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Consider the Schrödinger equation on the half space Ω = Rd−1 × R+:
i∂t u + ∆u = f , (x , y , t) ∈ Rd−1 × R+ × R+

t ,

u|t=0 = u0,

B(u|y=0, ∂y u|y=0) = g.

The main result is

Theoreme

For u0 ∈ Hs(Ω), g ∈ Hs(Rd−1 × R+
t ), f ∈ X s , there exists a unique Ct Hs solution

if B is a nice operator, the data satisfy nice compatibility conditions, and the spaces
Hs, X s are some ad hoc spaces.
Moreover global Strichartz estimates hold

‖u‖LpBs
q,2

. ‖u0‖Hs + ‖g‖Hs + ‖f‖Bs .

with 2/p + d/q = d/2, p > 2
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A model case : Dirichlet boundary conditions : by Fourier(-Laplace) transform the
solution of the pure BVP satisfies{

∂2
y û(η, y , τ) = (|η|2 + τ)û,

û(η, 0, τ) = ĝ(η, τ).

with
û(η, y , τ) =

∫
e−i(x·η+τ t)udxdt , τ = δ − iγ, γ > 0

”Hence”
û = e−y

√
|η|2+τ ĝ,

letting γ → 0,

û(η, y , δ) = e−y
√
|η|2+δ ĝ(η, δ).

(where √ is the appropriate square root).
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y û(η, y , τ) = (|η|2 + τ)û,
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û = e−y

√
|η|2+τ ĝ,
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|η|2+δ ĝ(η, δ).

(where √ is the appropriate square root).

Corentin Audiard, LJLL BVP Schrödinger



Main results BC FS CC Nonlinear applications

Plan

1 Main results

2 Admissible boundary conditions

3 Functional spaces

4 Solution and compatibility conditions

5 Nonlinear applications

Corentin Audiard, LJLL BVP Schrödinger



Main results BC FS CC Nonlinear applications

For general boundary conditions, the solution is still (should be) of the form

e−y
√
|η|2+δ û|y=0,

hence we have the Dirichlet-Neuman relation

∂̂y u(η, 0, δ) = −û(y , 0, δ)
√
|η|2 + δ.

Consider boundary conditions of the form

B̂u = a(η, δ)û|y=0 + b(η, δ)∂̂y u|y=0,

then

û(η, 0, δ) =
B̂u

a + b
√
|η|2 + δ

.
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Définition (admissible boundary conditions)

The boundary conditions are said to satisfy the uniform Kreiss-Lopatinskii condition
when a, b are holomorphic, homogeneous of respective order 0,−1:
a(λη, λ2δ) = a(η, δ), and

∃α, β > 0 : α ≤ D(B) := |a− b
√
|η|2 + τ | ≤ β.

Relevant examples :

1 Dirichlet, a = 1, b = 0,

2 Neuman (forced) a = 0, b = 1/
√
|η|2 + τ ,

3 Transparent a = 1, b = −1/
√
|η|2 + τ .

The uniform Kreiss-Lopatinskii condition ensures that it is essentially enough to treat
the Dirichlet case.
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By analogy with the Cauchy problem, we want the solution to be Ct L2, it is explicitly
given

u(x , y , t) =
1

(2π)d/2

∫
Rd−1

∫
R

ei(x·η+δt)−y
√
|η|2+δ ĝ(η, δ)dδdη.

Consider only the part of the integral where |η|2 + δ < 0, and set ξ =
√
−|η|2 − δ,

1
(2π)d/2

∫
Rd−1

∫
R+

ei(x·η+yξ)−i(|η|2+ξ2)t ĝ(η,−|η|2 − ξ2) 2ξ dξdη

= eit∆F−1
(

2ξ ĝ(η,−|η|2 − ξ2)1ξ≥0

)
.

This part is exactly the Schrödinger evolution operator for a Cauchy problem, hence is
Ct L2 iff the corresponding initial condition is L2.
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Définition

The space H0(Rd ) is{
g ∈ S′ :

∫
Rd

ĝ(η, δ)
√
||η|2 + δ|dηdδ <∞

}

More generally, Hs is{
g ∈ S′ :

∫
Rd

ĝ(η, δ)
√
||η|2 + δ|(|η|2 + |δ|)sdηdδ <∞

}

For the amateurs, Hs is related to Bourgain spaces, Hs = X s
1/4 ∩ X 0

s/2+1/4, it

corresponds to functions such that e−it∆′g ∈ H1/4
t Hs

x ∩ Hs/2+1/4
t L2

x .
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Various properties of Hs spaces are easily obtained :

Hs(I × Rd−1), Hs
0(I × Rd−1) are defined the usual way,

There exists explicit extension operators,

The trace at fixed t is continuous Hs(Rt × Rd−1)→ Hs−1/2(Rd−1),

There holds [Hs1 ,Hs2 ]θ = Hθs2+(1−θ)s1 ,

But the critical case [H0
0,H

1]1/2 is (as always) more subtle, it defines the H1/2
00

space, which involves the condition (when I = R+)

∫ ∞
0

∫
Rd−1

|e−it∆′g|2

t
dxdt <∞.
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The linear problem is simply solved by superposition, solving the Cauchy problem (with
trace estimates), then the boundary value problem:

{
i∂t v + ∆v = f ,
v |t=0 = u0,

(x , y) ∈ Rd ,


i∂t w + ∆w = 0,
w |t=0 = 0,
w |∂Ω = g − v |∂Ω.

(x , y) ∈ Rd−1 × R+.

Compatibility conditions
For general (smooth) u0, g, we do not have g − v |∂Ω /∈ Hs

0 as soon as s ≥ 1/2, it
requires the

First order compatibility condition

g|t=0 = u0|∂Ω.

Leads to (at best) solutions in Ct Hs , s < 2.
The s = 1/2 sharp compatibility condition is somehwat more surprising.
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Proposition

If (u0, g) ∈ H1/2 ×H1/2, and

∫∫
Rd−1×R+

|u0(x ,
√

t)− e−it∆′g(x , t)|2

t
dxdt <∞,

then the solution of the IBVP is Ct H1/2.

The
√

t is classical, and due to the anisotropy of the equation.
Higher order compatibility conditions would involve f , for example the second order
compatibility condition ∂t u|y=0|t=0 = ∂t u|t=0|y=0 leads to

∂t g|t=0 = i(−f |t=0 + ∆u0)|y=0.
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Consequences for nonlinear problems:

Theoreme

The problem 
i∂t u + ∆u = |u|au,
u|t=0 = u0 ∈ H1,

u|y=0 = g ∈ H1,

has a unique maximal solution if a < 4/(d − 2).

Less standard:

Theoreme

If moreover the data are small, the solution is global and scatters in the following
senses:

There exists ϕ ∈ H1
0 such that ‖u(t)− eit∆Dϕ‖H1 → 0

There exists ϕ′ ∈ H1 such that ‖u(t)− Φ(0, t , g, ϕ′)‖H1 → 0, where Φ is the
linear flow associated to the data ϕ′, g.
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