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WEC : WAVE ENERGY CONVERTER

breeia— Engineering washing slide : Full Euler vs. Cummins

Full Euler system (u, P) Cummins' Equation

with free boundary. )

+ Newton equations MZ+AZ+Kx*Z=0
— 6

2= %y, 7,00 wy,w2) ER Linear integro-diff ODE
B Too costly ® Meaning?

B Heave Motion § = z — zq B Heave Motion
m5:—mg+/(P_patm) Mj +ad+k*0=0



WEC : WAVE ENERGY CONVERTER

lrnzla—  \ath washing slide : Boussinesq model

E Dimensionless Shallowness and Nonlinearity parameters

(depth) and e — (waves amplitude)
~ (transversale scale) B (depth)
B Weakly dispersive k < 1, Weakly non-linear e = O(k2)
0:¢ +0xq =0 0 /E?\/\
(1 — K202)0:q + €0 (£G%) + hOx( =0 ) ”
h=1+¢¢ =1+ eC =

Precision : O(er?, k*)



WEC : WAVE ENERGY CONVERTER

lrzla— Math washing slide : Boussinesq model

E Dimensionless Shallowness and Nonlinearity parameters

(depth) d (waves amplitude)
= and €=
(transversale scale) (depth)
B Weakly dispersive k < 1, Weakly non-linear e = O(k2)
0:¢ +0xq =0 0 /E?\/\
(1 — K202)0:q + €0 (£G%) + hOx( =0 .
h=1+¢¢ =1+ eC %:
Precision : O(ex?, k%) =
® Non-linear Shallow Water (NSW) B Linear Dispersive Waves
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WEC : WAVE ENERGY CONVERTER

lrnzla—  \ath washing slide : Boussinesq model

B Dimensionless Shallowness and Nonlinearity parameters

(depth) (waves amplitude)
= and €=
(transversale scale) (depth)

B Weakly dispersive k < 1, Weakly non-linear e = O(k?)
D¢ +0.q =0 e
(1 - Hzag)atq + 5a>< (%q2) + hax( = _haxB
h=1+¢C

Precision : O(er?, k*)
B Non-linear Shallow Water (NSW) B Linear Dispersive Waves
0:(+0xq=0 0:C +0xq =0
Orq +e0x ($G%) + h0( =0 (1 —r%92)0:q+ 0 =0

Modeling : [John], [Lannes]
Fixed body : NSW [Bocchi, He, Vergara-Hermosilla], Boussinesq [Bresch, Lannes, Métivier]
Vertical walls, NSW with viscosity [Maity, Takahashi, Tucsnak]

Congested NSW : [Godlewski, Parisot, Sainte-Marie, Wabhl]



lreia— TABLE OF CONTENTS
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5 = F(8,5, waves variables)
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tr conditions
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= ODE schemes

@ Return to equilibrium case (if time)



VERTICAL MOVEMENT OF A FLOATING SOLID

2 Coupling water-waves and solid dynamic
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Ce
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2 Coupling water-waves and solid dynamic
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eCe
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VERTICAL MOVEMENT OF A FLOATING SOLID

lreia— Coupling water-waves and solid dynamic
[
EC& Zeq -
0 - 51 B Newton's equation
el
. 1
: rﬁd—i—N:—/a‘lP,-—P
h=1+eC Eea | £ ), ( wen)
h |
& T 18+
—1
B Exterior domain &£ B Interior domain 7
6t<+axq20 8tc+axq:0
(1 — #202)0:q + edy (%) (1 — K202)0,q + €0y (%)
+ho ¢ = —e1ho, P. +ho( = —e1hd, P;
B Constraint in £ E Constraint in 7

Pe = Patm C(X’ t) = Ceq(X) + 6(t)



VERTICAL MOVEMENT OF A FLOATING SOLID

Transmission conditions at the interfaces
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B Conservation of the volume = continuity of g : 9. =4,



VERTICAL MOVEMENT OF A FLOATING SOLID

Transmission conditions at the interfaces

m Conservation of the volume = continuity of g : g, = ¢
B Vertical walls B Non-vertical walls
= discontinuity of ¢ = continuity of ¢ (and P)

= fixed interfaces = | free interfaces




VERTICAL MOVEMENT OF A FLOATING SOLID

Transmission conditions at the interfaces

m Conservation of the volume = continuity of q :

pg

B Vertical walls B Non-vertical walls
= discontinuity of { and P = continuity of ¢ and P
[ \fixed interfaces \ = free interfaces

SCL*

B Boundaries conditions on the pressure ( = approximate conservation of

energy)
1 2 2 o
EPiZ(C—C)iJr;(Zz—ZQ) +m2</€—i>
NS TS 1




TRANSMISSION PROBLEM

lreia— Coupling water-waves and solid dynamic

€z

eCe P
ST Lt
0 S 5IZG " m Newton'’s equation
6(1'7 . 1
h=1+c¢e(. &Cea ﬁ75+g:7/571(Pi_Patm)
7l Jz
£ T e
—1
B Exterior domain £
8:C +0.q=0 B Interior domain 7
(1 — K202)0:q + €0 (qi) C(x, ) = Geq(x) +0(2)
TR =0 O+ 0xa =0
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P=-0+5(%-%)

+hﬁ




TRANSMISSION PROBLEM

Coupling water-waves and solid dynamic

lrria—
€z
E(}T\ B
0 Ce= ‘SIZG " m Newton'’s equation
6(1'7 . 1
h=1+c¢e(. &Cea ﬁ75+g:7/571(Pi_Patm)
7l Jz
| T £,
1
B Exterior domain £
8:C +0.q=0 B Interior domain 7
(1 — K202)0:q + €0 (qi) C(x, ) = Geq(x) +0(2)
TR =0 O+ 0xa =0
= (1 — 1202)0:q + edy (%)
9, =9,
+hdC = —hdP;
B Injecting the pressure lp, = (-0 + ,(% _ %z)
q, +q
= | EDO's for 4, (q) := —- 5 — +12 ( %)



TRANSMISSION PROBLEM

lrnela—  yaye-structure equations
€z
EC}T\ B Added masses
0 2 2
1 X K
m(ed) = i+ o [+ ()
h=1+¢e IZl Jz hi h
. . £, h:=14¢&((eq+9)
7
B Newton

m(66)5+5+691(55;5, (q) _<§+%%; ~_2<> _ 0 ::F%_|5+<d>
al(ed)(q) +¢Q2(€0: 6, (q)) + ml+



TRANSMISSION PROBLEM

lrnela—  ayestructure equations

€z

0 i <Ele=y 51::‘ - = Added masses1 L
hetrec| [ m(ed) = i+ ﬁ/zf,- +(7)
J z e hi=1+&(Ceq +9)
—1
B Newton
{m(s5)5+5+5Q1(55;5,(q> —<§+%%z+%2§>:0 . ::F@(‘H@
o(e6)(q) +€Q2(20: 6, (a)) + ¢ + %%ﬂ%j] =0 9 5
= Boussinesq-Abbott B Transmission conditions

0 +0xq =0 [a] = —dlZ],
2 9, =49, =
(1-w202)0qg+ 0 (CHef +5¢2) =0 == 77 (o) = (o),



TRANSMISSION PROBLEM

wave-structure equations

leeia—~

€z

€Ce
ol
h=1+eC S e B IZ| Jz hi h
51 S 5. h:=1+¢((eq+0)
1
B Newton
m(e0)5 + 0+ £Qs (619, () — (C+ 55 + 50) =0 _ 5
o3)(@) +eQa(eid, (@) + 2+ 55+ =0 2
B Boussinesg-Abbott B Transmission conditions
[q] = —dIZ],

6tC + axq =0 _ =
(1= 1202)00q + O (C+ 2% + 5¢2) =0 757 (g = (),

E « = 0 hyperbolic system, compatibility conditions
B « # 0 dispersive perturbation of hyperbolic system



TRANSMISSION PROBLEM

wave-structure equations

leeia—~

e

€Ce 2,
T e B Added masses
; B T e
EGi,— frng —_— JE— JE—
h=1+eC | e ETTI h
el 7 €, h:=1+¢((eq+0)
1
E Newton
5 iy _ @ | RH Z|. -
m(e5)5.+ S+eQ; (65 3,(q)) — (¢ + zﬁ;2+ th- 0 9. = :F|2f|5+<q>
a(8)(q) +eQ2(e6: 4, (q)) + C + 557 + F<l =0
B Boussinesg-Abbott B Transmission conditions
[a] = —olZ],

(1= 22)0q+ 0 (C+ef +5¢2) =0 = =7 |{a) = (a),
B = 0 hyperbolic system, compatibility conditions ¢ € N7, C{Hg‘f
B x # 0 dispersive perturbation of hyperbolic system ¢ € CZ°H]



ap TRANSMISSION PROBLEM
&z/ua/—

Augmented added masses

B Added masses

<. 152 1K <
SO - m(gd) 0 —52*5 T2h 4
& 1w 1k
h=1+eC : Cea 0 0‘(86) mg‘ mi <q>
e z En /@% —K §+
— &, k-ldax2 ¢
2
B Newton

m(e0)d + 0 + Q1 (e5:6,(q) — (C+ 57 + 5() =0
0

Tl. .
0(20) (6) +2Qa(e0:5, (@) + I + 55 + 5] = 8, =F5 0+l
2( Frg, +¢, +€Q3(C d, (q)) =f.

B Boussinesg-Abbott B Transmission conditions
0eC +0xq =0 [a] = —417],
(1= w20R)0eq + O (C+ 5 +5¢2) =0 (@) = (a),

m Non-local flux (1 — k202)f = ¢ + 6%2 + £¢2 Ouf, =



ap TRANSMISSION PROBLEM
&z%—

Augmented added masses

B Added masses

z 1k 1 K2 -

. E(V/T\ ESE glzeq |—a m(€6) O _§E -3 h (5
) 5 3 -
h=1+e - ECqu 0 04(8(5) 1 K 1 K

B Newton
m(ed)d + 6 +¢Q1(e6:5,(q)) — ((+ 55+ 50 =0 .
a(ed)(q) +£Qa(£d; 4, (g >)+;[[§ 0 q, = F50+a)
R TR, + G, 000

B Boussinesg-Abbott B Transmission conditions

¢ + Deq =0 {[{q]] = —i[x],
3tq+8f—qiexp( w) (q) = (a),

m Non-local flux (1 — k202)f = ¢ + 6%2 + £¢2 Ouf, =



NUMERICAL SCHEMES

&I/Z&d/—

Schemes
CO C 1 Cg Cz
| A 1 R fH )
0 Az 3Az 54z G \Ap (i+2)Aw
2 2 2 2 2

®m Newton (ODE Scheme)
(56)6+5+6Q1(55 5,(q) <§+%%2 %Q =
a(e0)(q) +£Qa(£d; 4, (g >)+|71‘[[g+ &
K2 FrG, +¢, +e03(C,.0,(q)

)

B Boussinesg-Abbott (Finite Volume B Transmission conditions

O +0xq =0 [a] = ol
0+ Of = ¢ exp (—154) (a) = (a),
B Non-local flux (Finite Difference)

2
> €
(1_"32@%”:(‘*‘5?4‘5(2 Oxf, =0

ﬂi::‘:7



NUMERICAL SCHEMES

&I/Z&d/—

First order
Co C 1 CQ Cz
| | | R fH )
0 Az 3Az 5Ar  ;_ )Ap (i+ 2)Aw
2 2 2 2 2

B Newton (ODE Scheme)

(5(3)5+(5—|—5Q1(5(5 5, (q )) — <g+%%+%g> ~0 o
a(ed)(q) +eQa(£d; 6, (g >)+|%[[g g%Jr%é]] -0 9. =F5
K3, Tra, +C, +eQ3(¢,0,(a) =1,

B Boussinesqg-Abbott (Finite Volume B Transmission conditions

0:C+0xq=0 [[qﬂ - _5[[XH7
Oriq+ Of = q_exp (— L) (q) = (q),
B Non-local flux (Finite Difference)

o2 M WA ()

n\2
AXZ C,n""g +E(CI)

hr 2



NUMERICAL SCHEMES

lreta— First order
Co Cy Co C;
S iy —
0 Az 3Ar 5Ar  (;_ HAg (i+2)Az
2 2 2 2
B Newton (ODE Scheme)
i i ntl _ gn 0 en
unknowns : 0 := (0,0, <q>,§i,§i) Euler scheme : —Ar Q<9 ,ji)
B Boussinesg-Abbott (Finite Volume) B Transmission conditions
9:C +0xq=0 la] = —d[x],
0cq +0,f = g exp (—222) (@) = (@),

B Non-local flux (Finite Difference)

n_ 2 fln — 217 il

; @7 (@
! Ax?

il

i te hr 5



NUMERICAL SCHEMES

lreia— First order

| Co Cl Cz Cz
I

|
I
1 1
0 Az 3Az S5Az (i-3)Az (i+3)As
2

B Newton (ODE Scheme)
n+1 _ on

unknowns : 6 := (4,0, <q>’§i’£i) Euler scheme : N Q(H ,fi)

B Boussinesg-Abbott (Finite Volume)
unknowns : u = (¢, q) non-local flux : § := (q, f)

u”]Jrl _ UF 1 n n Ax n n n n g¢n
At + 2Ax |Vritl T Uki—1 7 E(u,-ﬂ —2uj + “i1)} =S (9 ji)

B Non-local flux (Finite Difference)

n_ .2 fiys = 2f7 + 11

; €y
! Ax?

(a7)
o T

= +e



NUMERICAL SCHEMES

lrn2la—  Second order prediction-correction

®m Newton (Heun scheme)

Heun - prediction step £

=g(om.1z)

oy olre)is(es)
Heun - correction step o7 60" — 5
B Boussinesg-Abbott (Flnlte Volume)
unknowns : u := (¢, q) non-local flux : § := (g, f)

Mac-Cormack - prediction step i > 1

utt — u? 1

IA—t’ + Ax [§ri = Shica] =i (0”,&)

Mac-Cormack - correction step 7 > 1

s N Nn*} = 5,-<9~,ﬂ) +S"<9"‘*‘fni>

ITt,+2Ax Sri— Vric1 T8 is1 — Sui 5

® Non-local flux (Finite Difference)
n

oFi — 27 + 914

v a—

NG/ (505
= e ey



NUMERICAL SCHEMES

lrn2la—  Second order prediction-correction

® Newton (Heun scheme)
Heun - prediction step =" = Q(G”.ﬂ)

At
G en’fn 4G 6"’*,fn’*
L elen)ee(e)
Heun - correction step Ar - — 5
B Boussinesg-Abbott (Finite Volume)
unknowns : u = (¢, q) non-local flux : § := (q, f)

Mac-Cormack - prediction step i > 1

n,* n

u. —u

r 1 N
ITtl + Ax [62—,.{ — S 1} =S <9nﬂ>
Mac-Cormack - correction step i > 1

S; (en,ﬂ) +S (em*,g)

ut—yr 1
7+7

At Ax eSS — 327] =

B Non-local flux (Finite Difference)

nx_pgnx | gnx
nx 2fl+1 i i—1
i " Ax?

2

T (7 N (Y
_Ci +8 hn,* 2




Simulation : https ://geoffreybeckpoems.wixsite.com/math

0943 495 694




RETURN TO EQUILIBRIUM - LINEAR CASE

lrzla— Long time behaviour

distance to equibrium
kappa=0
kappa=0.3
kappa=0.5
kappa=0.7
kappa=1

detaly

B Linear case ¢ = 0 with ({o = 0,90 =0, , 5o = 0)

. 1t )
[m + Maggeasw + k(0 + nh;ql)]é +o+ E(tJl(H)> =0

at

= k=0:[0~e"
(,q€ Cf,t admit singularities at {x = t} (transport equation)
-5 >0 0] >ct3?
¢,q € C/H} o (non-local transport equation)

t,loc



- WAVE-STRUCTURE TRANSMISSION PROBLEM

Return to equilibrium case

B Return to the equilibrium

(le=0 = qlt=o = 0]t=0 =0 &

h=1+eC

e B Added masses (m(eé)

E Newton
m(sé)é-ﬁ-é—i—sQ(aé)Sz— (Q %% h?g -0
K2§+/<,|I|5+<+5Q3(§ 5) (1_,{23)2()—1n(§_~_5%+%<2)

B Boussinesg-Abbott

0:C +0xq =0
(1 — K202)0eq + €0, (%) T hoC =0
BC:qg= -6

B s = 0 hyperbolic system, compatibility conditions
B x # 0 dispersive perturbation of hyperbolic system



- WELL-POSEDNESS

breia— Dispersive boundary layer

e
=S 8t< + 8><q =0
(1= 1202)0eq + 20, (5 ) + hd¢ = 0
h =1+ el .
BC:g=-0

Z|E4




- WELL-POSEDNESS

lreia— Dispersive boundary layer

eCe

o) o D + kg =0
. (1 — #202)0,q + €0y (%) 4 hOC =0
h=1+edl .
BC:g=-0

7|e,

1 — k20%) ;" inverse of (1 — x292), homogeneous Dirichlet BC at x = 0
x/D X




- WELL-POSEDNESS

lreia— Dispersive boundary layer

- e
[5 i 8tc+8xq:0
(1 — #202)0rq + €0y (%) 4 hOC =0
h=1+¢eC .
BC:g=-0

7|e,
(1 — k%92)," inverse of (1 — k%02), homogeneous Dirichlet BC at x = 0

2

(1-#202) [0rg — Gexp (_E” + b, (‘2) RO =0

__(1- )l (L CY exp (=X
org = —(1 IidX)D8<€h+C+€2> (5exp( /@)



- WELL-POSEDNESS

pg

&Z/Z&d/—

Dispersive boundary layer

Zi eCe
[5 T 0:(+0xq=0
(1 — #202)0:q + €0, (%) + hdC =0
h=1+¢e(e .
BC:g=-¢
T|&y a

(1—K202)p"

inverse of (1 — k202), homogeneous Dirichlet BC at x = 0

1— k202),,} inverse of (1 — k202), homogeneous Neumann BC at x = 0
xJ)N X

<-2

0rq = —0x(1 — K292) ! <5(2 +C+ 5) —Jexp (—%)



- WELL-POSEDNESS

pg

&Z/Z&d/—

Dispersive boundary layer

Zi eCe
[5 T 0:(+0xq=0
(1 — #202)0:q + €0, (%) + hdC =0
h=1+¢e(e .
BC:g=-¢
T|&y a

(1—K202)p"

inverse of (1 — k202), homogeneous Dirichlet BC at x = 0

1— k202),,} inverse of (1 — k202), homogeneous Neumann BC at x = 0
xJ)N X

<-2

0rq = —0x(1 — K292) ! <5(2 +C+ 5) —Jexp (—%)



- WELL-POSEDNESS

lreia— Dispersive boundary layer

Zeq 5(&
[ ol OeC +0xq =0
(1 — #202)0rq + €0y (%) 4 hOC =0
h=1+¢eC .
BC:g=-0

7|,

1 — K Inverse o 1 — K f ol IOgeneOUS Irichlet C at x =
— K Inverse o — K () f ol |Oge| eous euman at x = 0
1 ax N 1 5% h N BC

2 -
0eq = —0y(1 — K202) " (5 +C+ s<> ~ Sexp (_%)

2 ..
K20,0:q = —r202(1 — K202) ! <sq +{+ sc) + K0 exp <f%)

Id—(1—r292) "



- WELL-POSEDNESS

lreia— Dispersive boundary layer

Zeq 5(&
[ ol OeC +0xq =0
(1 — #202)0rq + €0y (%) 4 hOC =0
h=1+¢eC .
BC:g=-0

7|,

1 — K Inverse o 1 — K f ol IOgeneOUS Irichlet C at x =
— K Inverse o — K () f ol |Oge| eous euman at x = 0
1 ax N 1 5% h N BC

2 -
0eq = —0y(1 — K202) " (5 +C+ s<> ~ Sexp (_%)

e 2 ..
— K2 = k20,0, = —K202(1 — k202) <sq +{+ sc) + K0 exp <f%)

Id—(1—r292) "



- WELL-POSEDNESS

lreia— Dispersive boundary layer

Zeq 5(&
[ ol OeC +0xq =0
(1 — #202)0rq + €0y (%) 4 hOC =0
h=1+¢eC .
BC:g=-0

7|,

1 — K Inverse o 1 — K f ol IOgeneOUS Irichlet C at x =
— K Inverse o — K () f ol |Oge| eous euman at x = 0
1 ax N 1 5% h N BC

2 -
0eq = —0y(1 — K202) " (5 +C+ s<> ~ Sexp (_%)

2

71{2§ = {fﬁﬁi(l — kPO <€q +¢ JrECz) ]‘ Y + Ko

Id—(1-r202) "



- WELL-POSEDNESS

lreia— Dispersive boundary layer

£Ce

o) o D¢+ 0xq =0
. (1 - 1202)0eq + 20, (5 ) + hds¢ =0
h=1+eC ,
BC:g=—0

T|&,

1-— H262 -1 inverse of (1 — H282 , homogeneous Dirichlet BCat x =0
x/D X

1-— H202 -t inverse of (1 — ,‘4,282 , homogeneous Neumann BC at x =0
xJN X

2

2 .
0rq = —0x(1 — K292) ! <€C;7 +C+ €<2> —dexp (—%)

q2 42

20| 29200 2921 9 ¢

Id—(1-r202) "
Dispersion regularization :

(0:C, Deq)(t) € HT x H?

1 2
(Cq)(t) e H x H = {C,CE well-defined



BECK 2027

lreia— Chercher plus pour trouver moins

B Marginal Ice Zone : homogenization of small bodies (with Matthieu
Hillairet)

B La Banquise Insoumise : water-waves / elastic rod interactions (with
Loic Le Marrec)

B Generic Drug : almost-sure well-posedness with random forcing (with
Ricardo Grande)

€Ce

PN

Qe A

— h=1+c¢€(.




BECK 2027

lreia— Chercher plus pour trouver moins

B Marginal Ice Zone : homogenization of small bodies (with Matthieu
Hillairet)

B La Banquise Insoumise : water-waves / elastic rod interactions (with
Loic Le Marrec)

B Generic Drug : almost-sure well-posedness with random forcing (with
Ricardo Grande)

Augmented energy E = ||, ﬁ, G ql[3 + 10,612 + er| k¢, 22
Goal : Lifespan T* = O(¢71)?
Conditional uniform estimate M[u] := ||, q||L;>o Wi

E(t) < C(Mlu], Bo)



Loveie THANK YOU FOR ATTENTION : POEMS’ POEM
za— POEMS= Propagation Ondes Etudes Mathématiques Simulations

La vague et le flotteur sont en couplage,
L'onde est et non-linéaire et dispersive.
Les conditions limites sont inoffensives,
Car nul ne peut parvenir jusqu'a la plage.

Sans la pression, demeurez sur le rivage,
Car elle est un multiplicateur de Lagrange
Qui représente les contraintes étranges.
Sans elle, vous ne connaitriez que naufrage.

L'expérience nomée "retour a |'équilibre”
Est de I'équation de Cummins le calibre.
Vigilance avec la pseudo-différentiallité !

Si BBM pouvait diagonaliser Boussinesq
Et I'asymptotique moins charlatanesque,
Alors le calcul de la vague serait vanité.



, RETURN TO THE EQUILIBRIUM - LINEAR CASE

leeia—~

€Ce

Zeq

zG

h=1+ ¢

Z|&y

B Newton

m(0)) + 0 =¢

B Linear waves

3tC+8Xq = 0
8tq+5XC =0

Non-dispersive linear waves

B Boundary condition



, RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves
B Explicit solution

- eCe

S e TI.
h =1+ e

Z|E4
B Newton

m(0)) + 0 =¢

B Linear waves

{&c+@q_o

Orq+ 0, =0 9=

X)]Itha

B Boundary condition



, RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves

B Explicit solution

. S N
2 g=(= 6(t X)L x,
h=1+eC
Zle,
B Newton B Decay test
m(0)i 4+ = ¢ = — L b ™

B Linear waves B Boundary condition
{at§+6xq—0 7l

g+ 8 =0 9=-57



- RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves

B Explicit solution

. S N
=z g=¢= 6(t X)L x,
h=1+eC
Z|Es B Regularity C?,
B Singularities at {x = t} since (5(0) = —§om(0)~?
B Newton B Decay test
m(0)5 446 == |§| b ™

B Linear waves B Boundary condition
{at§+6xq—0 7l

g+ 8 =0 9=-57



- RETURN TO THE EQUILIBRIUM - LINEAR CASE

leeia—~

¢,

Zeq

2G
h=1+¢eC,.

7L

Gt

B Newton

m(0) + 0 = ¢ + k%

B Linear waves

0:C +0xq =10
(1= #202)rq + 0xC = 0

Non-dispersive linear waves

B Boundary condition

1,

= 0
ﬂ 2 ’

B Laplace £: q(t) — q(s) := [q(t)e tdt R(s) >0



- RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves
B Explicit solution in Laplace domain
el ige\ ——==x
o — V1+r2s2
- {q(s o CIEJ(S)X) )
S, X A
h=1+¢ele C( ) 1nr?s?
Z|Ey
E Newton
m(0) + 0 = ¢ + k%
m Li
Inear waves B Boundary condition
0:¢+0xq=0 IZ] -
(1-r%02)0:q + 0xC =0 9=-59,

B Laplace £: q(t) — q(s) := [q(t)e =tdt R(s) >0



- RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves

B Explicit solution in Laplace domain

el ige\ —=—x
6 f— K-S
e {q(s )= ds)e VT
s A
h=1+¢eC,. C( X) 1+r?s?
Z|&s
® Newton B Decay test
_3
" = 7z - 4] 2
m(0)0 +0 =+ ¢ = —%Op(\/1+li252)0 ol 2 i -
m Li
|near8v2aie2 0 B Boundary condition
t xq =
Tl .
{(1_’1285)8&‘1'@(:0 9= %57

B Laplace £: q(t) — q(s) := [q(t)e tdt R(s) >0



- RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves

B Explicit solution in Laplace domain

Zeq eCe s
5 P . mx R
- {Zés X; qg(s)x) ) 04 +skg=0
s A
h=1+¢eC,. X 1+r?s?
Z|&s
® Newton B Decay test
_3
. . T . 4] 2
m(0)0 +0 =+ ¢ = —%Op(\/1+li252)0 ol 2 i -
mLi
|near8v2aie2 0 B Boundary condition
t xq =
Tl .
{(1_’1285)8&‘1'@(:0 9= %57

B Laplace £: q(t) — q(s) := [q(t)e tdt R(s) >0



- RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves

B Explicit solution in Laplace domain

Fal if_e\ s
G4(s,x) = g(s)e Vi . .
- {é(s x) = _a(sx) Oxq+sKg=0
h=1-1c¢ YT V14k?s?
Z|&,
® Newton B Decay test

m(0)8 40 = ¢ + 1% = —%op(\/m)s

B Linear waves

Caputo : Oxq+ K % 0:q =0

R.L: 8Xq+3t(/C *¢ q) =0

Link : 9:(K *; q) = K *; 9:q + (ql=0) K
——

=0

|o] > ct™3
£>1

B Boundary condition

1] ;
Ry
2 )



RETURN TO THE EQUILIBRIUM - LINEAR CASE

lrzla— Non-dispersive linear waves
B Explicit solution in Laplace domain
Zeq ige\ _ s
5 G =4 Vo .
2 {‘A’(S’X) z)e V= 0.4+ sk =0
h=1+¢eC o) = aa
L g€ COHINC]H;,, where L}, := [*(e”*'dt)
® Newton B Decay test
. . T . ) t_%
m(0)0+6 = (+r*C = —%Op(\/l—i—/ﬁ?#)é 91 t;l ¢
B Linear waves
Caputo : Oxg+ K x: 0,qg =10 B Boundary condition
Link : 0:(K *¢ q) = K #¢ 0:9 + (q|t=0) K a9==59%
——

=0



Loveie THANK YOU FOR ATTENTION : POEMS’ POEM
za— POEMS= Propagation Ondes Etudes Mathématiques Simulations

La vague et le flotteur sont en couplage,
L'onde est et non-linéaire et dispersive.
Les conditions limites sont inoffensives,
Car nul ne peut parvenir jusqu'a la plage.

Sans la pression, demeurez sur le rivage,
Car elle est un multiplicateur de Lagrange
Qui représente les contraintes étranges.
Sans elle, vous ne connaitriez que naufrage.

L'expérience nomée "retour a |'équilibre”
Est de I'équation de Cummins le calibre.
Vigilance avec la pseudo-différentiallité !

Si BBM pouvait diagonaliser Boussinesq
Et I'asymptotique moins charlatanesque,
Alors le calcul de la vague serait vanité.
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m Conservation of the volume = continuity of ¢ :

B Conservation of energy

Etot =0



- VERTICAL MOVEMENT OF A FLOATING SOLID

Transmission conditions at the interfaces

m Conservation of the volume = continuity of ¢ :

B Conservation of energy

Etot =0

B Energy Eior = Esolid + Efiuid
= Solid energy Eiiig := %'M 0+ glo

2 2
= Fluid energy Equid 1= 1/ §2 + 9 + K2 (9<q)
2 Jr h h




- VERTICAL MOVEMENT OF A FLOATING SOLID

Transmission conditions at the interfaces

m Conservation of the volume = continuity of ¢ :

B Conservation of energy
Eiot =0

B Energy Eior = Esolid + Efiuid
= Solid energy Eiiig := %'M 0+ glo

2 2

= Fluid energy Equid 1= 1/ (§2 + 9 + K2 (9<q) )
R

2

2
. 2 2 2 A1
Fio = —[q (<+ 5+ i()—q (<+ Sh+ ig*)—sqp]]w(m?).

= jump between x; and x_ : [u] = uy — u—



- VERTICAL MOVEMENT OF A FLOATING SOLID

Transmission conditions at the interfaces

m Conservation of the volume = continuity of ¢ :

B Conservation of energy

. 1 eq>  K2. eq® K2
_ 2 _
Eiot = O(5H)¢€Pj:—<c+2hz+hg)j:(CJFQhZJFhC:t

B Energy Eiot = Esolid + Efiuid
= Solid energy Eqlid :=

1)
= Fluid energy Equid 1= (
. eq’ | K1\ LA 2
Etot = [[q(<+2h2+h<> q(<+2h2+h<> Z9P1+0(er”).

= jump between x; and x_ : [u] = uy — u—



WELL-POSEDNESS

lrzla— Local theory : Dispersive Vs. Hyperbolic
u= (Cv q) " 2042\ _1n 2 2 (q)
. - = ]_ — K aX _|_ iz + = 1=
{9;: s B R A S A Al U

Oru+ Ox[Sx(u)]= — (g) exp (_%) Ry %[0, T]

q= -4 {x=0}x[0,T]
0=F(.f) [0, 7]
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lrzla— Local theory : Dispersive Vs. Hyperbolic
u:=(¢,q) " 242\~ 1n 2 2 (q>
: ; wi="(1— K0 +eh+5 o=
{9:: ((5,5,/@9/@29 P ( RO (e +5¢7) § fe

9=—0 {x =0} x [0,T]

Oru +_3X[3ﬂ(u)]= S(0,f ) exp (=%) RS x[0,T]
0=F(0.1) [0, T]



WELL-POSEDNESS

lrzla— Local theory : Dispersive Vs. Hyperbolic
u:=(¢,q) " 242\~ 1n 2 2 (q>
: ; wi="(1— K0 +eh+5 o=
{9:: ((5,5,/@9/@29 P ( RO (e +5¢7) § fe

q=—0> {x=0} x[0,T]

O+ O[S (u)]= S(0,f )exp (%) RS x [0, T]
0= F(6,§) [0, T]



WELL-POSEDNESS

lnela— gl theory : Dispersive Vs. Hyperbolic

v =6 e i) 5 ()
{93:(5,5,%,%2&) fo i ="(L=r0) " (C+efe +5C) Tui= iy

Oru + Ox[S(u)]= 5(9,&) exp (_%) Ry %[0, 7]
q=—0> {x=0} x[0,T]
0=F(,]) [0, T]

Local theory (1 > 0) U = &(U), ® : H" x H™1 x R3 — H" x H™1 x R3



WELL-POSEDNESS

lnela— gl theory : Dispersive Vs. Hyperbolic
u:=(¢,q) (1 ,2a2)—1n @ 2 o (q>
{0:: ((5,5,f€§,/€2§) fh = (1 I‘Lax) (C+€h2+2C ) Sw = fh
Oeu + [ (u)]= S(0,f Jexp (%) RS x [0, T]
g= 02 {x=0} x[0, T]
0=F(0.§) [0, 7]

Local theory (x = 0) Kreiss' theory of 1D hyperbolic system
Energy (boundary dissipation) E[u, 0](t) = |0(t)|* + ||u(t)|]2 + ||u||L2 0.0)



WELL-POSEDNESS

lreia— Local theory : Dispersive Vs. Hyperbolic
u:=(¢,q) (1 ,2a2)—1n @ 2 o (q>
{e 1o T S S A AR U
Deu+ O[3 (u))= (6,1 Yexp (—%) Rf x [0, T)
q= —0> {x=0} x[0,T]
0=F(.f) [0, T]

Local theory (x = 0) Kreiss' theory of 1D hyperbolic system

Energy (boundary dissipation) E[u,0](t) = |0(t)2 + ||u(t)||2 + ||u||L2 0.6)
Q Linearized problem
@ Control of derivatives of Linearized problem(compatibility conditions)
Q Quasi-linear iterative scheme



WELL-POSEDNESS

lreia— Local theory : Dispersive Vs. Hyperbolic

u= (Cv q) o K —1n 7 I3 (4
{9 T ey fem R 5 5= ()
Oru + aX[SH(U)]: S(Q,L)exp (_%) R;— X [0’ T]
4= 6 {x =0} x[0,T]

0=F(0,f) [0, 7]

Local theory (x = 0) Kreiss' theory of 1D hyperbolic system

Energy (boundary dissipation) E[u,0](t) = |0(t)2 + ||u(t)||2 + ||u||L2 0.0)
Q Linearized problem
@ Control of derivatives of Linearized problem(compatibility conditions)
Q Quasi-linear iterative scheme

Return to equilibrium : Compatibility conditions don't work

B Diagonalization with Riemann invariants = u Burgers equation



WELL-POSEDNESS

lreia— Long time behavior
ui= (Cv q) ” 1n 2 )
Unknows {9 = (8,8, r¢, K20) f.="(1—-r0%) " ((+ef+50)

q=—0> {x=0} x[0,T]

Oeu + 0u[8n ()] = (6,5 Jexp (=) RY % [0, T]
0=F(0.f) [0, 7]

Local theory (1 > 0) U = &(U), ® : H” x H™1 x R3 — H" x H™1 x R3
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breia Long time behavior
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Oru + O[T (u)] = S(0,§ Jexp (%) Rf x [0, T]
q=-02 {x=0} x[0, T]
0 =F(0.1,) [0, 7]

Local theory (x > 0) U= d(U), & : H" x H™1 x R? s H Hn+1. « R3
Augmented energy E[u, 0] = ||, %7 N ql13 + 10,812 + er|r¢, K22
Goal : Lifespan T* = O(¢71)?



WELL-POSEDNESS

lrada— Long time behavior
Unknows { = ©, 9) . fo="(1-r202)"(C+ L 4 £(?)
0 :=(9,0,kC, /{2@ " = 2
Ot + O[5 ()] = S(0,7 Yexp (—%) R x [0, T]
q=-02 {x=0} x[0, T]
0=F(@0.1) [0, 7]

Local theory (x > 0) U= d(U), & : H" x H™1 x R? s H Hn+1. « R3
Augmented energy E[u, 0] = ||, %7 N ql13 + 10,812 + er|r¢, K22
Goal : Lifespan T* = O(¢71)?

Q Conditional uniform estimate M[u] := ||, q||L?o Wi

Efu, 0](t) < C(M[u], Eo)



WELL-POSEDNESS

breia Long time behavior
Unknows { © S q) . fo="(1-r20P)(C+ N + £¢?)
6:=(6,0,r(,K3C) - 2
Oeu + O[T (u)] = S(0,f )exp (%) RS x [0, T]
q= -0 {x=0}x[0, T]
0=F(0.1) [0, T]

Local theory (1 > 0) U= ®(U), ®: H” x H™1 x R® — H" x H™! x R3
Augmented energy E[u,0] = ||, %, Z=0xql3 + 10, 0% + enln, w2
Goal : Lifespan T* = O(¢71)?

Q Conditional uniform estimate M[u] := ||, q||L?o Wi

E[Ua 0](t) < C(M[U], EO)

@ Control of time derivatives u() := (9i¢,diq), |[u)||, < C until T*7
O Space derivatives u'V) := (30i¢, d.0iq), ||ul)], < C until T*7?
@ Sobolev Embeding V[u] < C until 77




WELL-POSEDNESS

breia Long time behavior
Unknows u= (G q) . fo="(1-r2P)(C+ Z + £¢?)
0:=(6,0,k(,K3C) : 2
Oru + Ox[§u(u)] = S(0,1 ) exp (-%) Rfx|[0,T]
q=—0> {x=0}x[0, T]
0 =F(0.1,) [0, 7]

Local theory (1 > 0) U= ®(U), ®: H" x H™1 x R® — H" x H™! x R3
Augmented energy E[u,0] = /¢, %, 0xall3 + 0,52 + elwC. 122
Goal : Lifespan T* = O(¢71)?

Q Conditional uniform estimate M[u] := ||(, q||L§,o Wi

@ Control of time derivatives u() := (9i¢,diq), ||u)||, < C until = >

1
Boussinesq full line [Linares, Pilod, Saut] O(¢~ 2), [Saut, Xu] O(e 1)

Weakly non-linear approximation, fixed object [Bresch, Lannes, Métivier] O((e + x2) 1)
(compatibility inequalities)
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