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WEC : WAVE ENERGY CONVERTER
Engineering washing slide : Full Euler vs. Cummins

Full Euler system (u,P)
with free boundary.
+ Newton equations
Z := (x , y , z , ωx , ωy , ωz) ∈ R6

Too costly
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Cummins’ Equation

MZ̈ + AZ + K ∗t Z = 0

Linear integro-diff ODE

Meaning ?
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Heave Motion δ = z − zeq

mδ̈ = −mg +

ˆ
(P − Patm)

Cummins’ Equation

MZ̈ + AZ + K ∗t Z = 0

Linear integro-diff ODE

Meaning ?

Heave Motion

M δ̈ + aδ + k ∗ δ = 0



WEC : WAVE ENERGY CONVERTER
Math washing slide : Boussinesq model

Dimensionless Shallowness and Nonlinearity parameters

κ =
(depth)

(transversale scale)
and ε =

(waves amplitude)

(depth)
.

Weakly dispersive κ� 1, Weakly non-linear ε = O(κ2)


∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
1
hq

2
)

+ h∂xζ = 0

h = 1 + εζ

Precision : O(εκ2, κ4)
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Non-linear Shallow Water (NSW){
∂tζ + ∂xq = 0

∂tq + ε∂x
(

1
hq

2
)

+ h∂xζ = 0

Linear Dispersive Waves{
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ∂xζ = 0

Modeling : [John], [Lannes]
Fixed body : NSW [Bocchi, He, Vergara-Hermosilla], Boussinesq [Bresch, Lannes, Métivier]
Vertical walls, NSW with viscosity [Maity, Takahashi, Tucsnak]

Congested NSW : [Godlewski, Parisot, Sainte-Marie, Wahl]
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1 Modelisation of the vertical movement of a floating solid
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VERTICAL MOVEMENT OF A FLOATING SOLID
Coupling water-waves and solid dynamic
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Newton’s equation

m̃ δ̈ + g̃ =
1

|I|

ˆ
I
ε−1(Pi − Patm)

Exterior domain E
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = −ε−1h∂xPe

Interior domain I
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = −ε−1h∂xPi

Constraint in E
Pe = Patm

Constraint in I
ζ(x , t) = ζeq(x) + δ(t)



VERTICAL MOVEMENT OF A FLOATING SOLID
Coupling water-waves and solid dynamic

"⇣e
<latexit sha1_base64="PvLk1Y3GTzLSu1oDx8rZX1I/+pU="></latexit>

zeq
<latexit sha1_base64="g+PLYQ2Ufr1QOeJ9/eCnXWN/IgY="></latexit>

zG
<latexit sha1_base64="+kDN4lrzxmdaKYDGLDbFgB6Z5Lw="></latexit>

E+
<latexit sha1_base64="d2nauitlN6VTrTR4BEqH7s+vnXA="></latexit>

E�<latexit sha1_base64="WG3yGUFfAOJeAIzyIDmu0JKi300="></latexit>

�1<latexit sha1_base64="NejnImaXYrLD9ndS/kvi8LvdNKk="></latexit>

0
<latexit sha1_base64="uHECAvD8ul2azWTUt5eGzuqwIJM="></latexit>

ez
<latexit sha1_base64="S+c2aC8RDwALFgbF6ML4KgS4tOQ="></latexit>

�
<latexit sha1_base64="40pLu/ECMr732eN2RWd+QU0/RhQ="></latexit>

h = 1 + "⇣e
<latexit sha1_base64="swi8zA6EtItALwM54g/p+g3TzH8="></latexit>

h
<latexit sha1_base64="RPzX7oo0Ilu2qUN1K/nxC0tQuvM="></latexit>

"⇣eq
<latexit sha1_base64="W/y8XczXe2RKhoq3gjv2X22gei0="></latexit>

I<latexit sha1_base64="FBU6mSaybf9WUdmxqaqajpOAVkk="></latexit>

Newton’s equation

m̃ δ̈ + g̃ =
1

|I|

ˆ
I
ε−1(Pi − Patm)

Exterior domain E
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = −ε−1h∂xPe

Interior domain I
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = −ε−1h∂xPi

Constraint in E
Pe = Patm

Constraint in I
ζ(x , t) = ζeq(x) + δ(t)



VERTICAL MOVEMENT OF A FLOATING SOLID
Coupling water-waves and solid dynamic

"⇣e
<latexit sha1_base64="PvLk1Y3GTzLSu1oDx8rZX1I/+pU="></latexit>

zeq
<latexit sha1_base64="g+PLYQ2Ufr1QOeJ9/eCnXWN/IgY="></latexit>

zG
<latexit sha1_base64="+kDN4lrzxmdaKYDGLDbFgB6Z5Lw="></latexit>

E+
<latexit sha1_base64="d2nauitlN6VTrTR4BEqH7s+vnXA="></latexit>

E�<latexit sha1_base64="WG3yGUFfAOJeAIzyIDmu0JKi300="></latexit>

�1<latexit sha1_base64="NejnImaXYrLD9ndS/kvi8LvdNKk="></latexit>

0
<latexit sha1_base64="uHECAvD8ul2azWTUt5eGzuqwIJM="></latexit>

ez
<latexit sha1_base64="S+c2aC8RDwALFgbF6ML4KgS4tOQ="></latexit>

�
<latexit sha1_base64="40pLu/ECMr732eN2RWd+QU0/RhQ="></latexit>

h = 1 + "⇣e
<latexit sha1_base64="swi8zA6EtItALwM54g/p+g3TzH8="></latexit>

h
<latexit sha1_base64="RPzX7oo0Ilu2qUN1K/nxC0tQuvM="></latexit>

"⇣eq
<latexit sha1_base64="W/y8XczXe2RKhoq3gjv2X22gei0="></latexit>

I<latexit sha1_base64="FBU6mSaybf9WUdmxqaqajpOAVkk="></latexit>

Newton’s equation

m̃ δ̈ + g̃ =
1

|I|

ˆ
I
ε−1(Pi − Patm)

Exterior domain E
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = −ε−1h∂xPe

Interior domain I
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = −ε−1h∂xPi

Constraint in E
Pe = Patm

Constraint in I
ζ(x , t) = ζeq(x) + δ(t)



VERTICAL MOVEMENT OF A FLOATING SOLID
Transmission conditions at the interfaces

Conservation of the volume ⇒ continuity of q : q± = q±

Vertical walls

discontinuity of ζ
fixed interfaces
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Non-vertical walls

continuity of ζ (and P)
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VERTICAL MOVEMENT OF A FLOATING SOLID
Transmission conditions at the interfaces

Conservation of the volume ⇒ continuity of q : q± = q±

Vertical walls

discontinuity of ζ and P

fixed interfaces
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Boundaries conditions on the pressure ( ⇒ approximate conservation of
energy)

1

ε
P± = (ζ − ζ)± +

ε

2

(
q2

h2
− q2

h2

)
±

+ κ2
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h

)
±



TRANSMISSION PROBLEM
Coupling water-waves and solid dynamic
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Newton’s equation

m̃ δ̈ + g̃ =
1

|I|

ˆ
I
ε−1(Pi − Patm)

Exterior domain E
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = 0

q± = q±

Injecting the pressure

⇒ EDO’s for δ, 〈q〉 :=
q

+
+ q−
2

Interior domain I

ζ(x , t) = ζeq(x) + δ(t)

∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+h∂xζ = −ε−1h∂xPi

1
εP± = (ζ − ζ) + ε

2

(
q2

h2 − q2

h2

)
+κ2

(
ζ̈
h −

ζ̈
h

)
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wave-structure equations
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Added masses

m(εδ) = m̃ +
1

|I|

ˆ
I

x2

hi
+ 〈κ

2

h
〉

h := 1 + ε(ζeq + δ)

Newtonm(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott{
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ∂x

(
ζ + ε q

2

h + ε
2ζ

2
)

= 0

Transmission conditions

q± = q± ⇒
{

JqK = −δ̇|I|,
〈q〉 = 〈q〉,
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wave-structure equations
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Added masses

m(εδ) = m̃ +
1

|I|

ˆ
I

x2

hi
+ 〈κ

2

h
〉

h := 1 + ε(ζeq + δ)

Newtonm(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott{
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ∂x

(
ζ + ε q

2

h + ε
2ζ

2
)

= 0

Transmission conditions

q± = q± ⇒
{

JqK = −δ̇|I|,
〈q〉 = 〈q〉,



TRANSMISSION PROBLEM
wave-structure equations
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Added masses

m(εδ) = m̃ +
1

|I|

ˆ
I

x2

hi
+ 〈κ

2

h
〉

h := 1 + ε(ζeq + δ)

Newtonm(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott{
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ∂x

(
ζ + ε q

2

h + ε
2ζ

2
)

= 0

Transmission conditions

q± = q± ⇒
{

JqK = −δ̇|I|,
〈q〉 = 〈q〉,

κ = 0 hyperbolic system, compatibility conditions

ζ ∈ ∩nj=0C
j
tH

n−j
x

κ 6= 0 dispersive perturbation of hyperbolic system

ζ ∈ C∞t Hn
x
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wave-structure equations
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Added masses

m(εδ) = m̃ +
1

|I|

ˆ
I

x2

hi
+ 〈κ

2

h
〉

h := 1 + ε(ζeq + δ)

Newtonm(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott{
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ∂x

(
ζ + ε q

2

h + ε
2ζ

2
)

= 0

Transmission conditions

q± = q± ⇒
{

JqK = −δ̇|I|,
〈q〉 = 〈q〉,

κ = 0 hyperbolic system, compatibility conditions ζ ∈ ∩nj=0C
j
tH

n−j
x

κ 6= 0 dispersive perturbation of hyperbolic system ζ ∈ C∞t Hn
x



TRANSMISSION PROBLEM
Augmented added masses
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Added masses
m(εδ) 0

0 α(εδ)

− 1
2
κ2

h+
− 1

2
κ2

h−
1
|I|

κ2

h+
− 1
|I|

κ2

h−

κ |I|2 −κ
κ |I|2 κ

κ2Id2×2



δ̈
˙〈q〉
ζ̈

+

ζ̈−


Newton
m(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

κ2ζ̈± ∓ κq̇± + ζ± + εQ3

(
ζ±, δ̇, 〈q〉

)
= f±

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott{
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ∂x

(
ζ + ε q

2

h + ε
2ζ

2
)

= 0

Transmission conditions{
JqK = −δ̇|I|,
〈q〉 = 〈q〉,

Non-local flux (1− κ2∂2
x )f = ζ + ε q

2

h + ε
2ζ

2 ∂x f± = 0
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Added masses
m(εδ) 0

0 α(εδ)

− 1
2
κ2

h+
− 1

2
κ2

h−
1
|I|

κ2

h+
− 1
|I|

κ2

h−

κ |I|2 −κ
κ |I|2 κ

κ2Id2×2



δ̈
˙〈q〉
ζ̈

+

ζ̈−


Newton
m(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

κ2ζ̈± ∓ κq̇± + ζ± + εQ3

(
ζ±, δ̇, 〈q〉

)
= f±

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott{
∂tζ + ∂xq = 0

∂tq + ∂x f = ˙q± exp
(
− |x−x±|κ

) Transmission conditions{
JqK = −δ̇JxK,
〈q〉 = 〈q〉,

Non-local flux (1− κ2∂2
x )f = ζ + ε q

2

h + ε
2ζ

2 ∂x f± = 0



NUMERICAL SCHEMES
Schemes
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5�x
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Newton (ODE Scheme)
m(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

κ2ζ̈± ∓ κq̇± + ζ± + εQ3

(
ζ±, δ̇, 〈q〉

)
= f±

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott (Finite Volume){
∂tζ + ∂xq = 0

∂tq + ∂x f = ˙q± exp
(
− |x−x±|κ

)
Transmission conditions{

JqK = −δ̇JxK,
〈q〉 = 〈q〉,

Non-local flux (Finite Difference)

(1− κ2∂2
x )f = ζ + ε

q2

h
+
ε

2
ζ2 ∂x f± = 0



NUMERICAL SCHEMES
First order
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Newton (ODE Scheme)
m(εδ)δ̈ + δ + εQ1

(
εδ; δ̇, 〈q〉

)
− 〈ζ + ε

2

q2

h2 + κ2

h ζ̈〉 = 0

α(εδ) ˙〈q〉+ εQ2

(
εδ; δ̇, 〈q〉

)
+ 1
|I|Jζ + ε

2

q2

h2 + κ2

h ζ̈K = 0

κ2ζ̈± ∓ κq̇± + ζ± + εQ3

(
ζ±, δ̇, 〈q〉

)
= f±

q± = ∓|I|
2
δ̇+ ˙〈q〉

Boussinesq-Abbott (Finite Volume){
∂tζ + ∂xq = 0

∂tq + ∂x f = ˙q± exp
(
− |x−x±|κ

)
Transmission conditions{

JqK = −δ̇JxK,
〈q〉 = 〈q〉,

Non-local flux (Finite Difference)

fni − κ2 f
n
i+1 − 2fni + fni−1

∆x2
= ζni + ε

(qni )2

hni
+ ε

(ζni )2

2



NUMERICAL SCHEMES
First order
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Newton (ODE Scheme)

unknowns : θ := (δ, δ̇, 〈q〉, ζ±, ˙ζ±) Euler scheme :
θn+1 − θn

∆t
= G

(
θn, fn±

)
Boussinesq-Abbott (Finite Volume){
∂tζ + ∂xq = 0

∂tq + ∂x f = ˙q± exp
(
− |x−x±|κ

)
Transmission conditions{

JqK = −δ̇JxK,
〈q〉 = 〈q〉,

Non-local flux (Finite Difference)

fni − κ2 f
n
i+1 − 2fni + fni−1

∆x2
= ζni + ε

(qni )2

hni
+ ε

(ζni )2

2



NUMERICAL SCHEMES
First order
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Newton (ODE Scheme)

unknowns : θ := (δ, δ̇, 〈q〉, ζ±, ˙ζ±) Euler scheme :
θn+1 − θn

∆t
= G

(
θn, fn±

)
Boussinesq-Abbott (Finite Volume)

unknowns : u := (ζ, q) non-local flux :F := (q, f)

un+1
i − uni

∆t
+

1

2∆x

[
Fn
κ,i+1 − Fn

κ,i−1 −
∆x

∆t
(uni+1 − 2uni + uni−1)

]
= Si

(
θn, fn±

)
Non-local flux (Finite Difference)

fni − κ2 f
n
i+1 − 2fni + fni−1

∆x2
= ζni + ε

(qni )2

hni
+ ε

(ζni )2

2



NUMERICAL SCHEMES
Second order prediction-correction

Newton (Heun scheme)

Heun - prediction step θn,∗−θn
∆t = G

(
θn, fn±

)
Heun - correction step θn+1−θn

∆t =
G
(
θn,fn±

)
+G
(
θn,∗,fn,∗±

)
2

Boussinesq-Abbott (Finite Volume)
unknowns : u := (ζ, q) non-local flux :F := (q, f)

Mac-Cormack - prediction step i > 1

un,∗i − uni
∆t

+
1

∆x

[
Fn
κ,i − Fn

κ,i−1

]
= Si

(
θn, fn±

)
Mac-Cormack - correction step i ≥ 1

un+1
i − uni

∆t
+

1

2∆x

[
Fn
κ,i − Fn

κ,i−1 + Fn,∗
κ,i+1 − Fn,∗

κ,i

]
=
Si
(
θn, fn±

)
+ Si

(
θn,∗, fn±

)
2

Non-local flux (Finite Difference)

fni − κ2 f
n
i+1 − 2fni + fni−1

∆x2
= ζni + ε

(qni )2

hni
+ ε

(ζni )2

2



NUMERICAL SCHEMES
Second order prediction-correction

Newton (Heun scheme)

Heun - prediction step θn,∗−θn
∆t = G

(
θn, fn±

)
Heun - correction step θn+1−θn

∆t =
G
(
θn,fn±

)
+G
(
θn,∗,fn,∗±

)
2

Boussinesq-Abbott (Finite Volume)

unknowns : u := (ζ, q) non-local flux :F := (q, f)

Mac-Cormack - prediction step i > 1

un,∗i − uni
∆t

+
1

∆x

[
Fn
κ,i − Fn

κ,i−1

]
= Si

(
θn, fn±

)
Mac-Cormack - correction step i ≥ 1

un+1
i − uni

∆t
+

1

2∆x

[
Fn
κ,i − Fn

κ,i−1 + Fn,∗
κ,i+1 − Fn,∗

κ,i

]
=
Si
(
θn, fn±

)
+ Si

(
θn,∗, fn±

)
2

Non-local flux (Finite Difference)

fn,∗i − κ2
fn,∗i+1 − 2fn,∗i + fn,∗i−1

∆x2
= ζn,∗i + ε

(qn,∗i )2

hn,∗i
+ ε

(ζn,∗i )2

2
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RETURN TO EQUILIBRIUM - LINEAR CASE
Long time behaviour

Linear case ε = 0 with (ζ0 = 0, q0 = 0, δ0 6=0 , δ̇0 = 0)[
m + madded,SW + κ(`+ κh−1

eq )
]
δ̈ + δ + `

(
1

t
J1(

t

κ
)

)
∗tδ̇ = 0

κ = 0 : |δ| ∼ e−αt

ζ, q ∈ C 0
x,t admit singularities at {x = t} (transport equation)

κ > 0 : |δ| > ct−3/2

ζ, q ∈ C n
x H

1
t,loc (non-local transport equation)



WAVE-STRUCTURE TRANSMISSION PROBLEM
Return to equilibrium case
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Return to the equilibrium

ζ|t=0 = q|t=0 = δ̇|t=0 = 0 δ|t=0 6= 0

Added masses

(
m(εδ) − 1

2
κ2

h

κ κ2

)
Newtonm(εδ)δ̈ + δ + εQ

(
εδ
)
δ̇

2 −
(
ζ + ε

2

q2

h2 + κ2

h ζ̈
)

= 0

κ2ζ̈ + κ |I|2 δ̈ + ζ + εQ3

(
ζ, δ̇
)

= ”(1− κ2∂2
x )−1”(ζ + ε q

2

h2 + ε
2ζ

2)

Boussinesq-Abbott
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

κ = 0 hyperbolic system, compatibility conditions

κ 6= 0 dispersive perturbation of hyperbolic system



WELL-POSEDNESS
Dispersive boundary layer

zeq
<latexit sha1_base64="g+PLYQ2Ufr1QOeJ9/eCnXWN/IgY="></latexit>

zG
<latexit sha1_base64="+kDN4lrzxmdaKYDGLDbFgB6Z5Lw="></latexit>

E+
<latexit sha1_base64="d2nauitlN6VTrTR4BEqH7s+vnXA="></latexit>

�
<latexit sha1_base64="40pLu/ECMr732eN2RWd+QU0/RhQ="></latexit>

I<latexit sha1_base64="FBU6mSaybf9WUdmxqaqajpOAVkk="></latexit>

"⇣e
<latexit sha1_base64="PvLk1Y3GTzLSu1oDx8rZX1I/+pU="></latexit>

h = 1 + "⇣e
<latexit sha1_base64="swi8zA6EtItALwM54g/p+g3TzH8="></latexit>


∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1−κ2∂2
x ), homogeneous Dirichlet BC at x = 0



WELL-POSEDNESS
Dispersive boundary layer
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∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1−κ2∂2
x ), homogeneous Dirichlet BC at x = 0



WELL-POSEDNESS
Dispersive boundary layer
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∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1− κ2∂2
x ), homogeneous Dirichlet BC at x = 0

(1− κ2∂2
x )
[
∂tq − q̇ exp

(
−x

κ

)]
+ ε∂x

(
q2

h

)
+ h∂xζ = 0

∂tq = −(1− κ2∂2
x )−1

D ∂x

(
ε
q2

h
+ ζ + ε

ζ2

2

)
− δ̈ exp

(
−x

κ

)



WELL-POSEDNESS
Dispersive boundary layer
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∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1− κ2∂2
x ), homogeneous Dirichlet BC at x = 0

(1− κ2∂2
x )−1

N inverse of (1− κ2∂2
x ), homogeneous Neumann BC at x = 0

∂tq = −∂x(1− κ2∂2
x )−1

N

(
ε
q2

h
+ ζ + ε

ζ2

2

)
− δ̈ exp

(
−x

κ

)



WELL-POSEDNESS
Dispersive boundary layer
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∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1− κ2∂2
x ), homogeneous Dirichlet BC at x = 0

(1− κ2∂2
x )−1

N inverse of (1− κ2∂2
x ), homogeneous Neumann BC at x = 0

∂tq = −∂x(1− κ2∂2
x )−1

N

(
ε
q2

h
+ ζ + ε

ζ2

2

)
− δ̈ exp

(
−x

κ

)



WELL-POSEDNESS
Dispersive boundary layer
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∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1− κ2∂2
x ), homogeneous Dirichlet BC at x = 0

(1− κ2∂2
x )−1

N inverse of (1− κ2∂2
x ), homogeneous Neumann BC at x = 0

∂tq = −∂x(1− κ2∂2
x )−1

N

(
ε
q2

h
+ ζ + ε

ζ2

2

)
− δ̈ exp

(
−x

κ

)

− κ2ζ̈ =

κ2∂x∂tq = −κ2∂2
x (1− κ2∂2

x )−1
N︸ ︷︷ ︸

Id−(1−κ2∂2
x )−1

N

(
ε
q2

h
+ ζ + ε

ζ2

2

)
+ κδ̈ exp

(
−x

κ

)



WELL-POSEDNESS
Dispersive boundary layer
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∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1− κ2∂2
x ), homogeneous Dirichlet BC at x = 0

(1− κ2∂2
x )−1

N inverse of (1− κ2∂2
x ), homogeneous Neumann BC at x = 0

∂tq = −∂x(1− κ2∂2
x )−1

N

(
ε
q2

h
+ ζ + ε

ζ2

2

)
− δ̈ exp

(
−x

κ

)

− κ2ζ̈ = κ2∂x∂tq = −κ2∂2
x (1− κ2∂2

x )−1
N︸ ︷︷ ︸

Id−(1−κ2∂2
x )−1

N

(
ε
q2

h
+ ζ + ε

ζ2

2

)
+ κδ̈ exp

(
−x

κ
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WELL-POSEDNESS
Dispersive boundary layer
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∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ε∂x

(
q2

h

)
+ h∂xζ = 0

B.C : q = −δ̇

(1− κ2∂2
x )−1

D inverse of (1− κ2∂2
x ), homogeneous Dirichlet BC at x = 0

(1− κ2∂2
x )−1

N inverse of (1− κ2∂2
x ), homogeneous Neumann BC at x = 0

∂tq = −∂x(1− κ2∂2
x )−1

N

(
ε
q2

h
+ ζ + ε

ζ2

2

)
− δ̈ exp

(
−x

κ

)

−κ2ζ̈ =
[
−κ2∂2

x (1− κ2∂2
x )−1

N︸ ︷︷ ︸
Id−(1−κ2∂2

x )−1
N

(
ε
q2

h
+ ζ + ε

ζ2

2

)]
|x=0

+ κδ̈



WELL-POSEDNESS
Dispersive boundary layer
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Dispersion regularization :

(ζ, q)(t) ∈ H1 × H2 ⇒
{

(∂tζ, ∂tq)(t) ∈ H1 × H2

ζ, ζ̇, ζ̈ well-defined



BECK 2027
Chercher plus pour trouver moins

Marginal Ice Zone : homogenization of small bodies (with Matthieu
Hillairet)

La Banquise Insoumise : water-waves / elastic rod interactions (with
Loic Le Marrec)

Generic Drug : almost-sure well-posedness with random forcing (with
Ricardo Grande)
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BECK 2027
Chercher plus pour trouver moins

Marginal Ice Zone : homogenization of small bodies (with Matthieu
Hillairet)

La Banquise Insoumise : water-waves / elastic rod interactions (with
Loic Le Marrec)

Generic Drug : almost-sure well-posedness with random forcing (with
Ricardo Grande)

Augmented energy E = ||ζ, q√
h
, κ√

h
∂xq||22 + |δ, δ̇|2 + εκ|κζ, κ2ζ̇|2

Goal : Lifespan T ∗ = O(ε−1) ?
Conditional uniform estimate M[u] := ||ζ, q||L∞t W 1,∞

x

E (t) ≤ C (M[u],E0)



THANK YOU FOR ATTENTION : POEMS’ POEM
POEMS= Propagation Ondes Etudes Mathématiques Simulations

La vague et le flotteur sont en couplage,
L’onde est et non-linéaire et dispersive.
Les conditions limites sont inoffensives,
Car nul ne peut parvenir jusqu’à la plage.

Sans la pression, demeurez sur le rivage,
Car elle est un multiplicateur de Lagrange
Qui représente les contraintes étranges.
Sans elle, vous ne connaitriez que naufrage.

L’expérience nomée ”retour à l’équilibre”
Est de l’équation de Cummins le calibre.
Vigilance avec la pseudo-différentiallité !

Si BBM pouvait diagonaliser Boussinesq
Et l’asymptotique moins charlatanesque,
Alors le calcul de la vague serait vanité.



RETURN TO THE EQUILIBRIUM - LINEAR CASE
Non-dispersive linear waves
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Explicit solution

q = ζ = −|I|
2
δ̇(t − x)It≥x ,

Regularity C 0
x,t

Singularities at {x = t} since δ̈(0) = −δ0m(0)−1

Newton

m(0)δ̈ + δ = ζ

= −|I|
2
δ̇

Decay test

δ ∼
t→∞

e−αt

Linear waves{
∂tζ + ∂xq = 0

∂tq + ∂xζ = 0

Boundary condition

q = −|I|
2
δ̇,

Decay test : δ exponentially decreasing
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Explicit solution in Laplace domain{
q̂(s, x) = q̂(s)e

− s√
1+κ2s2

x

ζ̂(s, x) = q̂(s,x)√
1+κ2s2

∂x q̂ + sK̂q̂ = 0

q ∈ C 0
xH

1
t ∩C n

x H
1
t,α where L2

t,α := L2(e−αtdt)

Newton

m(0)δ̈+ δ = ζ + κ2ζ̈

= −|I|
2

Op(
√

1 + κ2s2)δ̇

Decay test

|δ| >
t�1

ct−
3
2

Linear waves{
∂tζ + ∂xq = 0

(1− κ2∂2
x )∂tq + ∂xζ = 0

Boundary condition

q = −|I|
2
δ̇,

Laplace L : q(t) 7→ q̂(s) :=
´
q(t)e−stdt <(s) > 0
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VERTICAL MOVEMENT OF A FLOATING SOLID
Transmission conditions at the interfaces

Conservation of the volume ⇒ continuity of q : q± = q±

Conservation of energy

Ėtot = 0O(εκ2)⇐ 1

ε
P± =

(
ζ +

ε

2

q2

h2
+
κ2

h
ζ̈

)
± −

(
ζ +

ε

2

q2

h2
+
κ2

h
ζ̈

)
±

Energy Etot = Esolid + Efluid

Solid energy Esolid :=
1

2
m̃` δ̇2 + g̃`δ

Fluid energy Efluid :=
1

2

ˆ
R

(
ζ2 +

q2

h
+ κ2 (∂xq)2

h

)
Ėtot = −Jq

(
ζ +

ε

2

q2

h2
+
κ2

h
ζ̈

)
−q
(
ζ +

ε

2

q2

h2
+
κ2

h
ζ̈

)
− 1

ε
qPK+O(εκ2).

jump between x+ and x− : JuK = u+ − u−
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WELL-POSEDNESS
Local theory : Dispersive Vs. Hyperbolic

{
u := (ζ, q)

θ := (δ, δ̇, κζ, κ2ζ̇)
fκ := ”(1− κ2∂2

x )−1”(ζ + ε q
2

h2 + ε
2ζ

2) Fκ :=

(
q
fκ

)

∂tu + ∂x [Fκ(u)]= −

(
0

δ̈

)
exp

(
− x
κ

)
R+

x × [0,T ]

q= −δ̇ {x = 0} × [0,T ]

θ̇ = F (θ, f
κ

) [0,T ]

Local theory
Energy (boundary dissipation) E [u, θ](t) = |θ(t)|2 + ||u(t)||2 + ||u||2L2(0,t)

1 Linearized problem

2 Control of derivatives of Linearized problem(compatibility conditions)

3 Quasi-linear iterative scheme

Return to equilibrium : Compatibility conditions don’t work

Diagonalization with Riemann invariants ⇒ u Burgers equation
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WELL-POSEDNESS
Long time behavior

Unknows

{
u := (ζ, q)

θ := (δ, δ̇, κζ, κ2ζ̇)
f
κ

= ”(1− κ2∂2
x )−1”(ζ + ε q

2

h2 + ε
2ζ

2)


∂tu + ∂x [Fκ(u)] = S(θ, f

κ
) exp

(
− x
κ

)
R+

x × [0,T ]

q = −θ2 {x = 0} × [0,T ]

θ̇ = F (θ, f
κ

) [0,T ]

Local theory (κ > 0) U̇ = Φ(U), Φ : Hn × Hn+1 × R3 → Hn × Hn+1 × R3

Augmented energy E [u, θ] = ||ζ, q√
h
, κ√

h
∂xq||22 + |δ, δ̇|2 + εκ|κζ, κ2ζ̇|2

Goal : Lifespan T ∗ = O(ε−1) ?

1 Conditional uniform estimate M[u] := ||ζ, q||L∞t W 1,∞
x

E [u, θ](t) ≤ C (M[u],E0)

2 Control of time derivatives u(i) := (∂ itζ, ∂
i
tq),
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2

Boussinesq full line [Linares, Pilod, Saut] O(ε−
1
2 ), [Saut, Xu] O(ε−1)

Weakly non-linear approximation, fixed object [Bresch, Lannes, Métivier] O((ε + κ2)−1)
(compatibility inequalities)
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