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Gauge Theory with (large) N colors

't Hooft’ 1974]

Interplay between 4D and 2D

1
(oA APHA A+ ) A 5 UV S A= gl

string tension = VA
string coupling = 1/N
. J
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~
string tension = VA

string coupling = 1/N
y

At large 't Hooft coupling 4 string tension is
large and classical string surfaces dominate

A

AdS radial

direction _ o _
String minimal surface in

Anti-de Sitter

From [Alday, Maldacena, Sever,Vieira2010]

In these theories, life is simple(r) both at weak and strong

coupling
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Concrete realization
N = 4 Super Yang-Mills

Maximal supersymmetric extension of Yang-Mills

[ —

s—tr I, """ + fermions + scalars

9y M

More symmetries than QCD
e.g. scale invariance...
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Conjecture of Maldacena (Gauge/Gravity duality or AdS/CFT)

Gauge theory (Feynman diagrams) ——=  Super String Theory in AdSs x $°
d(2)

Holographic

direction QO
(P(z1)9(22)) = — o Q.

4D ©

¢($1) A= goy N




Bonus

Conjecture of Maldacena (Gauge/Gravity duality or AdS/CFT)

Gauge theory (Feynman diagrams) ——=  Super String Theory in AdSs x $°
¢(72) |
Holographic
direction QO
(P(z1)p(x2)) = p— o Q.
n <
¢(5€1) A= goy N

~» strong coupling

Integrabi

weak coupling sewes

The theory is solvable in the limit N - oo
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Spin Chain State

Energy of the chain

Spin Chain Hamiltonian JHI

Hamiltonian is Integrable!

Mo = A

Local composite

operators

Oz) ~ tr ZZZXZZX 77X
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Elementary fields

Scaling Dimension YA

Dilatation Operator

Dual String state
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Integrability in N=4 SYM

Spin Chain State Local composite Dual String state

>

operators

Oz) ~ tr ZZZXZZX 77X

Elementary fields @ Ttime

-
- ~ o
. ~
Ps ~
lp 3
4

\___//'spaoe

Energy of the chain Scaling Dimension A Energy of the string

Spin Chain Hamiltonian JHI Dilatation Operator String Hamiltonian

ps P2 pi Integrable Classical

Hamiltonian is Integrable! .
String!

Mo = A

P1 P2 P3
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General case: Arbitrary number of operators (>2) and beyond the large N limit
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Cylinder = Spectral problem
Off-shell edge
Cut open very far away
here \
@ Magnon/string
‘\CO\ e > 2 body S-matrix
P Tie
< >

L

Dilute gas approximation: Complicated interactions replaced by 2 to 2 scattering events

Integrability: Correct description up to exponentially small corrections in system
size e 1E ~ O(AY) (also known as wrapping)
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Need to glue

Glue back the cylinder

@ + Wrapping + ...
More virtual
particles being
exchanged

Vlrtu?il effect:.exchange of | e —LE - @ ( /1 L)
\Ertlcle in mirror channel i

—~

Wrapping corrections from ‘mirror’
. excitations winding around the operators.
basis of states on those edges (Resummation of these corrections leads to

[Gromov, Kazakoy, Leurent,Volin’201 3] TBA or Quantum SPeCtI"a| CUI’VG)

Vacuum (in mirror theory = double
Wick rotated theory)

Gluing edges = insert complete
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Four-point function = Hexagons glued together

glue =insert 1 = Z [90) (1| (complete basis of states)
P
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complete
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This decomposition extends for any topology
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Integrable Bootstrap for the Hexagons

* Elementary building block (2-particle state)
1 P2

P1 D2
e

’
’ .
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’ .
4 Y
y 1 1
. : 1
— . CaAAA
] 1
1 1
1
] 1
1 1
........

Xa,4,(41) Fundamental irrep of psu(2[2) X psu(2|2)

Conical defect

7 AlAl,AZAZ(PpPz) =

¢ Constrained by (super)symmetries and integrability, similar to . . .

form-factor bootstrap Cosro-Avarede,
oyon,...

e.g.Watson equation: Z(py, pp) = S(py,p,) # (py, py)

.. : . x;—x5 1 —1/x;7xF 1
% Explicit non-perturbative solution: #(p,,p,) = ——= 12

xp —xi 1 = 1/x{xsF oy

r; = x;(N), 012 = 012(N)

6
<Ol e O4> ‘torus: —%{ [Basso, Komatsu,Vieira.’2015]
g*[Fr' =1+ 5] P v match Perfect match
—2¢" “%r4 — Z?“Q + %}F@) + [%TLL — %7"2 + ;—g] i <F(1))2} v' match with
+ P[] FD 4 [ (PO (FD) + [ (FD)°] prediction! known data!

+0(g°) + O(l/k)} * [Bargheer, JC, Fleury, Komatsu,Vieira’| 7 18]
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Strong coupling correlation
functions

coupling \

weak coupling
Correlation functions

Area of the minimal

surface in AdS

3 pt functions: [Janik,Wereszczynski | |
Kazama, Komatsu’l |,12,13]
4 pt and higher: [JC,Toledo’ | 2]

------
- N~
'd‘ ~§~ A dS
e . AdS space
L4
’ LN
’ N
. s
L4 Y
b4 Ly
l' k
P i X}
’ -- . gy
I} o RS .’ !
[ .’ « ! hRS ’
I o W \ ]
/] 'o . (]
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Strong coupling correlation
functions

coupling \

weak coupling strong coupling

From Hexagons: . .
8 Correlation functions

Four point functions for |/2 BPS operators in a -

special polarization [Coronado’ | 8; Kostoy, Petkova Serban’|9; Area of the minimal

Belitsky, Korchemsky’ 19 "20; Bargheer Coronado,Vieira’| 9] SU rface Ta Ads
Three point functions near the BMN limit [Basso, Zhong'19] 3 pt functions: [Janik,VWVereszczynski 'l |
Kazama, Komatsu’l |,12,13]

) i . o 4 pt and higher: [JC,Toledo’ | 2]
Partial resummation of mirror excitations for 3

heavy operators [Jiang, Komatsu, Kostov, Serban’| 6] - S 4 AdS space
Hexagons for Fishnets and resummation P e 2
[Basso, JC, Fleury 18] ar v N
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Less supersymmetry, conformal symmetry breaking:

massive deformations: /4 = 1* SYM, /J = 2* SYM

Deform away from .//'=4 SYM

Less supersymmetry:

marginal deformations: Leigh-Strassler, y-deformed YM,

FiS h het th eories [Gurdogan,KazakoV’ 15; JC, Gurdogan, Kazakov ’1 6]

irrelevant deformations: 80O = F* + ... [C Pechers, Rasteli 20]

Coulomb branch: (¢.) =m; # 0
Defects: D3/D5 system etc.

/=4 SYMon RI

[JC, Rastelli, to appear]
[JC, Komatsu, Rastelli, in
progress]

[JC, Komatsu’21]
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4-manifold)



Real projective space

RP* = §* /{X+ ~ — XV

CFT,onRPY 3o(d+1,1) = 8o(d+ 1) :
(Euclidean)

® | ocally conformally flat, but not globally

e Same OPE structure as in flat space

(simplest unorientable
4-manifold)



Why to study gauge theories on RI

® New setup of AdS/CFT, with exactly solvable tools like
localization, integrability and bootstrap. New ingredients in
holography.
e QFTs on unorientable manifolds: insight on time-reversal
anomalies [Witten’l6]
e CFT on RP“: conformal symmetry breaking
® new observables () satisfying bootstrap constraints

® similar to the boundary setup but much more rigid.
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N =4 SYM on RP?

e /=4 SYM: Antipodal map preserves |6 supercharges 1/2-BPS

configuration

o8p(d*|4) D do0(5) X380(3)X38n(2,1)

spacetime R-symvmetry

® How do elementary fields transform under the antipodal map ?
Spacetime and R-symmetry transformations fixed by SUSY

e Color part?
SU(N) gauge group contains outer automorphism

t:T% —~ —T°  “Charge conjugation”

r

(At least) two choices, for /= 4 SYM on RP* depending whether
we gauge 7 or not

1
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O(x) T, = D(x) T, .
fj R*

xH
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Remaining fields: _
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E.g. Scalar propagator on RP*
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No charge conjugation

Stereographic
projection

PUx)T, = DUx) T, r

R4
x2 D, = (@5, O, — Dy, Dy, — Dy, — D)

Remaining fields: -
~X
AT, = = LYAYO) T,, P)T, = — i——RP )T, .

: x
N\

Inversion tensor R =— 1_‘790

E.g. Scalar propagator on RP*

([D]1",(0) [@,)7, () = by (l x ;) (5’%55 — l5;’1715p>
q n 1 — n q N q
— N
(x— y)? Usual cglor part p

(1 +x2)(1 +y?)

Chordal distance n =
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No charge conjugation

Conformal symmetry breaking (O0) #0
L

N

Lorentz scalar and SO(3)xSO(3) singlet



No charge conjugation

Conformal symmetry breaking (O0) #0
L

N\

Lorentz scalar and SO(3)xSO(3) singlet

Take a single trace O ~ Trly,...x;]

(0) ~ Nl% ~ N
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With charge conjugation
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With charge conjugation

DI T, = — DU x) T,

Remaining fields: ~
[ x#

AT, = LPAY) T, W) T, =i IH | RY(x) T .
X

E.g. Scalar propagator on RP* w/ charge conjugation

( )
(apst —ovey) (87, = 50e])

([®]",(x) [@,17, () = & +
7 I=n

\




With charge conjugation

DI T, = — DU x) T,

Remaining fields:

~

Fﬁx”
Al T, = LAY (0T, , W) T, =i
| x|

E.g. Scalar propagator on RP* w/ charge conjugation

<[(I)1]mn(x) [(I)J]pq()’» — 51]

\
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n—q

BYx) T .
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With charge
conjugation

(0) ~— %Nm
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|dentification of antipodal points on the
spin chain



With charge No charge
conjugation conjugation

|dentification of antipodal points on the
spin chain




With charge No charge
conjugation conjugation

|dentification of antipodal points on the
spin chain

Background unchanged New classical background!

to leading order (apart from Asymptotic to AdS5><55
orientifold projection).

Integrable setup!

[JC, Rastelli, to appear]
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N =4 SYM on RI

(with charge conjugation)

§/ Take a SU(2) spin chain state
(O) ~ = B
@ O(x) = Pe%qsy/ tr(ZZX7Z7X)

~ Z wl 11 11~

perms

|C>>j = [1 >j® T >j+% + |l >j® 1 >j+%

L

2

& =[](1en)

j=1
Crosscap state
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N =4 SYM on RP*

(with charge conjugation)

N Take a SU(2) spin chain state
(O) ~ T _
@ O(x) = Pe%qsy/ tr(ZZX7Z7X)

~ Y oyl L)

perms (Bethe state)

=110 @1 )+ 1)@ 1L ) H
L
2

@ =[1(1e))" (@ = (@l0)

j=1
Crosscap state




Crosscap states in Integrable Theories
(2 d ) [JC, Komatsu'21]



Crosscap states in Integrable Theories
(2 d ) [JC, Komatsu'21]
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Crosscap states in Integrable Theories
(2 d ) [JC, Komatsu'21]

X

z~—1/7 Q

Cut out a disk from a 2d surface + identify points at the boundary of the disk

The state created by this procedure is the crosscap state
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e Simplest integrable model: single type of particle (massive) (e.g sinh-

Gordon model) : —
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e Simplest integrable model: single type of particle (massive) (e.g sinh-
Gordon model)
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Exact crosscap overlaps in Integrable
Theories —

® A crosscap preserves integrability of the bulk theory.

e Simplest integrable model: single type of particle (massive) (e.g sinh-
Gordon model)

det_l—é’

Y(O -

(B |P)| = 1+\/1 © -
\ +YO) ) det [1 - G

Y-function 0= LE(u)+log Y(u) —log(1 +Y) * & (u)

Dispersion relation AJ
1
K (U, v) =—0a, [log S(u,v) = log S(u, — v)]
l

S-matrix



Exact crosscap overlaps in Integrable
Theories —

® A crosscap preserves integrability of the bulk theory.

e Simplest integrable model: single type of particle (massive) (e.g sinh-

Gordon model) : —
det [l — G’

Y(0) -

(E|YP)|= ||1+ Z —

\ I+ YO) | det |1 -6,

Y-function 0= LE(u)+log Y(u) —log(1 +Y) * & (u)

Dispersion relation AJ
1
K (U, v) =—0a, [log S(u,v) = log S(u, — v)]
l

© 1, %i(u’v) S-matrix

T + [O 21t v

n 2 IR (U, uy,)

G = 2 og vy



Exact crosscap overlaps in Integrable
Theories

e Simplest integrable model: single type of particle (massive) (e.g sinh-
Gordon model)

det_l—é’_

Y(O -

(B |P)| = 1+\/1 © -
\ +YO) ) det [1 - G




Exact crosscap overlaps in Integrable
Theories

e Simplest integrable model: single type of particle (massive) (e.g sinh-
Gordon model)

det_l—é’_

Y(O -

(B |P)| = 1+\/1 © -
\ +YO) ) det [1 - G

e In./V/ =4 SYM, the model is “nested”, i.e. several levels < several

Y-functions
® The corresponding formula is a generalization of this one.

e We therefore compute the exact one-point functions ()

[JC, Komatsu, Rastelli, in progress]



Unified picture emerging
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Unified picture emerging

A @

E;;::m/ {Oﬂ [@ zn+4g4J

Spectral Curve

** Is there a quantum spectral curve for higher point correlation functions?

* Explore holography: bulk locality, Regge limit, compare with results from
conformal bootstrap etc.

** Finite N physics (resummation in N)?



Conclusions

% N =4 SYM on RP* provides new rich setups of AdS/CFT

* Without charge conjugation: new supergravity background.

** Matrix model from supersymmetric localization

* With charge conjugation: orientifold in AdS and integrable setup
» New matrix model from supersymmetric localization

**Studied crosscap states in integrable theories

* Lessons for orientifolds in curved backgrounds? Non-perturbative
definition!?



Conclusions

% N =4 SYM on RP* provides new rich setups of AdS/CFT

“* Without charge conjugation: new supergravity background.

** Matrix model from supersymmetric localization [Wang 20]

* With charge conjugation: orientifold in AdS and integrable setup

“* New matrix model from supersymmetric localization [jc, Komatsu, Rastelli],
in progress

**Studied crosscap states in integrable theories

** Lessons for orientifolds in curved backgrounds? Non-perturbative
definition!?



Thank you!



Backup slides



Holographic Dual of ./ = 4 SYM

4
on R (without charge conjugation)

® New (euclidean) [/2-BPS solution of 10D IIB supergravity
(asymptotically AdS)

2
cos“ 0 5

)
4
ds3~ = AV ds? (a’6’2 dQ> )
10D 5D T 2 2
1+ F cos «9\_\(_, | + A _sin 9""("’)

dr? +¢92Acislw4 A\SOG) /—5 S0(2,1)

Explicit functions of r and 7

. 1 1
e = i sinh 2r + —(2 — #)cosh 2r — —
4 4 2

Parametric family of backgrounds. Needs to be
fixed by comparison to the gauge theory.

e Solution contains explicit expressions for non-trivial dilaton, B,, C,
and C4

¥ — (0 Standard (euclidean) AdS xS’



