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Advection equation

We want to approximate the solution v : R™ x [0,1] — R of the
advection equation (a > 0):

Oru+adyu=0 (t,x)eR" x[0,1]
u(t,0)=g(t) g:R* =R (1)
u(0,x)="7(x) f:[0,1] = R.

The finite difference scheme we used are the following.
Ut =h_ &l neNje[o;J]
U”+Zf”51 bi ;U = g/ neN,je[-r-1]

ur+ 3t Oc,jUJ, gl neNje[J+1;J+p]
UJO:f(xJ) Jj€1[0;J].

()

with J € N*, Ax =1

5 and x; = jAx for j € [0; J] and At €]0, 1] and

At
t" = nAt for n € N satisfying the Courant number A := QA— fixed.
X
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Discretization
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Convergence

Consistency the exact solution of the PDE is almost a solution
of the scheme
Stability the solution is continuous with respect to the initial
data, the boundary data and a source term F

Theorem (Lax)

A linear scheme is convergent if and only if it is consistent and stable.

Consistency
Study u(t"t, x;) — > k__, aku(t", x;1«) for the interior
and u(t", x;) + S0t by ju(t”, x;) — g/ for the boundary

Stability
Find an inequality of the form ||U|| < [|7] + |lg|| + || F]|

Strategy to prove stability 7
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GKS Theory
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GKS theory (Gustafsson, Kreiss and Sundstrém) is introduced in the
article [GKS72] and gives the following proposition.

Proposition

To have the stability of the problem with two boundaries, it is sufficient
to prove :

(a) the Cauchy-stability of the problem without boundary (on Z),
(b) the stability of the problem with only a left boundary (on N),
(c) the stability of the problem with only a right boundary (on —N).

Points (b) and (c) can be handled in the same way.
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Cauchy-Stability

Definition (Symbol)
The symbol of the scheme is defined, for £ € R, by

P
€)=Y e

j=—r

We have W(&) = 7(5)07‘(5) for all £ € R.

Definition (Cauchy-stability)

The scheme is Cauchy-stable if

VEER, [y(&I<1

[U"lax < sup "IV ax
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Cauchy-Stability

Beam-Warming

For example, the Beam-Warming scheme is given by

A1) (A —1)(A—2)

n+1 __ n n n
Ut = T U+ A2 - WU+ )

— unitcircle
— symbol

-15 -1.0 -05 0.0 05 10 15

Figure: Symbol of Beam-Warming for A = 1.8.
Cauchy-stable for the CFL condition given by: 0 < A < 2.
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Cauchy-Stability

Third Order

For example, let us take the Third Order scheme (O3) given by

n 3 n 2 3 n : n ’ ’ 7
= (5 -2) s (- 8) g b3 e ) e (54 - )

— unitcircle
— symbol

-15 -1.0 -0.5 0.0 05 1.0 15

Figure: Symbol of Third Order for A = 0.35.
Cauchy-stable for the CFL condition given by: 0 < A < 1.
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Stablity of the scheme with only one boundary

We study the following problem:

urtt = ’k’l}rakujzk, neN,jeN
ur+ Sy bijUr = g, neNje[-r—1] (3)
(U € 2(N)
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Stablity of the scheme with only one boundary

We study the following problem:

Uj”’lf flffrakanAkv neN,jeN
ur+ Sy bijUr = g, neNje[-r—1] (3)

(UP); € 3(N)

GKS-Stability: for f =0 and F = 0, there exist K, ag such that for all
«a > ag, we have

-1 -1
- a—Qp - —
> e a"Ath||2At+<<M) lem e U ae < K2 Yl g 1A,
j=—r

j=—r

10/34



10/34

Framework
[e]ele]e] ]

Stablity of the scheme with only one boundary

We study the following problem:

= f,frakUj”Ak, neN,jeN
Ur+ St biUr =g, neN,je[-r—1] (3)
(Ur); € (N)

n+1
Uj

GKS-Stability: for f =0 and F = 0, there exist K, ag such that for all
«a > ag, we have

-1 -1
- a—Qp - —
> e a"Ath||2At+<<M) lem e U ae < K2 Yl g 1A,
j=—r

j=—r

Theorem (Kreiss)

The following assertions are equivalent:
e the scheme with only one boundary is stable

o the Kreiss-Lopatinskii determinant A(z) doesn't vanish on {|z| > 1}
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Main theorem 1

Case p = 0 (where p is the number of right points in the scheme)

We draw A(S).

Theorem (B.Boutin, PLB, N.Seguin[BLBS22])

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Inda(g)(0) solutions in {|z| > 1}.

12/34



Main result
[e]e] lele}

AN -1 A—1)(A -2

1
Uny = S(Ug =207 + Ug) + g7, )

n+1 _
L!j =

4
\

-2 -1 1 2 3

Figure: Kreiss-Lopatinskii determinant for the Beam-Warming scheme (4)

13/34



Main result

[e]e]e] o}
A=0.7
symbol Kieiss-Lopatingl determinant
A=14
symbol

el Lopatinskil determinant

SE
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Kess Lopatinski ceterminant

Kess Lopatinski determinant
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Main theorem 2

General case (for any p)

Theorem (B.Boutin, PLB, N.Seguin (in preparation))

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Inda(gs)(0) solutions in {|z| > 1}.
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Main theorem 2

General case (for any p)

Theorem (B.Boutin, PLB, N.Seguin (in preparation))

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Inda(gs)(0) solutions in {|z| > 1}.

Third Order scheme with S11LW3

) XA, DU
Uj+1(6 >U 2+ >\+?*? 7

A , A n XX AN,
+(1—2—)\+2>UJ+<2—6_3 /i1 (5)

U2y = —(Uh — Up) + 5 (U5 —2Uf + U§) + &1,
U, = —2(Us — Up) +2(UZ — 2U7 + U) + g"»
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Main theorem 2

General case (for any p)

Theorem (B.Boutin, PLB, N.Seguin (in preparation))

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Inda(gs)(0) solutions in {|z| > 1}.

Figure: Kreiss-Lopatinskii determinant for the ThirdOrder scheme with SILW3.

15/34



Kreiss-Lopatinskii determinant
o

Contents

© Kreiss-Lopatinskii determinant
@ Interior equation
@ Boundary equation

16/34



Kreiss-Lopatinskii determinant
00000

Z-transform and characteristic equation

We recall the interior equation of the scheme

2
Urtt= %" aUl, VjieNVneN.
k=—r

We use the Z-transform and obtain the following recursive sequence
~ p ——
2Ui(2) = > alju(z) VjieN,V|z[> 1,
k=—r
whose characteristic equation is

p
zk" = E ajm’ﬂ

j=r
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Hersh lemma

Characteristic equation

P
zK" = z ajr’ (5)

j=—r

Lemma (Hersh)
If the scheme is Cauchy-stable and if |z| > 1, then the characteristic
equation (5):

e has no root on the unit circle S,

e has r roots (with multiplicity) in D,

e has p roots (with multiplicity) in C \ D.

v

We select only the r roots (with multiplicity) in the unit disk to have the
solution (Uj(2))jen in 3(N), i.e. j;og Ax|Ui(2)]? < 0.
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Hersh lemma illustration

Where z lives Where & lives
nx /// RN é p roots
. N inC\D
4 \
// l‘{/ \
/ X K \\
i X \
I .
| rrootsinD |
\ 1
VKR ! X
/ K
voX £ ,
\ X 'K
N K X K
N . X
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Space of solutions in ¢? in space
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For the sake of simplicity, we suppose that the roots k of the
characteristic equation from the unit disk are simple.

For |z| > 1, we denote &;(z) the space of solutions in ¢2 in space. By
Hersh lemma, its dimension is r because there are r roots x inside the

unit disk. 1 1 1
K1 K2 Kr

2 2 2

Es(z) = Vect k|| k2 Ky

W37 k3 3

We denote K; j(z) € M;_;11,,(C) the extraction of the components
between row i and j included.

ﬁﬁ()) S e
Kiglz) = ,
ﬁ{(z) wh(2) #(2)

We extend this space to the domain |z] =1 ([Coul3]).
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Extension to C\ D

Where z lives Where & lives
//"__“\ «—
e nx\\ p roots

e N .

7R
£/ . in (C.\]D
/ o Y coming
1 _ \ —
\ rrootsinD )1 o from C\D

' coming from D e

’
\
XX
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Boundary consideration

The scheme (with g = 0) can be seen as the following semi-infinite
Quasi-Toeplitz matrix:

(ZO(Z) i1 Pz ... Pim O 0 (Zo(z)
Ui(2) : 0 ..o | U

z| L) | =81 B2 oo Bem 0 ... 0f]Ua(2)
3(2) a_, ... a ... & 0 3(2)

The boundary is expressed in the following equality:

Uo(2) Uo(2)
— 3 15} . Bim ~
Ui (2) /1.,1 P1,2 ‘ 1.., Ui(2)
V4 . = :
- Bra Bra oo Bom) |
Urfl(Z) Umfl(z)

B
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Kreiss-Lopatinskii determinant

Writing (U;j(z)) in the basis of £(z), to have uniqueness of solutions, the
following determinant has to be non zero

AK[_(Z) = det(zKoA,,l(z) - BKOAm—l(Z))

Definition (Intrinsic Kreiss-Lopatinskii determinant)

For all |z| > 1, we define intrinsic Kreiss-Lopatinskii determinant by

det(ZKo_rfl(Z) - BKO,mfl(Z)) )

A
- det Ko_,,l(Z)
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Main result 1
Case p=0
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Main result 1
Case p=0

Theorem (B.Boutin, PLB, N.Seguin [BLBS22])

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Inda(g)(0) solutions in {|z| > 1}.
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Main result 1
Case p=0

Theorem (B.Boutin, PLB, N.Seguin [BLBS22])

Assume Cauchy-stability and consistency. We have
VzeC\D, A(z)=(~1)"" det C(2) (—_)

where det C(z) is a constructible polynomial of z depending only on the

interior coefficients (aj)?:_r and the boundary coefficients.

m—r

Theorem (B.Boutin, PLB, N.Seguin [BLBS22])

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Inda(g)(0) solutions in {|z| > 1}.
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Main result 2

General case
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Main result 2

General case

Theorem (B.Boutin, PLB, N.Seguin (in preparation))

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Indas)(0) solutions in {|z| > 1}.
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Main result 2

General case

Proposition (B.Boutin, PLB, N.Seguin (in preparation))

Assume that the scheme is Cauchy-stable and consistent. The intrinsic
Kreiss-Lopatinskii determinant is holomorphic on {|z| > 1} and
continuous on {|z| > 1}.

Theorem (B.Boutin, PLB, N.Seguin (in preparation))

Assume that the scheme is Cauchy-stable and consistent. If 0 ¢ A(S)
then the equation A(z) = 0 has r — Inda(g)(0) solutions in {|z| > 1}.
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We have

det(zKO),_l(z) — BK07m_]_(Z))
det(Ko,r—1(2))

BKo,m-1(2)Ks.
_zrdet<,r_ om-1(2) o,,_l(z)>.

Az) =

z

The function z — Ko m—1(z )K* 1(2) is holomorphic on {|z| > 1},
continuous on {|z| > 1} and bounded on {|z| = 1} (technical proof).

Let us take the continuous function

A D\ {0} — C
' z —  A(1/z)

meromorphic on D with a pole at 0 of order r.
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Sketch of the proof

~ D\ {0 C
a: VO . A(1/z)

Use the Residue theorem on A to get
Indz(s)(O) = #zerosx (D) — #polesx (D)
which leads to

#zerosa(C \ D) = #polesx (D) —Indas)(0)-
—

r
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How do we compute the Kreiss-Lopatinskii determinant ?
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How do we compute the Kreiss-Lopatinskii determinant ?

, Us(z) (Bl.‘l e ﬂl:"”) )

ﬂr.,l ﬁr,Z . /))r,m
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How do we compute the Kreiss-Lopatinskii determinant ?

Uo(2) . Uo(2)
U]_(Z) /3]..,1 031,2 s ﬂl.,m Ul(Z)
z . = :
D:(Z) ﬂr,l ﬁr,Z - LR /jr,m U,:(2)

But, for all j € N, we have
apUpspsr(2) + - + a1 Upsr4r(2) + (a0 — 2)Ujpr(2) + -+ - + 2, Uj(2) = 0.
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How do we compute the Kreiss-Lopatinskii determinant ?

Us(2) , | Us(2)
U]_(Z) B]:,l 031,2 e /31..,m Ul(Z)
z } = :
- s o B |
0 (2) Bra Bro2 ' Br, Ui (2)

But, for all j € N, we have

apUpspsr(2) + - + a1 Upsr4r(2) + (a0 — 2)Ujpr(2) + -+ - + 2, Uj(2) = 0.
We can express every Ug(z), UI(Z), e ,U,,:__/l(z) in terms of

Uo(2), U1(2), - .., Urtp—1(2). Hence,

Uo(2) Us(2)
z U1:(2) = B(z2) Ul:(Z) with B(z) € M, ,4,(C)
Ura(2) Uripa(2)
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If p =0 then the matrix B(z) is a square matrix.

We have

_ det(ZKo,,—_l(Z) — %(Z)Ko’r_l(z))
det K07,_1(Z)

= det(zl, — B(z))

A(z)

with 9(z) easily computable and depending only on z, the coefficients
(3;)%~_, and the matrix B.

Moreover, no need to compute the roots « of the characteristic equation.
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General case
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If p # 0 then the matrix B(z) is not a square matrix.
Let us take the polynomial of degree r whose roots are the x from the
inside.

TTX — i(2)) = X+ 0 a@X o 01(2)X + aol2)

symmetric functions of (k;(z));

Then we can do the same transformation with this polynomial and obtain

A(z) = det(zl, — B(o,-1(2),...,00(2)))
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Winding number

The curve we draw is a polygonal line. We count the number of loops
around the origin.

S
/

See [ZM13] for results of robustness.
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Beam-Warming example

S1ILW2 0 2 0
S1ILW3 0 5 0 1
S2ILW3
0 2 0 1
S1lLw4 0 2 1 3
S2I1LW4
0 2 0 1 2
S3ILw4
0 2 0 1 2
: : . % : :
00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.0

Number of zeros of Kreiss-Lopatinskii determinant for Beam-Warming
scheme with different SILW boundary with respect to .
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Conclusion

Conclusion:

e Explicit use of the Kreiss-Lopatinskii determinant ([GKO13]) for one
time step explicit scheme.

e Numerical procedure to check the stability of a problem defined on
N with f =0 and g # 0.

In prospect:
e Link with [CF21] where f 20 and g =0

e Find inequality of convergence for Simplified Inverse Lax-Wendroff
boundary condition ([BNS*21])

e Explicit the Kreiss-Lopatinskii determinant for multistep scheme
(Leapfrog) ([Tre84])

o Study implicit problem (Crank Nicolson)
e Study in higher dimension (dimension 2) ([DDJ18])

e Make rigourous the numerical computation (with interval arithmetics
for instance)
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