
If ("t)u ois predictable and
L. a.s., then A

Ny = #, ,
debnes a point process with
intensity given by(" .
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Theorem (Change time)
If ("t)u ois predictable and
L. a.s., then A

Ny = #, ,
debnes a point process with
intensity given by(" .

y g Woeo | N ; e
T"N$ "1t" #
UGA
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o If " %L(1) is explicit then the method is fast and exact.

e If not, integral approximation is needed :

& approximation method.
& computational cost depends on the approximation step.

7133



© Neurosciences
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e Neurons = electrically excitable cells.
e Action potential = spike of the membrane potential.
e Interactions: synaptic integration. UG
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Microscopic

e Neurons = electrically excitable cells.
e Action potential = spike of the membrane potential.
e Interactions: synaptic integration.
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Mesoscopic

Microscopic

e Neurons = electrically excitable cells.
e Action potential = spike of the membrane potential.
e Interactions: synaptic integration.




Mesoscopic

Microscopic

e Neurons = electrically excitable cells.
e Action potential = spike of the membrane potential.
e Interactions: synaptic integration.

Macroscopic
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Multi-class

(Ditlevsen, Licherbach, 017)
(LScherbach, O19) .
(Chevallier, Melnykova, Tubikanec, O21)

X

Continuous spatial covariates

(Chevallier, Duarte, Lécherpach, Ost, 619)
(Chevallier, Ost, O20)
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© Multi-class Hawkes processes
e PDMP structure
e Mean-Pbeld limit and oscillations
o Diffusion approximation
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e Two populations of neurons of sizg andns.
e Two non-null interacting functions;: » andhy 1.

e Two intensity functiongy > 0, non-decreasing, bounded and Lipschitz.

For eachk= 1,2, andm= 1,...,n;, the spikes of thenth neuron of populatiok are
described byN*™ with intensity
$

1 Me " % m
nlis 1 . e (t%tONR! (dt)
Ri=1
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e Two populations of neurons of sizg andns.
e Two non-null interacting functions;: » andhy 1.
e Two intensity functiongy > 0, non-decreasing, bounded and Lipschitz.

For eactk= 1,2, andm= 1,...,n;, the spikes of the+th neuron of populatiok are
described byN*™ with intensity

. $
. 1 M % m
g = ! o he (t%tON® (dtd)

Main assumption (Erlang kernels)

h _ o £
p (D= e $7k!,

wherecy = * 1 (excitatory/inhibitory)# > O real,$x ! 0 integer.

..........
............
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The intensity of each population is given b&f = fk(thf,’/ol) where

; ' (
t 12
Xtt= hy (1%t 107 NR
0 Mgi=1
) *+. ,
NR(dt)

..........
............



The intensity of each population is given bgf = fk(thf,’/}) where
" ' (
Xt = h,a (t%t) = L e (dt)
Moz,
) *+,
NR(dt()

The derivative cascade gives the Markovian syst¥ris @ PDMP) :

- 1 . 2

;A = o Xt forj= 1., 8,
X% = oS Ldt+ o NR(d),

0 XO = XO" R$1+$2+2,

k+ 199

NR(dt),

! $
wherexi = g (1) (t9%t()
0

($k+ 1%j)!
andNRis a pure jump process with jumps of si#ﬁ_eand intensitm,-(;f,-é(xt'%/g).

..........
............



Letn= n;+ ny and assume thax(/n%/&% pk> O0fork=1,2. J

Assume thafy,f, " C! with bounded derivatives and thag »,hy 1" Lﬁ,c.

o Hawkes processag“™ with intensity
3 4
t% <
mK= g . he (t%tONR(dt)

should be well approximated by independent Poisson proct#<Bsvith
intensity 3

1% 1 .
BK(t) = fi he (t%tOE MR(dt)
0

..........
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Letn= n;+ ny and assume thax(/n%/&% pk> O0fork=1,2. J

Assume thafy,f, " C! with bounded derivatives and thag »,hy 1" Lﬁ,c.

o Hawkes processag“™ with intensity
3 4
t% )
"K= . he (t%tORF(d)

should be well approximated by independent Poisson proct#<Bsvith

intensity 3

0 1
PW=fc N (t%tOE 19
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Letn= n;+ ny and assume thm(/n%/&% pk> O0fork=1,2. J

Assume thafy,f, " C! with bounded derivatives and thag »,hy 1" Lﬁ,c.

o Hawkes processag“™ with intensity
3 4
t% <
mK= g . he (t%tONR(dt)

should be well approximated by independent Poisson proct#<Bsvith
intensity 3

1% 1 .
BK(t) = fi he (t%tOE M*1(dt)
0

. 1 2

o Note that(t) = §@k(t)dt(= E M satisbes the following integral

equation "5 ) 5

K= e hy  (t%t)ZXOdl . (1)
0

e "% s uniquely characterized by (1). UcA

............



o Let(#5™ bei.i.d. standard Poisson processes and

k S k C s k
Nk™(dt) = Lyt (A d2),  RM(dlt) = Loy (02,
0 0

@ This coupling is such that

5 T N
P (N F (Mo #E o (%P (t)Bdt

..........
............



o Let(#5™ bei.i.d. standard Poisson processes and

" 48 Y
NK™(dt) = Lot M(dt d2),  ROM(dt) = 1#.gk(t)#k'm(dt,dz).
0 0

@ This coupling is such that

° ®e TRl
P (N F (Mo #E o ' 9624(1) Bt .

Theorem (Fournier, Delattre 016; Ditlevsen, Lscherbach 617)

Foranym! 1,
5 6 5 6
(N ™)t (N> 99806 (™ m, (e

whereD (the space of cadl"g functions) is endowed with the Skorokhod topology.

..........
............



Theorem (Fournier, Delattre ©16; Ditlevsen, LScherbach 017)
As nandt go to$ with :
@ t/n' O0inthe subcritical case,

Q@ WM 2n%l2: g in the supercritical cas&4 depends on the parameters),

we have
H $ # $
NE™ 962 () NZ™ 96'22(1)

o S % N (0,lom).

m# m m# m

..........
............



e Remind the cascade structure :

-1 Y

7 AT = omr + X dt forj= 1.8k
dXBH L = o xS Lgt+ o NR(dl),

O %= %" RO192+2,

ety (¢ %t() S+ 194

kj - Ry 14
whereX; o Ck @t 1%)! N&(dtY).

e Similarly, we have thenonotone cyclic feedbaslystem :

- Co . . < .
Al = "ot + XKITL(t) dt, forj=1,..., %k,
/
St L = oo St L) dt+ ofp(XR (D) dt,
0 X(O) = Xo " R$1+ $ot+ 2'

et (190t0) W

. )
ki(t) = R+ gt
wherex®!(t) o cxe @+ 1%))! (tHadt.

..........
............



e Remind the cascade structure :

-1 L2

paX = ommoqd+ X dt, forj= 1,8
X = gt e+ 6(dl),

O %= %" RO192+2,

Cot 0p (St 1%
kiz g evmn) (L0 g
whereX; o Cke @+ 190))] N*(dtY).

e Similarly, we have thenonotone cyclic feedbaslystem :

- C ) ) < )
)= KX (L) + X t) dt, forj=1,..., 9%,

;X =T otk kKit1l(p) dt, f 1...%

St L = oo St Lty dt+ of (B H(1)
0 X(O) = X " R$1+ $o+ 2'

4 i (1%t 1%
h k.,j t) = O/O#k(tcyd() i oR t( dt(
wherex™(f) =, ae ($ic+ 1%)j)! ©

..........
............



e Monotone cyclic feedback system :

;S = ggaki )+ KITL(D), forj= 1.8k,
G = kS (1) + o f(RI(),
X(0)= xp" R¥:*%2+2,

0

tcke%#k(t%t() (t%t() S+ 194
($k+ 1%j)!

wherexki(t) = 2Ry g

..........
............



e Monotone cyclic feedback system :

;= ookt + xXkITL(), forj=1,...,$
S+ 1 7)

o B = 0o S (D) + Gfg0RL(D),

x(0)= X" R$1+$2+2,

) t t 96t Kt 199
wherexki(f) = ¢ () (tt)™
0

2R () g
S+ 1) Lt

Theorem (Ditlevsen, L&cherbach 017)

Assume thafy, f, are non-decreasing bounded analytic functions andciitat< O.
Then, the system admits a unique equilibrium paint

There are some parameters for whic¢hs unstable and the system is attracted to a
periodic orbit.

..........
............



Remind the cqscade strycture :
dX = omh X + X o1 d, forj=1,...,%
X% = oS Ldt+ o NR(d),
O %= %" RS:S:+2,
Consider the diffusion approximation

: dYS = ot Y + YOI | forj= 1 Sk
avfS L = o vES Lgte o f(YRY dit+ JLY‘ awg
0 Yo= xo" RS1+$2+2,

whereW?!, W2 are independent standard Brownian motions.

..........
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Remind the cqscade strycture :

dX = omh X + X o1 d, forj=1,...,%

X% = oS Lt + g (),

O %= %" RS:S:+2,
Consider the diffusion approximation
: dYS = omth YR+ YOI dt, | forj=1,. Sk,
AYES L = o YIS gite 6 1V dte L CO) g

O Yo= X" R$1+$2+2'

whereW?!, W2 are independent standard Brownian motions.

Weak approximation (Ditlevsen, L&cherbach 017)

Assumefy,f, " Cp. There exist< such that for al&" Cf,

&
IPX&%PY &||s # celléllas ”4$
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Remind the cqscade strycture :

dX = omh X + X o1 d, forj=1,...,%

X% = oS Ldt+ o NR(d),

O %= %" RS:S:+2,
Consider the diffusion approximation
: dY = omth YR+ YOI dt, | forj=1,. Sk,
AV = oa S Lte o T YRt JLY‘ awf

O Yo= %" R$1+$2+2,

whereW?!, W2 are independent standard Brownian motions.

Strong approximation (C., Melnykova, Tubikanec ©21)

Assumefy, f, are upper and lower bounded. TheémandY can be coupled such tha
forall T> 0,

|
sup, X %Y;, g # %eCT og(n)'
tHT n

where%is a random variable with exponential moments.
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Since the drift part are the same for the PDMP and the diffusion, it sufbces to control
the difference betweelX and
- >

til k( o)
K — K1y i 4
W . o filvHat+ HT \/\4‘( @

..........
............



Since the drift part are the same for the PDMP and the diffusion, it sufbces to control
the difference betweelX and
- >

k( o)
nk M@

"

/
t

K — k,1
WK = 5 o Y Yt +

"t
© Change-time representatioldf = # .« where" = (XY dt,
0

1
W= B

t
wk K, 1y 4e(
o o where "} = 0fk(Yt( )dt',

and(By)t is a Brownian motion with unit drift.
@ KMT coupling : # andB can be coupled such that the random variable

|# ¢ %By|

is sub-exponential.
1- logt P

sup
to
@ Brownian motion modulus of continuity : the random variable

|Bt %Bs| . .
sup : is sub-gaussian. UGA
stT  |t%s{1+ log(T/|t%s)}  ~ 5 A

............




Since the drift part are the same for the PDMP and the diffusion, it sufbces to control
the difference betweelX and
- >

k( o)
nk V\éf@

"

/
t

K — k,1
WK = 5 o Y Yt +

"t
© Change-time representatioldf = # .« where" = (XY dt,
0

1
W= B

t
wk K, 1y 4e(
o o where "} = 0fk(Yt( )dtt,

and(By)t is a Brownian motion with unit drift.
@ KMT coupling : # andB can be coupled such that the random variable
|# ¢ %B|

is sub-exponential.
v o 1- logt b

@ Brownian motion modulus of continuity : the random variable

|Bt %Bs| . .
sup : is sub-gaussian. UGA
stT  |t%s{1+ log(T/|t%s)}  ~ 5 A
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Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs

Naive quantile coupling with 1 interval
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Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs

Naive quantile coupling with 2 intervals

o
N
»
(o2}
for]
5



Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs
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Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs

Naive quantile coupling with 4 intervals
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Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs

Naive quantile coupling with 8 intervals

o
N
IN
fe2]
for]
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Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs

Naive quantile coupling with 16 intervals

o
N
B
()
foe]
5



Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs

Naive quantile coupling with 32 intervals

10
|

unvorsits A
Gronbie Alpes
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Poisson increment; %# ! uniformr.v. in[0,1]! Brownian incremenB; %Bs

Naive quantile coupling with 64 intervals

10
|

unvorsits A
Gronbie Alpes
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Apply quantile coupling to larger intervals and rebPne by dichotomy.

KMT coupling with 64 intervals
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Apply quantile coupling to larger intervals and rebPne by dichotomy.
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Apply quantile coupling to larger intervals and rebPne by dichotomy.

KMT coupling with 64 intervals

10
|
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Apply quantile coupling to larger intervals and rebPne by dichotomy.

KMT coupling with 64 intervals
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@ Spatially structured Hawkes processes
e Mean-beld limit and Neural Field Equation
o First-order approximation and mesoscopic model

24/33



Continuous spatial covariates

(Chevallier, Duarte, Lécherpach, Ost, (319)
(Chevallier, Ost, 020)



e Eachneurom= 1,...,nis located ak; = i/n" [0, 1].

e A Lipschitz continuous spatial kernel: [0,1]2' R..
e A Lipschitz continuous intensity functidn

For eachi = 1,...,n, the spikes of thé-th neuron are described w with intensity
"{ = f(U{) where

Ui o eo/d)/dUO(Xi)“' Y t%6s) 1 w X)X Nj(ds)

Exponential simplibcation

] S

1
o —

@,
T = 5

o
>
w
A\

The OpotentialO vanatthQz satisbes :

0 i n A £ i
duj = %dU] + | =AW %X Ni(d),
UI = Up(Xi)-

.

..........
............



Macro model (Neural Field Equation)

e X = i/ n: (static) position of. e ' : Lebesgue measure ¢ 1].
‘ Intensity :" | := f(UI) ‘ ‘ Limit intensity : " (t,x) = f(u(t, x)) ‘
! dui = weUldt+ n°/°1>!n1w(>q,xi)Ni(dt), I (u= %+ !Olw(y,x)f(u(t,y))' (dy),
q =
O Ul = (). ) % u(0.9 = uo(x.
v

N(x) . PP(" (t,x)).

N(x) := N'andU(t,x) := U}.

..........
............



Macro model (Neural Field Equation)

@ X = i/ n: (static) position of. e ' : Lebesgue measure ¢ 1].
‘ Intensity :" | := f(UI) ‘ ‘ Limit intensity : " (t,x) = f(u(t, x)) ‘
/Ul = 99t 171w )N @) I (u= %+ Fwydf(uty)’ (@),
. J:
0 Ul = ug(x). ) g u(0,x) = up(X).

N(x) := N'andU(t,x) := U}.

N(x) . PP(" (t,x)).

Theorem (C. et al., ©19)

ForallT> 0,




Parameters taken from (Coombes, Laing O11) :
o %=1,
o f(u)= 1p3+s(U),
o W(X,y) = exp(%[x%yl|/ 2) (1+ 0.4sin(y)).




Fluctuation process

e For each neurors! = n¥2{U(t,x) %u(t,x)}.
o As adistribution:&0(dx) = n"1 L $11, (dX).

Additional assumptions
The positions are = i/ n, f is C*(R) and lower boundedy* S = C%([0,1]) and
w" C3¥([0,11?). )

..........
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Fluctuation process

e For each neurors! = n¥2{U(t,x) %u(t,x)}.
o As adistribution:&0(dx) = n"1 L $11, (dX).

Additional assumptions

The positions are = i/ n, f is C*(R) and lower boundedy* S = C%([0,1]) and
w" C3¥([0,11?).

Proposition

| A

e The unique solution of the macro model is in fact smooth (belongs to
C(0,TL,S)).

o Forany) " S,&) )= n*1 L $) (x) satisPes (&'() ))n is tight in
D ([0, T],R).

o (&M 1is tightinD ([0, T],S 0.
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Fluctuation process

e For each neurors! = n¥2{U(t,x) %u(t,x)}.
o As adistribution:&0(dx) = n"1 L $11, (dX).

Additional assumptions

The positions are = i/ n, f is C*(R) and lower boundedy* S = C%([0,1]) and
w" C3¥([0,11?).

Proposition

| A

e The unique solution of the macro model is in fact smooth (belongs to
C(0,TL,S)).

o Forany) " S,&) )= n*1 L $) (x) satisPes (&'() ))n is tight in
D ([0, T],R).

o (&M 1is tightinD ([0, T],S 0.
e Any possible limit& is the unique solution of a linear Stochastic PDE.

..........
............



/ (tu= Y%u+ olw(y,x)f(u(t,y))dy,
0 u(0,x) = up(x).

(NFE)

Linear SPDE

O"(t,4 := u(t,d+ n"/2¢,  satispes
% n
) ) 1 . A
0" = 9%0" + . w(y, X)f (u(t,y)) dy+ n?2&, " w(gx)f{(u(t,d) dt

w C 0000
L5 Wy )2 (uct.y)
n

o W(dt,dy),

whereW is a centred Gaussian random Peld.

..........
............



/ (tu= YU+ Olw(y,x)f(u(t,y))dy,
0 u(0,x) = up(X).

(NFE)

Linear SPDE (in fact & is a function)

O"(t,4 := u(t,d+ n"V 2&(t, § satisbes
% " . &
0" =  9REO" + Olw(y, X)f (u(t,y)) dy+ Olw(y, x)f((u(t,y))gﬁ%dy dt
. c_
T w(y, x)%f (u(t,y))

A ———————=W(dt,dy),
0 n

whereW is a centred Gaussian random Peld.

.
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/ (tu= YU+ Olw(y,x)f(u(t,y))dy,
0 u(0,x) = up(X).

(NFE)

Linear SPDE (in fact & is a function)

O"(t,4 := u(t,d+ n"V 2&(t, § satisbes
% " 7 9 &
1
0" = 9%0" + . w(y,x) f(u(t,y))+ f<(u(t,y))gt’ﬁi) dy dt
. Cc______
T w(y, x)%f (u(t,y))

A ———————=W(dt,dy),
0 n

whereW is a centred Gaussian random Peld.

.
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(1= o0+ Wy 0f (L)l (NFE)

@ The contribution of each locatignis n/ %w(y, x)/ f(u(t,y)): expectation of
an empirical mean af Poisson variables of parameféu(t, y)).

e Its variance should be”®w(y, x)2f (u(t,y)).
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(1= o0+ Wy 0f (L)l (NFE)

@ The contribution of each locatignis n/ %w(y, x)/ f(u(t,y)): expectation of
an empirical mean af Poisson variables of parameféu(t, y)).

e Its variance should be”®w(y, x)2f (u(t,y)).

Non linear SPDE B Mesoscopic model

% o &
1
UMt x) = %"t x)+  w(y,x)f(U"(t,y))dy dt
0

.« C _
LT WY X)PRUN(LY)
n

W(dt, dy)
0

..........
............



The two SPDE systems can be written as
0" (t,x) = %2A0"(t, X)dt+ A"(dt, x).

with
- 7 ey’
A(dt,x) = LWy f(uty)+ f<(u(t,y))J’% dydt

1 Ty

+ o w(y, x)—-l-7W(dt dy),

or

An(dt S) — ’ 1W( f n ) ! ( ( y))
9= W F(UTLY)dydes - wy, ><)%%W(dt dy).

o Remind thatd"(t,x) := u(t,x)+ n" 2&(t,x).

Theorem (C. and Ost ©20)

g Din
sup E QQ"(t,x)%U”(t,x)g # C(T)n”.
t#T,x" [0,1]

= md = =



e Zeroth-order approximatioh non linear ODE or PDE.

e First-order approximatioh standard CLT, coupled PDE and linear SPDE, non
linear SPDE.

o KMT/change-time coupling complements Thinning/Sznitman coupling.
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e Zeroth-order approximatioh non linear ODE or PDE.

e First-order approximatioh standard CLT, coupled PDE and linear SPDE, non
linear SPDE.

o KMT/change-time coupling complements Thinning/Sznitman coupling.

e Outlook :

KMT coupling in higher dimensions. Spatio-temporal Hawkes processes.
Finite-size effects perturbs the travelling wave solutions of the NFE: can we predict
propagation/no propagation on the mesoscopic model ?
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