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La quantum state based on representations

of the symmetry strunture

Las non trivial Poisson struiture

percolates to the quantum realm



duality is key product noproduct

from 1 to many systems



warm up

consider a par title in momentum representation
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dualizing the notion of product
coproduct

C G algebra of funitions Gfinite gp
KG group algebra basis is group elements
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Take matrix element Dima y

G such a g g D E C G

Dimm 9,9 Dim 9 DIN Ye
too p p

2 Dim i g g C D Din i 9 g

A Dime E D DI

sj.gg
Note KG has also a coproduit it comes from

the product of G

pointwise product
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wuss algebra ventor space product unit

ruins coalgebra vector space oproduct so unit

bialgebra

antipode

Hopf algebra

Antipode inverse momentum
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field
Definition algebra

we consider the vector space A over K

equipped with maps
N A A 3 A product
n Ks A

linear n 2 211A
NEK

Product should be associative and unit be

a unit
htt A
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Definition coalgebra
we consider the vector space A over K

equipped with maps
D A A A coproduct
E A S K co unit

A linear

coproduct shouldbe coassociative

A A A AOA
Droid id A

coid A

A A AOA
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D D
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id E A
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we

say the algebra is connotative

if permutation
Not or a n an a ga

e 9,92 a a

an a a an

we say the co algebra is conommutative
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Definition bi algebra Hopf algebra

A bi algebra A is an algebra and
a co algebra such that we have

the compatibility relations ai EA

D again Da Da BI LO A

E a an Eca E ar E 1 1

A bialgebra is an Hopf algebra if
it is equipped with a linear map

S A A called the antipode

satisfying
u s id as n ides od
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Proposition
From the definition we can prove
that the antipode is unique and that

S is an anti algebra map
S a a Scar Sca

S is an anti co algebra map

S so D To Dos

also S A A

Eos E



Example
g E soca D'm

DI E C soca

Product pointwise product

DInn D g D g D't g

co product D DY Did D.tn
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up
to
commutation

Example
monomials

X

relation

Xi E C IR Xi Xi XK
you

Product Xi Xi

lopuoduit
DX Xi I I Xi
To DX

A Ex Xj DX DX

Ex I 10x Xj I I Xj

Exit It 1 Ex xj

Antipode S Xi Xi

Co unit E Xi o



What is the link with
Poisson lie gp

nuns Poisson algebra can be Poisson

Hopf algebra

Loa C o is a natural Hopfalgb

Lao coproduct should be consistent

with Poisson structure

Definition
A Poisson Hopf algb A is a Poisson algebra A
which is also a Hopf algebra such that

D f 8 D8 D8 Baba

a alia a 3 alia o aia
9920 ai ai
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Example J Eijk J J coord
function
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Other example Ed

Da on a t b c

Db a b t be d

Da Bb i Don ab
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at a b ab ad tab aid
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a b aby a a ace
aid 3 2 bye b 3 0

bid bot c d cot
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Quantization

G i A

deformation order by order in h

Example
CCIR i 3mn D E S 00 Amey D E S

EifJE Ji Ji 5 Jj E JK
algebragenerated

bymonomials in the soord functions

t
algebra generated by monomials
in Ji up to the commutation
relations

ruins noncommutative IR
see 12 type



Note Amy is the envelopping algebra of sacz
Ulsan
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t t t
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L

W operator matrix elements
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Example
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A quantum group is a group
where the coordinates

or the matrix elements do

not commute

Punch line:



quasi triangular Hopf algebras

Among all the possible Hopf algebras
there is a special class which are

almost co commutative

To D R D R

Definition
A quasitriangular hialgebra Hopf algebra
is a pair A R with RE AAH

invertible and such that

id R R
23

id A R Riz Riz

Toda R Da R a EA

i j
R is 110 OR 1 R A



Proposition
let Ct R be a quasitriangular bialgebr
then

Riz Riz Raz R R R
this is the quantum Yang Baxter

equation

Proof
calculate Cid o to g R in 2 ways

id to a R Ra dos Rj

Raz Ri Ri Ri

id to B R dot Riz Riz

Rn RB



Example Ug su i is a quasitriangular
Hopf algebra





Some application
How to describe quantum homogeneously curved

geometry
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