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1) Repeated Quantum Interactions

It  is a rather simple model of  interaction between a

small quantum  system and a large quantum environment
.

It  is  not no naive as it  corresponds to true  experiments ,

typically the ones of Haro  che 's team ; it  also corresponds to

the imaginary experiment described by Froelich some weeks ago .

It  in  not  naive
,

as we  will see , fon  it contains already all the

setup of quantum  noises
,

clan ical noises and Quantum Langevin

Equation  in discrete time
.

The  continuous time limits of this model are really non

obvious  and allow to  recover  well - known  objects , such as :



Fock spaces , quantum  noises
, quantum Langevin  equation ,

𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝2𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

quantum trajectories ,
Lindblad quantum  master equation .

. . .

The presentation  we give here  is the one  introduced by S
.

A
.
and

Yan Pantnat in AHP 2006
.

The '
'

small
"

quantum  system Xs interacts with an  environment

made  of  a  chain  of  identical subsystems K
,

one  after the  other
,

for  a length time h for  each interaction
.

K K

h

Is mm K
Is K

K milk
K K

The state  space  is thus XSQ §,

K
.

we put  T§= ,§* K
.

The  main  ingredient  is the Hamiltonian  of a single  interaction :



on XSQK 𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝3𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

Htot = HSQI + IQHK + 7 Hint

and the arsociated unitary operator :

U =  
eihtttot

,
on XSQK also

.

We fix  an  an .b
.

 of K : 10 ) , li ) . ...  and put

as.  = ljkil
.

U can  always be decomposed as

U = Eg Ujixoadj
, for  some bounded operators U ! on Us .

Note that

tnk [ U ( gxow )U* ] =L( s )

for  a  certain C .

✓
.  map L on ks .

On T § we put at Cnl to be the operator at but acting on

ken , only .
The  n - th interaction  is described by

Un -

- F;
Ugo agent .



𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝4𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

The  result of the  n first interactions is given by

Vn = Un . . . U
,

.

So

that
, =Unit

- F Ufo as Cnn Vn

= ¥ Of Vn Q at Cnhl Fan Vn and as
'

C nhl commute
.

Vn+ ,
= I3,

Us" ko at Cnn )
.

Vn+ ,
- Vn = Eg ( Uji ' So

;
I ) Vno as Cnn )

Yn+, , a
- Vna = Eg ( Up KI - Si ;

I ) Vna Q ai
; lane )

Note that we have

Tna [ k ( so ,Q*w)vn* ] =L
"

(g)



2) Discrete time quantum  noises 𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝5𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

The as. Cn) here interprets as ( increments  of ) quantum  noises
.

a They form a basin of local operations  on T §

. They describe all the possible action of the bath

. They contain  all the clan ical noises ( i.e. random walks )
.

Let see that last point more closely here
.

Put Q .

. ao
,

+  a 'o = ( f ! ) and Q
.

= al ( ml + a 'd nl .
The Qn 's form a

commuting family of s . a .  operators ,
hence  multiplication  operators

of a  clan ical stochastic moan .
The low of Qn is I £

,
+ lzs ,

under

the slate 107<01 .

If  we put Xna = ⇐
,

Th Qnq , we have  a  clan ical random

walk which we know  converges to the B
. M

.
( W+ )

.

An  easy computation gives :

Xie = 2 IF ×re ( Xiamen - xael + nh

which in the exact discrete  analog of

WP = 2 fiwsdw , + t
.



If U : ( AnBa ) then 𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝6𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

Vn+ , = A Vnxo In+ ,
+ BVNO Qn+ ,

= AV
- + BVnXn+ ,

A  random  walk or U ( Us ) .

Polson Macon is also there :

Nne = ⇐
,

( A alolhel + A aY(halt a :( kh ) + ha :( key )

Converges to  a Poino - Vnocen
.

Putting N= A alolhhl + A aY(halt a :( kh ) + ha :( key

= lkel
we get N2=( I th ) N

, typical of ( dN+ )
'

= dN+ which characterizes

the Vain  on Macey .



3) Zuantum Trajectories 𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝7𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

I won't  speak much of quantum trajectories here
,

but they

are  not so Far . After  each interaction
, you  make  a  measurement

of  an  observable of

K÷to  0€

%*w N U
, ( goxow ) U

,

"

measurement of A  with spectral projections P
, ,

. . , Pngives ,

with probability pa= Tn ( Iq U
, ( goxow ) UP .Pq )

,

the
 state

pt In 4 ( soxow ) U
,

"

In

On ks we have  a  new  random  state :

s
,

( kl = Tnk
,

( plates
U

,
(so owlUipn )

And so  on : g ,
( k 1×0 W I Uz ( s

,
lhlxow ) UT

+  measurement etc
.

At the end we get a  dani cal Markou chain  in the set of density

matrices of Us : @•;j.



It is  a  simulation  of the quantum  master equation , fan
𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝8𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

E [1++1-1] =L (g)
.

4) Continuous Time Limit

We have T§( hl = §µ* K
,

the  evolution equation

Ymya - Vna = IZ (Ujikl - Si ;
I ) Vna at

'

( ( nu ) h )
.

We  wish to go to the limit h→O
.

First of all
,

the space : §µ* K → YQ+ K
.

Which space  is that ?

Claim : it is Ps ( L
'

( Kt ;ktd
)

Why ? This  a long stony ( S
.

A
.

,
Sem

.
de Koba

.
XXXVI

, 2003 )

An  idea : K  = 𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝1𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝
?

,
with the operators a : , a9 ,

a ! ,
a

'

,
.

A typical element of the 1 . particle space ( on 1 . excitation

space ) is

4 = E f ( nhl Xna ,
where Xne = 117nA ,

with

114112 = Elf ( neil
'



𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝5𐀀𐀁𐀂𐀃𐀄𐀅𐀆𐀇𐀈𐀉𐀊𐀋𐀍𐀎𐀏𐀐𐀑𐀒𐀓𐀔𐀕𐀖𐀗𐀘𐀙𐀚𐀛𐀜𐀝𐀞𐀟𐀠𐀡𐀢𐀣𐀤𐀥𐀦𐀨𐀩𐀪𐀫𐀬𐀭𐀮𐀯𐀰𐀱𐀲𐀳𐀴𐀵𐀶𐀷𐀸𐀹𐀺𐀼𐀽𐀿𐁀𐁁𐁂𐁃𐁄𐁅𐁆𐁇𐁈𐁉𐁊𐁋𐁌𐁍𐁐𐁑𐁒𐁓𐁔𐁕𐁖𐁗𐁘𐁙𐁚𐁛𐁜𐁝

If  one  wants this to have a limit h→0 it can  only be

an  integral of the form JOTGCHI ' dt
,

that in
, we  unite

11411 's E Iffnxhlth = En 19411
'

h → ↳TglHl '
at

This  means : 7= E FKI k Xna = E gkh ) dxna

with Hdxnall '= h
.

If  we  want an  action like below to have  a limit :

( E Ylnh ) Aloha ) ) ( [ g( men ) dxma )

= I Ylnhlg ( men ) alolnh ) DX ma

= EnY ( nh ) g ( Nh ) An 10 )

= E 4k¥ gcne ) a → 5414 get dt

This  means

E THI halo ( nhl = En 4ha ) da ( nhl

in the correct form .

At the end we get



107 DX @
da=ka'

o
0 h lo >

date Ra9 DX 0

dn=a !
o DX

dJ=ha°o hlo > 0

It  is  easy Lo  see that we are constructing the Foch space

Ps ( L ?
( IRT ; e) ) ,

with its  usual creation and annihilation

operators ,
d A in a differential second quantization  operator ,

DJ in just dtI .

In the reference above
,

2 constructed the spaces TOL ( k )

as concrete  subsvacu  of §= th ( LYIRT ; e) ) ,
with Ia : Of → Tda ,

such that RazoI and

pa
A ( Intel hl .  a( nh )

- Pa = a°
,

( nhl etc
.

k

We  end up with 4 quantum  noises on § : dodo ( il
, DUYLH ,

da :( il , daily .



D
DAY at just happens lo be dt I

,
dad

,
( rl and da ! at are the

usual creation
,

annihilation
,

da '

, ( H in  a  certain diff . second . quad.

So  in fact there are  only 3 true quantum  noises
.

Another  way to see them  naturally in the Following .

On [ = B (L 41kt ; ¢ ) ) we have a continuous Lemon product

structure : § = §[ o , +
,
]0 %

+ , , rz ]
* ' " * §(

+ . ,
, - C

.

We  are looking for operators A
+ on 02 having the property to

be
"

local "

,
that is

, At , e
- At = I[ o , , ]

* ( Atta ' AH Q Iata
, + - C .

A difficult theorem
, moved by A . Coqui , using the informal ideas

above
, move that there are only 44such families ,

the 4 noisy

introduced above
.

Coming back to repeated interactions
, we had

Yn+ , , a
- ken = § ( Ujikl - Swz ) Vna as Kuna )

= Eg 4ikfE;£I Vna he " ai; anti , e)

with e Y=2 , q={ ! = Yz ,
{ i=o .



@
So  if ein Ujikl - Si ;

2 ( * )
a- so #

=L "j

we gel in the limit

dV+= FLY Vi. das 14

dvt =L : Vt at + FE , .o ,
LIY

. dat'M

a perturbation  of the Schrodinger  equation  with quantum  noise

tun
f Ll =L ! =L and 4=0 we get

dV+  =L : 4- dt  + LV
, -

dwt

a Schrodinger  equation with Brownian term
.

We  could get the same  with Poinon mucus terms
.

We  also have

Tnoz [ V+ ( gxor ) YY ]= F- (g)

where Pt =  ek in  a Lindblad semi group .

This  semi group is

the cothuam lime limit of the discrete line one : L
" "

.

A typical Hamiltonian which gives rise to condition ( k )

is :



@

Htot = Hs 02 +2 0 Hte + £ ? Wi  * AF  + WE Q ab

+ ta Fg Di ;
 0 as .


