



































































































































Florian Girelli

Quantum groups in a

 coco nutshell






































































































































Useful refs

Majid Quantum groups

chari Pressley A guide to quantum groups

T Tj in An introduction to quantized lie groups
and lie algebras hepth 9111043

Y Kosmann Schwarzbach lie bialgb
Poisson lie gps and dressing transf






































































































































what is a quantum group

lie group Manifold t produit

gordinates

non commutative

euler






































































































































Plan

Overview

Before quantum Poisson

La symmetries
La phase space

Quantum

Los Hopf algebras

3d gravity as the leading applicant
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g(i) 2 G; i = 1; 2

	 Overview

	 Motivations

Consider a group G 























































































































functions on G

C G X CCG
lie CCG

I
f.gyqarsegra.in

ingshould preserve
Poisson branket

Historical motivation integrable systems

g(i) 2 G; i = 1; 2

n
g
(i)
AB ; g

(i)
BC

o

Consider a group G equipped with Poisson bracket

	 Overview

	 Motivations

Product is a Poisson map






































































































































Las

E IR Xi Xj Eif XK

IR acts on itself by translation
a I I'to Geir

demand Poisson structure to be covariant under

sym aition

x ta Xj aj É E Atar

Ni E Ex
kAK

y Xi Xi Xi aj ai X

ai ai É Ei xx ok

Example: angular momentum

Also coming from symmetry

Symmetry action on a Poisson space M






































































































































muss at sym parameters need to have
a non zero Poisson bracket

ai ai Eitan

musa action by multiplication
La anti on is a Poisson map

product is on Poisson map

More details now

Poisson lie

or

Poisson ie

group






































































































































He
PoissonPoisson manifolds

pgp.gg
1800

muss M manifold CO M C funtions

to ex coordinate fun tions
M IR z g x y singlepath

use group structure x g g x g x ga

M Soc 79

1 P g atleast 2patihes

use group struture pi 9,9 P 9 to Pla

g e I Fit t É É
sacy generators

2 matrix elements if Peterweyl theorem
DJ g
Mn

D mn
8 EE

Dim E Suez






































































































































mums Poisson bracket CLM x o color

f f f f

Properties antisymmetry f fr f if

Jacobi id f f if

83 f 8
S f f

Derivation

1,8 8

f f f 8 8,11






































































































































on a Cartesian product Mx N f f EC Mxn

3m n

f if
mxn
my 8,1 4 if C B x 84 f x

M

on a Cartesian product there is a naturel Poisson
bracket with no crossed terms

product Poisson bracket

Poisson map M N

91309 fed it 043

Poisson map covariance






































































































































Poissonbiventor coordinates on M x

f if x Tita d f off
lie 188893

His Iti
g

Tri d It t Triftki Arkoff is p

antis you Jacobi id






































































































































E Xi xi 0

IT x O

E xi xi is
x

TH E Tex'd of
note I o O

E x x 3 0 pi pi
x pi did it 2 of of

FIRS I IR xiR3
E p xt f r f

note r Iif

symplatic biventor is invertible

Phase space is a special lose of or Poisson space

symplectic Poissonmanifold






































































































































One motivation amongothers for considering
a Poisson struibure on symmetry structure

group

Poisson Manifold M G lie group acting on M

a G x M M p point in M

g p gap x g p

Do his sp hg up
A action is pulled bank to C m

Piooralfount

f p p gap

NLP 8DNLP
X gbp






































































































































If we deal with a symmetry of the Poisson spare
Poisson bra ket should be covariant under action

g is f if 808 i g f

go 8,11 P 8 f yep

f f ox appget Y'm
f on f ox g p

Gx n

mus anti on is a Poisson map

mmmm group should be equipped with a Poisson

structure

Xi i Eij XK

X a
x a j






































































































































Ex M QI G Suez

Zi Ej Ai Gi 91
i j ad sb l

go 1 1
Gi E

go Z É 8D Ai Ai
A I

Kati 952 ginza JimEm

i9m gkÉm Ai

gin Zk Em Jim
a M

Gin Zk.Em35im 9ik k.m Jim

gimfjm dij






































































































































what happens if Poisson brackets nontrivial
between the Z's

need non trivial branketson C G

runs hidden symmetries
by considering Poisson

struck
on the gp

if Maile's talk






































































































































Symmetry group should be
equipped with a Poisson bracket

Punch line:






































































































































Important property for the action
g D his x gh DX

g is his f f gh f if

f f ship

go h of i go h of p

Sh of i ah Df P

f on on honor g h p

to 5
p






































































































































F F gh F if g h F E g hp
GxG G P Pionst P

son t

Raf R E y tgF go f4

nuns compatibility between product and Poisson
branket on G

v G X G G

g h gh u g h

mute in terms of the Poisson bivector eg g
ee

id re tie t he e

HeyyTLgh Rh Tcg Lg Tch
no M

we say IT is Multiplicative

Note Theo D cannot be symplectic






































































































































Definition

A Poisson lie group is a lie group equipped with

a Poisson struture compatible with product

TLgh RhTLg Lg Tch

Example

1 T 9 D

TEG

Y let r ri xi ai e liefhe f x generatorof lie G
property'sJacobi

s ly r Ry r g g y

mustsatisfy some

check I gh Ign r Ryn t

lg r Rg r gh ah r ugh gh

g g r r gag

TLgh RhTLg Lg Tch

Ratty 908 r r 909 oh gogrhoh_rgh

gh.lgIn g g h h r r hah ghoghr






































































































































g og rhoh

Theorem

Every multiplicative Poisson structure on a connected

semi simple or rampant lie group is of the form
I g g

v r Ry
antis gm

where r is such that

I rm k I m re Er rn E lie on lie b n lie G

is invariant under the adjoint anti on

if o mus this is the classical

Yang Baxter equation

Jt J 3 53

Example see 2 lie 6 7 5 I 53 5 3 12 I

I g Lg I NJ Rg In

r I n I I I I It






































































































































rn r t ta ra try rn

2h J J 01 J J I

253 5 T J J to 5

2123 1 0 J I I 0 I I

the tis 5 05 01 J 05 01

105,0 I I 0 I I
5 015 I 5 JAE I 5

I E I J t 5 OTI I Jt
J D J 0 I I 05305

rn r I rn re try rn E J Jj Jk


































































large classof Poisson brokers on G

compatible with multiplication are

given by biventor
Ily Lg r Rg r

e lie G lie G

People look at all possible r

given G

301 Poincaré Stachura 7998

lid Poincaré Zakrzewski hepth 9412099

unfinished

Punch line:

J. Phys. A: Math. Gen. 31 4555



From biventor to Poisson bracket fi E CCG
when it is multiplicative

Ily E TyG IG
f I 8 TgiLdfJg Ldf.g

r rid X Xj E Te G Te G
Te G lie G

f f y ICS Cdf f g

L ly r Rgr Cd f go f g

Cri fig L'g R'g R'g f go f g

Sklynanin bracket

Even more r rid x Xj
basis of Lieb

Xi and Xi are the corresponding left or right
invariant vector fields



f f g rid if x f X f xff

Take the case where the funitions are

the matrix elements

f I Lij f Let

Eli y of Lij etty Xin km s

Xor Li a f ti get Link X

Li i La reb Lij x La X'sLi x L

tab Lim Ij In x'imLmj Neut

tmju Lim Len Tim kn
t mj Lu

ft i t LJijk



New notation Li ait

4 a

Laila

1813 tr LOL



when the bivector is of the type
IT y Lg r Rg r

the Poisson bracket between the

matrix elements take the shape

Lai Li Er Lol

Punch line:



nuns what natural Poisson symple ti space
a Poisson lie group acts as symmetry

The group bails on itself by multiplication

eg L G X G S G

g g Lg g gg

natural Poisson space the Poisson liegp itself

La another Poisson structure on G

9,19 Er 9 9.3
r g g t g g r

symmetry
check ha ha Er ha ha

haha haha r

hg i ha Erich gh

Rg ha i Ry ha t th g i th ga



Loa will be related to phase spaces



Not all bivectors generated by r

are multiplicative

Punch line:



nuns go infinitesimal
bi algebra

Te G

infinitesimal limit g E G s lie G 7 x

close to the identity
gs it x

TG Tybalt g s x Lieb lie
to My

Main example I g Lg r Rg r

go g r r go g

txt Ctx r r it x fix

Egggoxir
x

Si nie Tcg is a Poisson biveitor satisfies
some properties

8 Lie G Lie G n lie G

let ie b the dual venter spare to lie G

Xj 7 dij



We can use to define a bracket on lie G

Sijm3m

3 03 i EE É 5 x

L 3 Jj fab Xo Xb fab Dia Ejb fijk
Sinie we construnted from IT which satisfied
the Jacobi id the bucket T I also

satisfies the Jacobi identity

J is a lie bra Ket

lie G is a lie algebra
has lie GA Cinite dim case

Definition
A lie bi algebra noted lie G D or Lieb Lieb

on lie G is give in terms of or skew sym linear

map of lie G s lie G Lie G suck that

8 Lieb Lieb Lieb is a lie brake

d is a co cycle
cohomology of Lin alg

Ex y ad Ey ad x



colyale property tomes from bive ter
propery

nuns given a tensor IT on the lie gp G
a mapping from G to kth tensor powerlieb

is defined by
ECT g Tcg g

Main example Ily g r v g fry r g
ve

IG IG

If IT is multiplicative

PCD ugh g e it h g t eat

g hrh ri g t g rai r

This defines the notion of 1 sayin



Theorem
let G be a simply connected lie group Every
bialgebva structure on lies is the tangent
lie biolgebra of a unique Poisson structure

which makes G a Poisson lie group

lie Liebe G

Poisson lie in G 8 t GT

mm

Terminology we say the lie bialgebra is

co boundary if F r e lie G lies x Eir
with r satisfying the modified YB equation

coboundary quasitriangular if r a s
sym antisym

with Se Lieb Lie G at Lie G n lie G

suit that classical YB is satisfied



coboundary triangular if r a Eliebalieo

coboundary faitorizable if s defines
a nondegenerate sym bilineauformon
Lie G't

x Foxtel r

Example
lie G mass F In

5 05 J I

I I it 105 I I J I I

f J J 5 053 1 5 753

I I It 102 I I I I I
530 J J 053 3 NJ

5 J it 105 I I I I Jk
I I I J I I I I o



r 4 J J 25 05

r IT I 2.5 05

I 3305 3 05 5 It

5 05 I It

Id it Sta



lie Lin b e G

Poisson lie in G 8 t G

Punch line:



Notion of duality is key to the

notion of quantum groups

Def Manin triple
It is a triple of lie algebras d lies lie G't

together with a non deg sym bilinear form
L on d under the adjoint action of d
such that

I lie G and lie G ave lie subalgb of d

2 D Lie Go Lief as vector spare

3 lie G and Lieb are isotropic for C

71 7 0 43 3 XE lied
3 Elie G't



Proposition
For any finite dim lie algebra there is

a 1 to 1 correspondence between lie

bielgb stir turn on lie G and the Manin

triple d Lieb lie Gt

useful to see how things are constrained
lie G Lieb's

Ex X Cij XK IS 3,3 85 k

E fig x I 8 131 4,3 3

killing
form

TX 3k Xii E 3 37
It ed of Lxii feet 307
X fj



L Eti fr I 3 i ti

IyaL 3 Xi Xu

Ci ki

Xi j Cir 3k f jk K

cosy ite property

I Xi xj3 Xi x Xj 8 xi

Ci xx Cit funk Xmoxn

ruins cocy its property gives Janobi id with

mixed terms of d



It is equivalent to talk about a

bialgebra ie G E and a

pair of dual lie algebras Manin triple

It also allows to construct a natural

dual space

In the finite dim case Manin triple is

self dual

Punch line:



yang
Baxter

Jr p p

tie lieG

g

multipliedive D GN Gt

Gt II Poisson lie

Il

ie G E flies lie G of lie biolgebra

f
ti ti

lie G N lie Gt Manin triple

Nehais there a cocyle structure on d
which contains the same information
as lie G 8 and lie Gt d

6,89 ten

Ji Jj Eijk Jk
Pi Pj 0

Ji Pj Ei j Pa

Summary



Given a pair of dual lie algebras lie G lift
so h that lie G Left is a finite dim

bialy there is a canonical bialgb stuntured

D Li GM lie Gt 8 is then

called the classical double

8 lout no

it is coboundary and quasi triangular

We lie G lie at c d 00
is the identity map lieb s lied

rt x i satisfies
classical

YB

tocycle on d is

8 firs
Got I u D



Take u X Elie G

8 4 x x 3 Xj Ex 3

Cij X 3J t Xj Ci ki 3kt f j ki Xk

fjk Xj Xk Eeg Xi

y
lie Gt

8 3 I xj 30 15053 3

Ciri fig
30

Xj fit 3K

Cjk 380 Tier Bi



mums we can exponentiate de D

D Lie G x lie Gt Ed
to

D G X G IT

m ga

Note D is even dimensional

could we use it as phase

space with a IT



Manintriple
Given theColouble lie algebra D he GHI lie 6
we can find easily a quasitriangular cocycle

r matrix is the identity

Punch line:



Examples

lie G su 2 25 817 0 Fi

t
lie Gt su 123 23 t 383 0

Ei 3 7 4 Lisa i 5k
nett

fi ja dak fi ja
L 3 05 ok O mus Sijk O

d Lie G sung left IR

Ji Eiji Sjk Jk

D su 12 X IR 3d euclidean lie algh

G 5047g II I o mo Gii i 8 13 0

Gt IR I Tips E jk
X of Ok

ieq 3K Eijk 5 Xi Xi Eijtxe



Xi 93 0

Dee Su 17 N IR Euclidian group

modified YB
other case

lie G sua 75 r In J

I I it 105 I I J I I
J J 5 053 1 5 753

I J it 107 I I I I I
3 J J 053 3 NJ

5 J it 105 I I I I k

I I I J I I I I o



30 I o

5 03 815 0 must 3 0

2h53
3 03 i 865

0

303 8 I 3 03 i 853 J I
3

5 n53
42

3 03 i 815 0

I NJ
Mmo 5 153 123

L 3 033 8153 O

O

nuns I 3 5,3 13



lie Gt I am 3 13 3 0

3 15,3 13
3 1333 13

d Lie G sung left any

Ji Eisa Sjk Jk

D ska su 2 Mane i r IT 31

Iwasawa decomposition



D SLC E I 5017 X Anz

Gi

i o

a b tab a
at

aid be b a o

Z E G

I
Keir

EE



non abelian ess

I
curvature

f
Poisson non commutativity

sad
CT G non abelian gp

b
T Gt
nontrivial
angularmomentum

Punch line:



Symmetries of what
phase space

nuns Poisson spare restrict to where Poisson

biventer is invertible

Symplectic leaves

Example R x XJ Eid x

Xi Xi C

coadjoint orbits

nuns Sympletic space phase space

Drinfeld double D acts on itself by left
or right multiplication as a group

La even dim by def
La can we make D a phase spas



As a Poisson lie group
la de D GAG r 3103 S a

dni day on dad

Drifeld double
ly ly qtr eoe

lain o

um me Er mom

As a sympletic space

em d E D GAG
d i do ta did

Heisenberg double

ly ly Er lol

lain fi ra
um me tr non



Example D IR's son

r 3 J t 353 0

D la le IR me such

nice
sci pi did

we obtain

sci in Jin

7 soca
sci sci see

min 0

Henie we re over the Poisson bracket

of SUCH t
ISUC2

Tsocy R SOLD



such

symmetry son Phase spare such 3

acts on itself by left or rightmutiplicat

Similar to IR Rx IR IR

Sym IRxiR Phase space IRXIR IR
ca i bl p g

aition Ca b D Pig

Late big
Poisson brackets forsym pta gtb
are 0 here to



Note in t such we have the left and the right
momentum Xc Xp wya

we have the same in the Heisenberg double formulation

Isoc2 has a left and a right decomposition

d

E i'ln

pictorial representation

later
Ed

en
willbe

relevant

in



so we can deform the cotangent bundle

of 5012
still a phase space but with non

trivial Poisson bra ket on the

such sentor

T sua ruins SLC a AN XI Suen

SUCH XI AN

en
t
d é
z

d en it
Gbu edu

Explicit



cotangent bundle TAG of group
have a symmetry structure given

by a Poisson lie group Drinfeld double

we can deform T G into a

new phase space Still have
Poisson lie group as symmetries

When we write the phase as a

group we call it Heisenberg
double

Punch line:



according to the choice of
dynamics we choose we might
have some non trivial Poisson

lie symmetries
ai ai

Phase spare T sup z sym Is

G pis b no
É piaf Brotation

spinning top A p



what about the sympletic form

Malkintheorem Heisenberg
double

if D GAG is a matched pair of groups with dimGdin
then

D I KBIade Dun DID
Doe doo

is a symple ti form
I v v do

Lasse can be generalized to the case where

the factorization is only local

Note we get non abelian group valued

charges in general
momentum maps



we can show easily that I is closed

Bd 8 d d Ell t l duet l

Bl t d gu d're

Jbl Di d Eu De
Din t d g é d to

Do Br n Dr 8 Do Bon du

8 C DD I n D e Dan DI n bl

L BE a blade
I

x E Z

2 Die as a age
LE Diz

L D e n b In al

L I be n din de

isotropy of L

Gi se n bi se n Bei ne

Same calculation for the other contribution

muse get opposite value



Explinit example D IR Such

Such X IR

l in u E E w la

I DI n Be EL Ann at
Iu

D E E t u e er u dui l in i'dentelle
u e Enillu a Ell u ti du

ox

Dun D E a Du ne bul Dun ED t o

l l X E l l X
An X X An In x

R e Lau n Ex 7 E L X i LD un Du

This is the sympletin far

of the spinning top



funtious
on

phossepace

classical
Pict

u algebraofobservables

gang
goop

th
which transform under sym

quantum

picture

States
are

representations
of
symmetry

bservables
are

represented
on
such

States
They

also
transform

under

such
symmetries


