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Modelling of N neurons in interaction on a graph

» The neuron i is located in x; € | ¢ R?
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Modelling of N neurons in interaction on a graph
» The neuron i is located in x; € | ¢ R?

> (Zi(N)(t)) o counting process :

Z,.(N)(t) = {_number of spikes of the neuron i on [0, t]}
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Model
N neurons in interaction on a random graph
Well posedness

Modelling of N neurons in interaction on a graph

» The neuron i is located in x; € | ¢ R?
> <Zi(N)(t)) counting process :
>0

Z,.(N)(t) = {_number of spikes of the neuron i on [0, t]}

» conditional intensity at time t :
N 1 N t— .
)‘/(' )(t) =f | uo(t,x) + N Z WIS- )/ h(t — S)de( )(s)

= (Zl(N)(t), e ,Z,(\,N)(t)) o multivariate Hawkes process.
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Firing intensity

N
1
AM @y = £ [ o (-, %) + o> wi) /0 } h(t—s)dzM (s)
=1 :
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Firing intensity

N
1
AM@) = £ [ uo (1=, 5) + o iV /]0 t[h(t —5)dzM (s)
j=1 :

» f : R — R, : synaptic integration (ex : linear, sigmoid...)
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Model
N neurons in interaction on a random graph
Well posedness

Firing intensity

)\(.N)(t) =1 | u(t—x)+ 12’\’: / h(t—s) dZ (5)
i 0 y Xi NJ.:1 0

7t[
» f : R — R, : synaptic integration (ex : linear, sigmoid...)

» uy : Ry x| — R : spontaneous activity of the neuron (ex
linear, gaussian...)
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Model
N neurons in interaction on a random graph
Well posedness

Firing intensity

)\(.N)(t) =1 | u(t—x)+ IZN: / h(t—s) dZ (5)
i 0 y Xi szl 0

7t[

» f : R — R, : synaptic integration (ex : linear, sigmoid...)

» uy : Ry x| — R : spontaneous activity of the neuron (ex
linear, gaussian...)

> h : R, — R : memory function which models how a past
jump of the system affects the present intensity (ex :
decreasing exponential h(t) = e~ !, compact support
h(t) = lo<t<o)
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Firing intensity

4/36

)\(.N)(t) =1 | u(t—x)+ IZN: / h(t—s) dZ (5)
i 0 y Xi szl 0

7t[

» f : R — R, : synaptic integration (ex : linear, sigmoid...)

» uy : Ry x| — R : spontaneous activity of the neuron (ex
linear, gaussian...)

> h : R, — R : memory function which models how a past
jump of the system affects the present intensity (ex :
decreasing exponential h(t) = e~ !, compact support
h(t) = lo<t<o)

> . interaction between the neurons i and j
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Model

N neurons in interaction on a random graph
Well posedness

Graph of interaction

Interaction between neurons i/ and j : where

> /@EN) > 0 dilution parameter so that the interaction term
remains of order 1 as N — oo

> Vi j, €0 € {0,1} ~ B (W (xi, %)) where
Wy : | x 1 — [0,1] kernel of the microscopic structure
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Model

N neurons in interaction on a random graph
Well posedness

Graph of interaction

Interaction between neurons i/ and j : where

> /@EN) > 0 dilution parameter so that the interaction term
remains of order 1 as N — oo

> Vi j, §ij) € {0,1} ~ B (W (xi, xj)) where
Wy : | x 1 — [0,1] kernel of the microscopic structure
Definition
i ion - gIV) — (N)
Graph of interaction : G ({1, N}, <§,J >1SiJ§N>
Annealed graph :
g\ _ ({1, .o N} edge j — i with weight (") W,\,(xi,xj))
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Some dense graphs, | = [0, 1], x; = LN,/Q(N) =1,i=1.N

F

Erd6s-Rényi graph

Whn(x,y) = pn with P-nearest neighbor

pn— p>0 WN(X7y) = 1min(|xfy|,1f|xfy|)<r
oo 0o
. 02
o 04
o 0s
o 08
10 Yo 02 o4 o8 os 10

0.0 0.2 0.4 0.6 0.8 1.0

Figure — G(N) with py = 0.5, Figure — GV) with r = 0.1, N =15
N=5
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Model
N neurons in interaction on a random graph
Well posedness

Inhomogeneous graph, I = [0, 1], x; = LN,/Q(N) =1,i=1..

i

0.0

0.

0.4

Expected Degree
Distribution (EDD)

Wi(x,y) = g(x)k(y) l-

Here : Wi(x,y) = xy

1.0 -
0.0 0.2 0.4 0.6 0.8 1.0

Figure — GV with N = 10
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Model
N neurons in interaction on a random graph
Well posedness

(7 (ds, dz));<;j<p @ i-i.d. Poisson random measures on R x R
with intensity measure dsdz. For all t >0,/ € [1, N] :

(N) // {</\(N)(s)} 7i(ds, dz).
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Model
N neurons in interaction on a random graph
Well posedness

(7 (ds, dz));<;j<p @ i-i.d. Poisson random measures on R x R
with intensity measure dsdz. For all t >0,/ € [1, N] :

Z(N) / / {</\(N)( N mi(ds, dz).

For instance (N = 1) : AM(t) =1+ I3~ h(t — s)dz(s)
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Model
N neurons in interaction on a random graph
Well posedness

(7 (ds, dz));<;j<p @ i-i.d. Poisson random measures on R x R
with intensity measure dsdz. For all t >0,/ € [1, N] :

ZM () / / L, (ey, (s, 2).

For instance (N = 1) : AM(t) =1+ I3~ h(t — s)dz(s)
1 ® o71(ds, dz)

T1 1> T3

NI S z"(1)

N
4

—®
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Model
N neurons in interaction on a random graph
Well posedness

(7 (ds, dz));<;j<p @ i-i.d. Poisson random measures on R x R
with intensity measure dsdz. For all t >0,/ € [1, N] :

200 / / L, (ey, (s, 2).

f Lipschitz continuous, h locally integrable, ug bounded, time
continuous, Lipschitz continuous in space

Hypotheses

Proposition [Delattre et al., 2016, Chevallier et al., 2019]

For a fixed realisation of (), ;. there exists a pathwise
unique multivariate Hawkes process

(Zl(N)(t), . Z,(\,N)(t)) __ such that
(suplg,-g,\, E[Zi(N)(t)])t>o is locally bounded.
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Convergence theorem
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( N
AN () = £ | uolt, %) + NZg(’“/ h(t —s)dzM(s) | —— 7

N—oo
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Heuristics
Convergence theorem
Consequences

When N — oo

(N) N t—
N K; N N
AM @y = f to(t, ) + - 3 )/0 h(t —5)dzM(s) | —— 7

" N— oo
J=1

About the positions

N
1 i . C
» (V). o 2 Jx; (dx) o a macroscopical distribution

Scenario (1) : 1 = [0,1] and x; = & = v(dx) = dx
Scenario (2) : (x;) i.i.d. of distribution v
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Heuristics
Convergence theorem
Consequences

When N — oo

(N) N t—
N K; N N
AM @y = f to(t, ) + - 3 )/0 h(t —5)dzM(s) | —— 7

" N— oo
J=1

About the positions

N
1 i . C
» (V). o 2 Jx; (dx) o a macroscopical distribution

Scenario (1) : 1 = [0,1] and x; = & = v(dx) = dx
Scenario (2) : (x;) i.i.d. of distribution v
About the graph

GV — 2
N—o0
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When N — oo

Example : Erdés-Rényi graph

11/36

0.0

1.0 -

0.0

0.2 0.4 0.6

gV, N=5
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Heuristics
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When N — oo

Example : Erdés-Rényi graph

0.0 .
" ..-

0.4 1

06 Il

0.8

1.0
0.0 0.2 0.4 0.6 0.8 1.0

¢V, N=10
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Example :

1.0 Sl = MR L e
0.0 0.2 0.4 0.6 0.8 1.0
¢V) N =100
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Heuristics
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. . Convergence theorem
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Consequences
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Example : Erdés-Rényi graph

0.0 0.2 0.4 0.6 0.8 1.0

M) N =500

[m] = =
11/36
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Model Heuristics
When N — oo uristi

. . Convergence theorem
Large time behaviour of A g
Consequences
Current work

Example : Erdés-Rényi graph

0.0 1.0
0.2 0.8
0.4 0.6
0.6 0.4
0.8 0.2
1.0 0.0

0.0 0.2 0.4 0.6 0.8 1.0

G, N =3000 .

[m] = -
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Example : Erdés-Rényi graph
0.0
02
0.4
06
038

1.0

0.0 0.2 0.4 0.6
N

g, N
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0.54
0.52
0.50
0.48
0.46
0.8 1.0
— 00
[m] = = =
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Heuristics
Convergence theorem
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When N — oo

Example : EDD with W(x,y) = xy

0.0

.|

0.4 1

0.6

0.8

1.0 T T
0.0 0.2 0.4 0.6 0.8 1.0

¢V N =10
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When N — oo

Example : EDD with W(x,y) = xy

0.0

0.2 1

0.4 1

0.6

0.8

12/36

¢M), N =50
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When N — oo

Example : EDD with W(x,y) = xy

0.0

0.2 1

0.4 1

0.6

0.8
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Example : EDD with W(x,y) = xy

0.0
0.2
0.4 1
0.6

084

0.0 0.2 0.4 0.6 0.8 1.0
M) N =500
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Example : EDD with W(x,y) = xy

0.0

0.2 1

0.4 1

0.6 1

0.8 1

¢V), N = 1000

[m] = =
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Example : EDD with W(x,y) = xy

0.0

! 1.0
0.2 A 0.8
0.4 - 0.6
0.6 1 0.4
0.8 - 0.2
1.0 4
0.0 0.2 0.4 0.6 0.8 1.0

Q(N), N —

[m] = -
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When N — oo
. . Convergence theorem
Large time behaviour of A
Consequences

Current work

054

052

050

0.48

0.46

N—o0

Figure — EDD - N = 500 a gauche, graphon W(x,y) = xy a droite
[m] = = =
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Heuristics
Convergence theorem
Consequences

When N — oo

Macroscopic interaction graphon W : /> — R,

N
. _ | | g™ COND
Assume.VN,al_L_JB, / v (8 )_N‘

» Graph GV = Connectivity matrix = step-function wo™
(graphon) [Lovasz, 2012]

Wg'" Z 1 B B (u, v)/@( )WN(X,,XJ)
ij=1
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When N — oo

Macroscopic interaction graphon W : /> — R,

N
. _ | | g™ COND
Assume.VN,al_L_JB, / v (8 )_N'

» Graph GV = Connectivity matrix = step-function wo™
(graphon) [Lovasz, 2012]

g\ (N)
w Zl B B (u,v)K; " Wh(xi, xj)
ij=1
V) do,
> WYm % I/ a macroscopic interaction graphon with
— 00

do,, (Wh, Wa) := sup
s, Tcl

/SxT (W1 — Wa) (x,y) v(dx)v(dy)
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Heuristics
Convergence theorem
Consequences

When N — oo

Heuristics of the limiting intensity

AM ey = £ [ wo(t, )

N _
Z & [ -5z

N— oo

Mt x) = f (uo(t,x)+ // W(x,y) /0 Cht— (s, y)dsu(dy)) )
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Heuristics
Convergence theorem
Consequences

When N — oo

Heuristics of the limiting intensity

N— oo

At x) = f(uo(t,x)+ /, W(x,y) /0 Cht— (s, y)dsu(dy)) )

Proposition - Let T > 0. Assume
fl ) SupXEID( )<OO
> f, !W X, y) = W(X ,y)l (dy) < Cllx = X[|*, v € (0,1]

There exists a unique solution A of (2) continuous and bounded on
[0, T] x 1.
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Heuristics
Convergence theorem
Consequences

When N — oo

Coupling [Delattre et al., 2016, Chevallier et al., 2019]

For t € [0, T],i € [1, N] and the same (7;) :

t 0
N .
> Z,( )(t) — A /O l{zg)\SN)(s)}ﬂ—i(dS’ dZ) with

N t—
)\I(-N)(t) =f (Uo(t,X,') + H/.V Zé,glv)/o h(t — s)de(N)(S))

t o]
> 7i(t) :/0 /() 1{z§/\(s,x,-)}7Ti(dS,dZ) with

Aty x) = f(uo(t,x)—l— W(x,y) /0 h(t— $)A(s, y)dsu(dy)).

Rd
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Heuristics
Convergence theorem
Consequences

When N — oo

Hypotheses

» Control of the dilution of the graph G(V)
» Control of indegrees and outdegress :

Y
SUP;c[1,N] NZJ 1 &M Wy (x5, %) < Cw,

IR V)
SUPje1.N Iy >ic1 ’ff Wi (xi, %) < Cw

Theorem - Let T > 0, for P-almost realisations of
the connectivity sequence (£™")), . and positions

(KN)Nzl :
N
N —
Z sup ]z,‘ )(t) — Z,-(t)’ — o
i1 te[0,T] N— oo
Zoé AcGATHE-NERINE New trends on Hawkes processes



Heuristics
Convergence theorem
Consequences

When N — oo

Empirical measure

Notation
Define the measures on 5 =D([0, T],N) x [

> pn(dn, dx) = Zé 0,7 ) (91 )

> pioo(dn, dx) = P[o,T],oo(dn‘X) v(dx),
for Pjo, 11,00 (+|x) distribution of an inhomogeneous Poisson point
process with intensity (A(t,x))o< <7

18/36 Zoé AGATHE-NERINE New trends on Hawkes processes



Heuristics
Convergence theorem
Consequences

When N — oo

Empirical measure

7

Proposition
For P-almost realisations of the connectivity sequence
(§(N))N>1 and positions (xp)y>1,

E [dBL (un, pioo)] —— O
N— oo

where

dpi(p,v) == sup
g lglp<1

[J_g(du —dv)

lellse == llgllLip + 1l&lls,00
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Spatial profile, with / = [0,1] and x; =

20/36

Heuristics
Convergence theorem
Consequences

When N — oo
N
» X(N)(X) ——

i=1
> Xe(x) = uo(t,x) + [, W(x,y) [y h(t — s)A(s,y)ds v(dy)

o e T

Proposition - For P-almost realisations of the
connectivity sequence (f("’))

.
|
0

N>1'

N— oo

1
XM (x) - Xt(x)’ dx dt] — o
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Outlines

Large time behaviour of A
Subcritical case
Supercritical case
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Subcritical case
Large time behaviour of A Supercritical case

Linear case : f = Id

t
N(E) = wo(tx) + [ W) [ e = s)\(s.y)ds v(d)
I 0
Without spatial interaction [Delattre et al., 2016]

) = 1o + /Ot h(t — s)\(s)ds

Phase transition

. up
» Subcritical h 1) @ A(t —_
Subcritical case (]|h|l1 < 1) @ A( )m T AL

» Supercritical case (||hll1 > 1) : A\(t) ~ aePt — oo for some
a,8>0
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Subcritical case
Large time behaviour of A Supercritical case

At x) = uo(t,x)—i-/W(x,y)/ot h(t — $)A(s, y)ds v(dy)

/

= up(t, x) + /Ot h(t —s) TwA(s,-)(x)ds
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Subcritical case
Large time behaviour of A Supercritical case

At x) = uo(t,x)—i-/W(x,y)/ot h(t — $)A(s, y)ds v(dy)

/

t
= up(t, x) + / h(t —s) TwA(s,-)(x)ds
0
Integral operator Ty

Tw: L) — L*>()
g — (Twg:xr— [ W(x,y)g(y)v(dy)) .
Spectral radius

. n ok
foo :=ro(Tw) = sup o] = lim || Ty|n.
oeSp(Tw) nree

Zoé AGATHE-NERINE New trends on Hawkes processes



Subcritical case
Large time behaviour of A Supercritical case

Subcritical case : ||h|1rx < 1
Theorem
In the subcritical case ||h]|1ro0 < 1, if
sup,e; |uo(t, x) — u(x)| = 0, then for any x € /,
—00

A(t, x) - £(x)

where ¢ is the unique continuous and bounded function solving

((x) = u(x) + [l /, W (x, y)(y)(dy).

Proposition
If ug is constant ¢ is uniform if and only if the indegree is uniform
([, w v(dy) = D for every x € I). In such case, roc = D.
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Model
When N — oo Subcritical case
Large time behaviour of A\ Supercritical case
Current work

Subcritical case - Erdds-Rényi graph

Subcritical condition : ||A]j1p < 1

o
o
o

=
W
s

1.0

,_.
N
b

,_.
N
S

08

Intensity
IS
=
&

06

[
I
o

el
=== lambda(t)
— x=0.5

0.4 1.05

02

Time (t)
0.0

Figure — G(V) h(t) = e, uo(t,x) =
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Subcritical case
Large time behaviour of A Supercritical case

Subcritical case - P-nearest neighbor

(X ) m|n(|x yl1—=|x—y\)<r» foo = 2r
— a2t _
( ) - ) UO(t7X) - ]-7 r=20.1
* e 1.14
- " 1.12 1
1.10 1
06 0.4 a
0 . 3 1.08
c
]
o 0z o4 o o8 10 0 £ 1.06 A
1.04
i — g .
Flgure g 1.02 A - f:ffa(t)
1.00 1 — x=05
N =500 P 3 . : 3 -
_ 10 1_-2¢ Time (t)
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Model
When N — oo Subcritical case
Large time behaviour of A Supercritical case
Current work

Subcritical case - EDD

f.g densities on /, bounded

Wi(x,y) = f(x)g(y), D(x)=f(x), rwo={(fg)
When || h||1(f,g) < 1:

Fx)(u, g>
HhH

10
08 02
06 04
04 o5
02 o8
00 104
10 00

Figure — G(M) with N = 500 and the graphon W(x,y) = xy

M%) —— £(x) = u(x) + s -
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Model
When N — o Subcritical case
Large time behaviour of A Supercritical case
Current work

Subcritical case - EDD W(x,y) = xy

—2t
h(t)=-e
_ 1.150 4  ceeeeeeneenefAgaceesess
up(t,x) =1
3
B(X) =1+ 10X 1.125 1
»>11004 e
Z‘ -== lambda(t,x)
130] % ramboanmx f:_:,) 1.075 A — x=0.5
Uit nensity intime an population € w201
1.050 4
1.025 4
105
1.000 A
o0 T T T T T T
o o B 1o 0 2 2 5 3 10

o4 [
Position (x)
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Subcritical case
Large time behaviour of A Supercritical case

Supercritical case : [|h[1re > 1

|hll1rso > 1= A(t,x) —— 00 ?
t—00

Example a
W with 2 disconnected mean-field

components, a > f3, roo = /2 :
A population can be in the subcritical case
and the other in the supercritical case.

" Co 2 _ 2
(critical parameters : a. = T and . = thll)
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Model
When N — oo Subcritical case
Large time behaviour of A Supercritical case
Current work

Supercritical case : ||h|[1rx > 1

Hypotheses
> sup, f, W(x,y)?v(dy) = Cu, < o0,
> V(x,y) €17, W(x,y)=W(y,x)
> there exists k such that W) > 0 where

W(k)(X,Y) = f/X..‘X/ W(szl) e W(kala}/)dxl s

Proposition

t—o0

/)\(t,x)2u(dx) —— 00
/

kafl.
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Model
When N — oo Hypotheses
Large time behaviour of A Goal
Current work

Outlines

Current work
Hypotheses
Goal
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Model
When N — o Hypotheses
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at

» Exponential decay : h(t) = e~
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> Exponential decay : h(t) = e™**
» Spatial domain : | = [0, 1] and positions : x; = ﬁ
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» Exponential decay : h(t) = e
» Spatial domain : | = [0, 1] and positions : x; = ﬁ

> )‘,('N)(t) = F(Xt(N)(Xi), u(t,x;)) - for instance,
F(X,u) = u+f(X) or f(u+ X)
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» Spatial domain : | = [0, 1] and positions : x; = ﬁ

> )‘,('N)(t) = F(Xt(N)(Xi), u(t,x;)) - for instance,
F(X,u) =u+f(X)or f(u+X)
» Subcritical case ||F||, [|h]j1rs <1
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—at

» Exponential decay : h(t) = e

» Spatial domain : | = [0, 1] and positions : x; = ﬁ

> )‘,('N)(t) = F(Xt(N)(Xi)7 u(t,x;)) - for instance,
F(X,u) =u+ f(X) or f(u+ X)
» Subcritical case ||F||, [|h]j1rs <1

Then the large time limit of the spatial profile verifies

t
0

X0 = [Wixy) [ e 0 IFOG(), als. )s dy

(X is then the solution of the scalar neural field equation [Amari,
1977, Wilson - Cowan, 1972, Chevallier et al., 2019])
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Work in progress
Let Ty be polynomial in N -i.e., there exists m such that

N m
Ty = <) . Then for any € > 0,
KN

XM - x,

>E>_>o.
2 N—oc0

P sup
tE[O,TN]

Tool : the large time limit of X; satisfying

aXeo = TwF(Xso, Uso)
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» Finite time dynamic :

P( sup HX}"’) ~ X
te[0,T]

2>5>~——+0.

N—o0

» Stability around X, for (X¢) :
at (Xt — XOO) = — (Xt — XOO) dt + TW (F(Xt, Ut) — F(XOO, uoo)) dt

» By an iteration argument in large time Xt(N) remains close to
Xso as
0, (xt("’) - xoo) -y (X,S’V) - xoo) dt + dMn(t) + ry(t)dt,

with £ an accretive operator, My some Poissonian noise and ry a
drift term (from the graph).
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Thanks!

[§ Agathe-Nerine, Z. (2021).
Multivariate Hawkes processes on inhomogeneous random
graphs.
arXiv :2106.12259.

[§ Agathe-Nerine, Z. (2022).
Long time behavior for Hawkes processes on random graphs
Work in progess.
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