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Torsion does not propagate

Einstein-Cartan
theory

torsion is determined algebraically by spin-density 
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Torsion does not propagate

Einstein-Cartan
theory

Could there be a theory of gravity containing  
dynamical  torsion ?
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Explicit field equations
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confusion, we add a hat, e.g., eîμ, on the frame indices. The
signature is mostly plus.
The (first-order) action is expressed in terms of two basic

independent fields: (i) the (inverse) vierbein eiμ; and (ii) a
general SO(3,1) connection Ai

jμ, which is metric preserv-
ing (i.e., Aijμ ¼ −Ajiμ, where Aijμ ≡ ηisAs

jμ). The most
general ghost-free and tachyon-free (around Minkowski
spacetime) action containing only a massless spin-2 exci-
tation and a (positive-parity) massive spin-2 one has four
parameters5 and can be written as

Stotal ¼ STBG½eiμ; Aijμ# þ Smatter: ð2:1Þ

The torsion bigravity part, STBG, of the action reads

STBG½eiμ;Aijμ# ¼
Z

d4x
ffiffiffi
g

p
LTBG½e;∂e;∂2e;A;∂A#; ð2:2Þ

where
ffiffiffi
g

p ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det gμν

p ≡ det eiμ, and

LTBG ¼ cRR½e; ∂e; ∂2e# þ cFF½e; A; ∂A#

þ cF2

"
FðijÞFðijÞ −

1

3
F2

#
þ c34F½ij#F½ij#: ð2:3Þ

Here, we use the letter R to denote the various curvatures
defined by the Riemannian structure (curvature tensor
Ri

jkl ≡ Ri
jμνekμelν, Ricci tensor Rij ¼ Rk

ikj, and curvature
scalarR ¼ ηijRij), and the letterF to denote the correspond-
ing Yang-Mills–type curvatures defined by the SO(3,1)
connection Ai

jμ [curvature tensor Fi
jkl ≡ Fi

jμνðAÞekμelν,
Ricci tensor FijðAÞ ¼ Fk

ikj, and curvature scalar FðAÞ ¼
ηijFij]. Note that, because of the projections on the frame, the
frame components of the F-type curvature depend algebrai-
cally on the vierbein eiμ, besides depending on Ai

jμ and its
first derivatives. See Appendix A for more details on the
definition of these objects and for the relation with the
notation used in our previous paper [39]. (An explicit form of
the general field equations can also be found in the latter
reference.)
The torsion bigravity Lagrangian (2.3) a priori depends

on four parameters: cR, cF, cF2 , and c34. Actually, the last
one, c34, will not enter in the discussion of spherically
symmetric solutions. This leaves us with three relevant
parameters. The analysis of Refs. [20,24] has shown that
the absence (around a Minkowski background) of pathol-
ogies (ghosts or tachyons) require the three parameters cR,
cF, cF2 to be positive. Actually, they are related to the
gravitationlike coupling constants G0 (linked to massless
spin-2 exchange) and Gm (linked to massive spin-2

exchange), and to the mass6 κ ≡m2 of the massive
spin-2 excitation, by the relations

cR þ cF ≡ λ ¼ 1

16πG0

;

cF
cR

≡ η ¼ 3

4

Gm

G0

;

cF2 ¼ ηλ
κ2

¼
cFð1þ cF

cR
Þ

κ2
: ð2:4Þ

Here, we have introduced (following [19]) the notation λ
for the sum cR þ cF of the two curvature coefficients. It is
indeed this sum which measures (at least in the weak field
limit) the usual Einsteinian gravitational coupling constant
1=ð16πG0Þ. We have also introduced the notation η for the
dimensionless ratio cF=cR, which measures (within a factor
4
3 linked to the difference between the massless, Sμν0 ¼ Tμν−
1
2Tη

μν, and massive, Sμνm ¼ Tμν − 1
3Tη

μν, spin-2 matter
couplings7) the ratio of couplings to matter. It is tempting
to conjecture that, for general solutions, the ultraminimal
class of theories defined by the three parameters G0, Gm,
and κ ¼ m2, taking c34 ¼ 0, will have the best possible
nonlinear behavior.
The difference between the affine connection Ai

jμ and
the torsionless Levi-Civita connection ωi

jμðeÞ defined by
the vierbein eiμ is called the contorsion tensor,

Ki
jμ ≡ Ai

jμ − ωi
jμðeÞ: ð2:5Þ

The frame components Ki
jk ≡ ekμKi

jμ of the contorsion
tensor are related to the frame components Ti

½jk# ¼ −Ti
½kj#

of the torsion tensor by the relations

Kijk ¼
1

2
ðTi½jk# þ Tj½ki# − Tk½ij#Þ;

Ti½jk# ¼ Kijk − Kikj: ð2:6Þ

(Note that Ti½jk# ¼ −Ti½kj# while Kijk ¼ −Kjik.) The field
equations are linear in the second-order derivatives of eiμ
and Ai

jμ when using these quantities as basic fields in the
action. One should avoid the use of the vierbein and the
torsion as basic fields because this introduces, in view of
the link (2.5) which involves first derivatives of the
vierbein, third derivatives of the vierbein in the field
equations. One should rather consider the torsion as a field
that is a posteriori derived from the basic fields.
Let us emphasize that the first-order formalism

used in the Einstein-Cartan(-Weyl-Sciama-Kibble) theory

5See the Appendix B for a discussion and the link with our
previous notation.

6Here, the “mass,” κ, of the massive spin-2 field refers to the
inverse of its (reduced) Compton wavelength, i.e., the parameter
entering the exponential decay ∝ e−κr of a static torsion field.

7In the Newtonian limit, we have, indeed, S000 ¼ 1
2T

00 while
S00m ¼ 2

3T
00 ¼ 4

3 S
00
0 .
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Field content around flat space:
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Tμν) involves the exchange of two fields: a massless
Einstein-like gravitational field h!μν, and a massive spin-2
field (contained within the 24 components of the contorsion
tensor). The massless field h!μν couples to Tμν with the
Newtonian-like coupling constant

G0 ¼
1

16πλ
¼ 1

16πðcR þ cFÞ
; ð10:1Þ

while the massive spin-2 excitation couples to Tμν with the
effective Yukawa-Newtonian coupling constant

Gm ¼ 4

3
ηG0 ¼

4

3

cF
cR

G0: ð10:2Þ

This means that the gravitational interaction term of the
source Tμν with itself (after integrating out the field d.o.f.)
reads

Sint ¼
Z

d4xLint ð10:3Þ

with

Lint ¼ 2G0Tμν

!
−4π
□

"!
Tμν −

1

2
Tημν

"

þ 3

2
GmTμν

!
−4π

□ − κ2

"!
Tμν −

1

3
Tημν

"
: ð10:4Þ

Here the extra numerical prefactors 2 and 3
2 are such that the

interaction between two nonrelativistic (Tμν ¼ T00δ0μδ0ν)
stationary (□ ¼ Δ) sources read

LNewtonian
int ¼ G0T00

!
−4π
Δ

"
T00 þ GmT00

!
−4π
Δ − κ2

"
T00:

ð10:5Þ

If we consider the interaction between a test particle of mass
M2 and a spherical object (say a nonrelativistic star) of
constant density e0 and total massM1 ¼

R
d3xe0, separated

by a distance r12 (between their centers of mass), the above
formulas yield an interaction potential V int ¼ −

R
d3xLint,

VNewtonian
int ¼ −G0

M1M2

r12
−GmF ðκR1Þ

M1M2e−κr12

r12
:

ð10:6Þ

Here the form factor F ðκR1Þ (where R1 denotes the radius
of the object M1) is the (normalized) one introduced in
Eq. (7.32). [If we were considering the interaction between
two constant-density spherical objects, we should include
two form factors: F ðκR1ÞF ðκR2Þ. In the case of a test
particle considered here, we have F ðκR2Þ → 1.] It is easily
checked that the radial force Fint ¼ −∂VNewtonian

int =∂r12

deduced from the interaction potential is simply equal to
(setting zs ¼ κR1)

Fint ¼ −M2

!
G0

M1

r212
þ CF

1 ðzsÞ
e−κr12ð1þ κr12Þ

ðκr12Þ2

"

¼ −M2F1ðr12Þ; ð10:7Þ

where the function F1ðrÞ denotes the external value of our
linearized variable FðrÞ ¼ Φ0ðrÞ, as obtained in Eq. (7.36)
above. This is a direct check of the superposition of massless
and massive spin-2 excitations in the Newtonian-like poten-
tial Φ ¼ 1

2 lnð−g00Þ.
There are many experimental data that have set upper

limits on the existence, in addition to the Newtonian 1=r
interaction, of a Yukawa-type interaction αe−κr=r coupled
with gravitational strength to matter. See Refs. [56,57]
for reviews of the experimental situation. (Note that,
when considering non-spin-polarized sources, the torsion
bigravity interaction respects the equivalence principle,
as assumed in the presently considered composition-
independent limits.) The Yukawa strength parameter α
entering these limits is simply α ¼ Gm=G0 ¼ 4

3 η. The
experimental limits on α, as a function of λ≡ 1=κ, are
summarized in Fig. 2.13 of [56] and Fig. 4 of [57] (for the
range 10−3 m < λ < 10þ15 m). We note that the less
stringent upper limits apply in the geophysical range
(i.e., for 1 m≲ κ−1 ≲ 10 km) and roughly limits η ¼ 3

4 α
to be

η≲ 3 × 10−4 for κ−1 ≲ 10 km: ð10:8Þ

A range of order κ−1 ∼ 10 km is interesting to consider if
one wishes to discuss possible deviations from GR in the
physics of neutron stars and black holes.

B. PPN parametrization of the second-order torsion
bigravity metric when assuming Rs < r ≪ 1=κ

Let us now consider the other phenomenological sit-
uation where the massive-gravity range is much larger than
all the length scales of our system. (We exclude from our
consideration the case where 1=κ is roughly between 10 km
and 10þ11 km, for which there are very stringent limits on η
coming from Earth-satellite, lunar, and planetary data.)
If we consider the motion of classical, non-spin-

polarized, test masses in our second-order torsion bigravity
spacetime (endowed with the metric gμν and the connection
Aijμ), it is given (as shown in Ref. [22]) by geodesics of the
metric gμν. The observational differences (say for the
motion of the planets around the Sun) between torsion
bigravity and GR are then encapsulated in the difference
between our spherically symmetric metric

ds2 ¼ −e2Φdt2 þ e2Λdr2 þ r2ðdθ2 þ sin2θdϕ2Þ ð10:9Þ
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Direct source of torsion,
direct torsion probe

Dirac fermions

field), gµν (metric) and Kαβµ (contorsion), the following field equations are obtained:

δ(
√
−gLm)

δψ
= 0, (7)

δ(
√
−gR)

δgµν
= 2k

δ(
√
−gLm)

δgµν
and (8)

δ(
√
−gR)

δKαβµ
= 2k

δ(
√
−gLm)

δKαβµ
. (9)

Eq. (7) yields the matter field equation on a space-time with torsion. The right hand side of
Eq. (8) is related to the metric energy-momentum tensor Tµν , while the right hand side of Eq.
(9) is associated with the spin density tensor Sµβα. Equations (8) and (9) together give the
Einstein-Cartan field equations:

Gµν = k Σµν , (10)

T µβα = k τµβα. (11)

Gµν is the asymmetric Einstein tensor constructed from the asymmetric connection. Σµν

is the canonical energy-momentum tensor (asymmetric) constructed from the metric energy-
momentum tensor (symmetric) and the spin density tensor. In Eq. (11), T µβα is the modified
torsion (traceless part of the torsion tensor); it is algebraically related to Sµβα on the right
hand side. On setting the torsion to zero, the field equations of general relativity are recovered.

For a Dirac field (ψ), the matter lagrangian density is given by

Lm =
i!c

2
(ψγµ∇µψ −∇µψγ

µψ)−mc2ψψ. (12)

We denote a Riemannian space-time by V4 and a space-time with torsion by U4. Minimally
coupling a Dirac field on U4 leads to the Einstein-Cartan-Dirac (ECD) theory. The spinors
are defined on V4 and U4 using tetrads. We use êµ = ∂µ as the coordinate basis, which is
covariant under general coordinate transformations. Spinors (defined on a Minkowski space-
time) on the other hand are associated with basis vectors which are covariant under local
Lorentz transformations. To this aim, we define at each point on the manifold, four orthonormal
basis fields (tetrad fields) êi(x), one for each i value. The tetrad fields satisfy the relation
êi(x) = eiµ(x)ê

µ, where the transformation matrix eiµ is such that

e(i)µ e(k)ν η(i)(k) = gµν . (13)

The trasformation matrix e(i)µ facilitates the conversion of the components of any world ten-
sor (which transform according to general coordinate transformations) to the corresponding
components in a local Minkowski space (these latter components being covariant under local
Lorentz transformations). Greek indices are raised and lowered using the metric gµν , while the
Latin indices are raised and lowered using η(i)(k). Parentheses around indices is a matter of
convention.

We adopt the following conventions for the remainder of the paper:

• Objects with Greek indices (world indices), e.g. α, ζ , δ, transforms according to general
coordinate transformations and are raised and lowered using the metric gµν .

• Objects with Latin indices within parentheses (tetrad indices), e.g. (a) or (i), transform
according to local Lorentz transformations and are raised and lowered using η(i)(k).

• Latin indices without parentheses, e.g. i, j, b, c refer to objects in Minkowski space, which
transform according to global Lorentz transformations.

4

torsionfull connection
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torsion is not easy to detect directly
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Theories with massive spin-2:
Vainshtein mechanism
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Black Holes in torsion bigravity
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bimetric gravity

Einstein BHs (incl. Kerr)
are exact solutions BHs

 with massive graviton hair

bimetric gravity

Theories with massive spin-2:
(Asymptotically flat) black hole ZOO

Einstein BHs

(Volkov’12)
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Theories with massive spin-2:
(Asymptotically flat) black hole ZOO
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Superradiant instabilities: NO
Nikiforova’22 based on Zouros-Eardley'79 , Stott’09 and Brito-Grillo-Pani’21

Salpeter time
time of observation of a spinning black hole
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Black hole perturbations
Nikiforova’21 + work in progress
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- quasi-bound states and stability
-  quasi-normal modes



Take away message

it’s a good time to do gravity.   good time to formulate
questions,   good time to look beyond GR 

gravity with dynamical torsion is a natural extension of GR  

gravity with dynamical torsion gives  
an interesting alternative to GR,  
which can be useful both for phenomenology  
and 
for theoretical development of gravity.
TO THIS END, I will continue study.
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