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One motivation for high-dimensional models of continuous-time processes

One of the central questions with regard to financial risk management of the entire
economy: How can you build a secure banking system?

» requires in particular to understand the structure of the interbank lending market in
order to be able to predict possible contagions

» according to recent research, interbank lending market has typically a stable
structure: there are long-term relationships that are created between some
institutions, and most transactions are made through these channels

» structure is not of common knowledge and is hard to observe
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Natural model for interbank lending activity: d-dimensional Ornstein—Uhlenbeck
(OU) process fulfilling the stochastic differential equation (SDE)

dXt = —AOX[ dt + th, t > 0,

where
e Ay € R is a deterministic drift parameter modeling the flow of reserves,

o W = (W0 is a d-dimensional Brownian motion modeling the random variations of
the reserves of a bank.

> linear form implies that increased imbalances create increased lending activity

> similar models (e.g., with a drift matrix parameter depending on the current state of
the reserves in the setting of Feller diffusions) have already been used for that same
application



Classical textbook example: Drift parameter estimation for an OU process

e Consider the d-dimensional fulfilling
dXt = —AoXt dt + th, t > O

e For ‘nice’ Ag, it holds

t (o]
X = / exp(—(t —s)Ag) dW; ~ N(0, Cs), with Co = / o~Aog=sAJ 4o
) 0

0
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e How to estimate Ag, given continuous observations (X;)o<¢<7 of the OU process?

e Since the (negative) L7(+) is explicitly computed via
Girsanov’s theorem, it is straightforward to specify the Ay, of Ag as

T T =1
A, = argming cgaxe L7(A) = — (/ dXtXtT) (/ Xe X, dt) .
0 0



For the drift parameter Ag of the d-dimensional OU process fulfilling the SDE
dXt = _AOXt dt + th, t > 0,

we have the MLE

-1

A, = argming cpaxd L1 (A) = — (/ dX: X ) (/ X X, dt)

What happens for ‘large’ and ‘sparse’ Ag?



For the drift parameter Ag of the d-dimensional OU process fulfilling the SDE
dXt = _AOXt dt + th, t > 0,

we have the MLE
-1

A, = argming cpaxd L1 (A) = — (/ dX: X ) (/ X X, dt)
What happens for ‘large’ and ‘sparse’ Ag?

e MLE is typically quite inaccurate in high-dimensional setting
e for the real-world application of interbank lending, the interaction structure is sparse

— Carmona—Fouque model: diagonal (non-diagonal) terms of Ag correspond to outflows
(inflows) of liquidity — if each actor receives capital only from a limited number of

institutions, this corresponds to row sparsity of Ag



Previous results for high-dimensional OU models

Gaiffas, Matulewicz (2019) [GM19]

e investigate estimators for OU processes X, assuming that the drift

parameter Ag is

e results rely on a
parameter matrix Ag is

e rate of convergence:

\/ds(log(d) +
=

, which is verified if the drift



Previous results for high-dimensional OU models

Ciolek, Marushkevych, Podolskij (2020) [CMP20]

e investigate and estimators for OU processes X, assuming
that the drift parameter Ag is , i.e.,

d

1Aollo = D" 1{(A0)j # 0} <s

ij=1

e concentration inequality verified as soon as X is

slog(d?)
,/T

e rate of convergence:



Rate of convergence?

Consider a d-dimensional (classical) OU model of the form
dXt = —AOXt dt+ th, t > O,
with underlying observation (X;)o<¢<7. Define the Lasso estimator of Ag as

Klasso = argminAeRdxd {LT (A) }, A>0.



Rate of convergence?

Consider a d-dimensional (classical) OU model of the form
dX; = Ao X, dt + dW;, ¢t >0,
with underlying observation (X;)o<¢<7. Define the Lasso estimator of Ag as
Alasso = argming cgaxe { L7 (A) Y, A>0.

Corollary 4.3 in [CMP20]

Fix € € (0, 1), and assume that |[Ag|lo < s. Under some regularity conditions, the Lasso

estimator Klasso with tuning parameter A > 2/const; w fulfills,

, with probability at least 1 — ¢,

||K1asso - Ao”2 < consty VsA.



e Extend results from classical to X with background
driving Lévy process (BDLP) Z, given as a strong solution of the SDE

dXt = —A()Xt dt + dZt, t > O

e Which are the underlying structures?

e What are the keys to studying more general high-dimensional models of
continuous-time processes?

e Which are the required (probabilistic) tools?
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e Suggest regularized estimators of Ag whose tuning parameters can be chosen

e Suggest estimators of Ag which achieve



Main results




Setting the benchmark: Lower bound

Corollary (Dexheimer & CS (2022))
Let d > 4 and s > 2d, and assume that the Lévy triplet of the BDLP Z is given by

(0,Idgxg,0). Then, , there
such that, with PA°-probability of at least co,

~ [s] d?
|A = Aoll2 = ¢4 M, for some constants cg, ¢ > 0.

Notation:
o M,(RY) is the set of all real d x d matrices such that the real parts of all eigenvalues
are positive
e PA is the measure induced by the Lévy-driven OU process with drift parameter A,
and IF’? is the restriction of PA on the path space to 75

10



Upper bounds: Framework and general assumptions

Consider a d-dimensional (OU) process, i.e., a
stochastic process X = (X;)¢>0 satisfying the SDE

dXt = —AOXt dt + dZt, t > O, (1)

where Z = (Z;)ss0 is a with (b,C=X2X",v).
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Upper bounds: Framework and general assumptions

Consider a d-dimensional (OU) process, i.e., a
stochastic process X = (X;)¢>0 satisfying the SDE

dXt = —AOXt dt + dZt, t > O, (1)

where Z = (Z;)ss0 is a with (b,C=X2X",v).

Throughout, we impose the following assumptions:

o Ay e M. (RY).

e Cis with minimal (maximal) eigenvalue x°

oin (Kihax)-
e The Lévy measure v admits a moment.
e X is stationary with invariant distribution .

e Ajyis forse{d,...,d2}.

11



Lasso and Slope estimators

Let L7(A) be the normalized negative function, i.e., set
1 dpP2
A)=-=log|—L]|, AeR™
Lr(A) T 108 ( apY
The and estimators Xlasso, Kslope with Alasso> Aslope = 0

are defined as

d
Ajsso € argming craxd {L7(A) + Alasso || A1}, with [JA]l1 = Z |Ajl,

ij=1
—~ d’ 2d2
Aslope € argming cgaxd {-ET(A) +/‘slope”A”*} , with |[A]l. = ZA,# log (T)’
i=1
where A# € R is a of the absolute values of A’s

entries.
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SLOPE—ADAPTIVE VARIABLE SELECTION VIA
CONVEX OPTIMIZATION

BY MALGORZATA BOGDAN*! EWOUT VAN DEN BERGT2,
CHIARA SABATTIF3, WEDIE SU** AND EMMANUEL J. CANDiSH5

Wroctaw University of Technology*, IBM T.J. Watson Research Center'
and Stanford University*

We introduce a new estimator for the vector of coefficients 8 in the linear
model y = X + z, where X has dimensions n x p with p possibly larger
than n. SLOPE, short for Sorted L-One Penalized Estimation, is the solution
to

.1 2
Zly—X A
min, 2||y bllg, +211bl(1y +A21bl2) + -+ + Aplbl(p).
where Ay > Ap > -+ > )\.p > 0 and |b|(1) > |b|(2) >0 > |b|(p) are the de-
creasing absolute values of the entries of b. This is a convex program and we
demonstrate a solution algorithm whose computational complexity is roughly
comparable to that of classical £; procedures such as the Lasso. Here, the

13



Upper bounds: Starting point of the investigations

Lemma (Dexheimer & CS (2022))

Let h: R — R be a function. If A is a solution of the
min, cgaxd {L7(A) +h(A)}, then A satisfies for all A € R9*9

_ 0
&~ A0 X[, ~ S ca - o)X
< 260, (¢, 27 (A= B)) + h(A) - h(B)) - [|(A - &)X,
where
2 1 T 2 T 1 T T
||AX||L2:?/0 [AXs||“ds and €5 = ?/0 Xs AW,

with (W;)ss0 being a PA°-Wiener process.

14



Proof of our main results is based on two central elements:
(1) We confine ourselves to the study of a benign event, in our context of the form

IBX|? B
8 = 1nf —2L2 > ﬂ { sup <€T’ >2 < C2 } )
Berexd\(0} ||B}2 Bero<dBz0 IBlls NT

» investigation on this event is driven by purely deterministic arguments,
which can be developed analogously to the high-dimensional linear regression
model

15
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» investigation on this event is driven by purely deterministic arguments,
which can be developed analogously to the high-dimensional linear regression
model

(2) We show that the event & is of high probability.
Analysis of the first sub-event?

> verify a property of restricted eigenvalue-type
> similarly to the Gaussian case, a concentration condition can be used to show
this



Fundamental concentration condition: Key to the proofs

(H) There exists a function H: R* x R* — R* such that

e for any T,r > 0, the functions H(T,-) and H(-, r) are non-increasing and such that
Vr>0, lim H(T.r)=0;
e for any vector u € RY with ||u|| < 1, it holds
VT,r>0, P (ju"(€r - Co)ul > r) < H(T, 1),

where

177
Cr = ?/ XX ds and Ce I=/XXT,U(dX)-
0

16



Proof of our main results is based on two central elements:

(1) We confine ourselves to the study of a benign event, in our context of the form

IBXI2 B
& = inf —ZLZ > ci ﬂ{ sup (er.B), <2 }
Ber#?\(0} ||BJ|2 Beroxd:pzo |IBlls NT

(2) We show that the event & is of high probability.

17



Proof of our main results is based on two central elements:

(1) We confine ourselves to the study of a benign event, in our context of the form

IBXI2 B
&= inf —ZLZ>C1 ﬂ{ sup msﬁ}
Berd\(0} ||B3 Bered:pz0 [IBlls — VT
(2) We show that the event & is of high probability.

Analysis of the second sub-event?

> involves both the process e and the norm

IBlls = IIBl. v Vlog(4/£0)|BI|2

> main differences with previous studies of high-dimensional OU models do not
arise because of the structure of the process, but because of the modified
statistical approach

> controlling the second sub-event provides the key to obtain the optimal
convergence rate

17



Deviation inequality for the stochastic error

e Introduce the event

Qr = { sup  |uT(Cr = Coo)u| < Kme}

ueR?: |ju|l <1

e [f assumption holds, we have

P(Qr)=1-(21(d Ae)?H (T’%“)

18



Deviation inequality for the stochastic error

e Introduce the event
T/~ Kmin
Qr = sup  |u (Cr=Co)u| £ — .
ueR?: |ju|l <1 2

e [f assumption holds, we have

P(Qr)=1-(21(d Ae)?H (T’%“)

e Furthermore, if assumption holds, we control for any B € R9*? the probability
that

1 T
T / IBX, |13 ds > const. || B|2.
0

————
quadratic variation of the stochastic error T (e, B),

18



Deviation inequality for the stochastic error

e By , we get for any u >0

262
P (I(er,B> Torl 2 \/TU”B”Z)

T T
<P (|/ (BX,)" dW,| > \/202Tu||B||2,/ IBX||3ds < 202T||B||§)
0 0

2
<2e7Y.
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Deviation inequality for the stochastic error

e By , we get for any u >0

262
P (I(er,B> Torl 2 \/TU”B”Z)

T T
<P (|/ (BX,)" dW,| > \/202Tu||B||2,/ IBX||3ds < 202T||B||§)
0 0

2

<2e7Y.
° device then implies, for some constant ¢ > 0,
(eT,B) Tor c 2
P — < — (Ww(D) +urad(D"))|=1-2¢"", u>0,
( Bls = VT
where w(D*) and rad(D*) are the respectively of

D ={BeR” :|Bls=1}.

19



Deviation inequality for the stochastic error

e For the , we have with Z ~ N(0, Idg2,42)
d2
w(D*) =E [ sup (vec(B), Z)| < E sup (vec(B), Z)| =E sup BI.#Z,.#
BeD* BeRdxd; BeRd:|[B|, <1 ‘5

242\ ? T
<E Z7 |log | == < 4.
= [,-5?,_?‘_?52 j (Og( 7 )) = Valog2) *
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Deviation inequality for the stochastic error

e For the , we have with Z ~ N(0, Idg2,42)
dZ
w(D*) =E [ sup (vec(B), Z)| < E sup (vec(B), Z)| =E sup BI.#Z,.#
BeD* BeRdxd; BeRd:|[B|, <1 ‘5

242\ ? T
<E Z7 |log | == < 4.
= [,-5?,_?‘_?52 j (Og( 7 )) = Valog2) *

e Combining with rad(D*) < \/10g(4/80)717 we obtain for a constant ¢, > 0

(o e o)

Cs
up ————— < —| 2
Berad\(oy  |IBlls \/T)
thus showing the

20



Main result: Lasso

Corollary (of the main theorem) (Dexheimer & CS (2022))
Grant Assumption (H), fix g9 € (0,1), and let A= Klasso be the with

* 2ed?
AT > 2¢c, K?log(e )

Then, for

with probability larger than 1 — 17(30 +¢&1), for all 1 € (0,1):

A-Ag? <
| ollz 2 slog(2ed?/s)

min

165 (<2, A7)’ ( log(4e;™) )

21



Main result: Slope

Corollary (Dexheimer & CS (2022))
Grant Assumption (H), fix g € (0,1), and let A = Agope be the with

A = 2¢csT /2,

Then, for T > To(ep) and Tp(+) defined as in (2), with probability larger than
1-1(e0+&1), for all £ € (0,1):

A - A2 <64(k°,
| ollz (Kmdxcs) Tk? slog(2ed?/s)

min

2 slog (Zedz/s)( Y log(4e7") )

22



Heart of the analysis and

remaining challenges




We have identified the fundamental concentration condition:

(H) There exists a function H: R* x R* — R* such that

e for any T,r > 0, the functions H(T,-) and H(-, r) are non-increasing and such that
Vr >0, ThfgoH(T’ r)y=0;
e for any vector u € RY with ||u|| < 1, it holds
¥T,r>0, P (|uT(6T - Coo)u| > r) < H(T,r),

where

— 1 77
Cr = ?/ X:XJ ds and Ce :=/xpr(dx).
0
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Some known concentration results for Markov processes

Let X be a nice ergodic Markov processes with semigroup (P;)¢s0, invariant distribution u,
and denote

1

-
C,(f, T,x) = PV(?/ f(Xs)ds—,u(f)|>x), fel?u),x,T>0.
0

Bounds on C,(f, T, x) have been mostly studied with two approaches (Lyapunov
vs. Poincaré [BCGO08)):

1. , in particular and
2. , eg.,
ay,(t) := sup sup [IPY(AN B) —P"(A)PY(B)| < ¢(t) 250 0

§>0 Aco(X,,u<s),Beo(Xyu>s+t)

24



Some known concentration results for Markov processes

e [Lez01]: Suppose v < y, dv/dyu € L?(y) and . If p satisfies the
, then we have the

d
Co(F. T, x) < 2”—"
du

[z reirion)
exp (- ,
L2(p) 2(0‘2(f)+2C||f||wX)

where 02(f) = limy_,e t~' Varps (/Ot f(Xs) ds).
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Some known concentration results for Markov processes

e [Lez01]: Suppose v < y, dv/dyu € L?(y) and . If p satisfies the
, then we have the

d
Co(F. T, x) < 2”—"
du

Seor=rm)
exp | — )
L2(p) 2(0‘2(f)+2C||f||wX)
where 02(f) = limy_,e t~' Varps (/Ot f(Xs) ds).

o [GGW14]: If u satisfies the , u(f) =0 and p(exp(A:f*)) < oo
for some A > 0, then we have the

C/(f.T.x) < 2”ﬂ
du

ox (_ T x2 )
i P\ 2(02(f) + Co (M) 1 (2C1s/Cr)x) )

where A} is the Legendre transform of [0,A.] 2 s = Ai(s) = log u(exp(s(xf))) and
A=A, VAL

25



Application to the high-dimensional anaysis of the classical OU model:

Sufficient conditions for assumption (H) in the Gaussian case

e [GM19]: (H) holds under assumptions implied by ergodicity assumption if Ag is

symmetric

e result was achieved by exploiting that symmetricity of Ag implies y to fulfill a
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Application to the high-dimensional anaysis of the classical OU model:

Sufficient conditions for assumption (H) in the Gaussian case

e [GM19]: (H) holds under assumptions implied by ergodicity assumption if Ag is
symmetric

e result was achieved by exploiting that symmetricity of Ag implies y to fulfill a

e [CMP20] extended this finding to the general case of possibly non-symmetric Ay, i.e.,
Ao € M, (R9) already implies () in the classical Gaussian case

e proof of this result relies on

e in both papers, the function H in (H) is of the form
H(T,r) =2exp(=THo(r)), T,r>0,

where Hp is positive and increasing

26



Sufficient conditions for assumption (H) in the Lévy-driven case

e achieving similar results as in the Gaussian setting is a challenging task

e application of the stochastic Fubini theorem, combined with classical martingale
results, yields that (H) is fulfilled as soon as the Lévy measure v of the BDLP admits
a fourth moment

27



Sufficient conditions for assumption (H) in the Lévy-driven case

e achieving similar results as in the Gaussian setting is a challenging task

e application of the stochastic Fubini theorem, combined with classical martingale
results, yields that (H) is fulfilled as soon as the Lévy measure v of the BDLP admits
a fourth moment

Proposition (Dexheimer & CS (2022))
Assume that v admits a fourth moment. Then, there exists a constant ¢ > 0 such that,
for all v € RY fulfilling ||u|| < 1,

(o

P (|UT(CT —COO)U| > f) < W+W

In particular, Assumption (H) is fulfilled.

27



The central challenge

e concentration result in the Lévy case is obviously weaker than its Gaussian
counterpart in the sense of the temporal decay not being exponential but polynomial

e primary influence of this is on the value of the threshold value Ty specified which

increases

e our main results are developed in such a way that they only rely on Assumption (H)
in its general form, and so it would be easy to implement results implying an
exponential decay in the Lévy-driven case to achieve values of Ty similar to the
Gaussian case
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The central challenge

e concentration result in the Lévy case is obviously weaker than its Gaussian
counterpart in the sense of the temporal decay not being exponential but polynomial

e primary influence of this is on the value of the threshold value Ty specified which
increases

e our main results are developed in such a way that they only rely on Assumption (H)
in its general form, and so it would be easy to implement results implying an
exponential decay in the Lévy-driven case to achieve values of Ty similar to the
Gaussian case

° results of [CMP20] in the Gaussian OU case require that

T > Ty = const. slog d
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Summary

e We have extended the results from classical to X with
background driving Lévy process (BDLP) Z, given as a strong solution of the SDE

dXt = _AOXt dt + dZt, t > 0

e Concentration condition is the key to the in-depth high-dimensional study!

o We suggest regularized estimators of Ag whose tuning parameters can be chosen

o We show that the suggested estimators of Ay achieve the
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dXt = _AOXt dt + dZt, t > 0

e Concentration condition is the key to the in-depth high-dimensional study!

o We suggest regularized estimators of Ag whose tuning parameters can be chosen

o We show that the suggested estimators of Ay achieve the

Thank you!
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